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1. Introduction

The Michelson-Morley experiment [1] is a well-known experiment, but not well
understood in details. The paper “A new derivation of the Michelson-Morley experiment [2]
presents in details the first two positions of Michelson’s interferometer. This paper
completes the derivation of the light paths and the fringe shift in Michelson-Morley
experiment for four positions of the interferometer.

2. Derivation of the light paths with the initial position of the
interferometer

Figure 1 illustrates the initial position of the interferometer. The interferometer is
moving with the Earth’s inertial frame in a fixed frame.

Throughout this paper, points marked by a letter without an index are points as seen by
an observer in the inertial frame. Points marked by a letter with an index are instances of
inertial frame points in the fixed frame. For example, point A is a physical point on the beam
splitter seen in the inertial frame and points A0, A1, A2, A3, A4, and A5 are different instances
of point A in the fixed frame.

The velocity of the Earth’s orbit around the Sun v = 3 X 10*m/s, the velocity of light ¢ =
3 x 108m/s, the wavelength of light 1 = 550 X 10~%m, aberration angle a = arcsin(v/c),
and length of the interferometer arms L = 11m.

In figure 1, each ray of light from the source is split into two light rays by the beam
splitter. The light rays that travel through the beam splitter M toward mirror M1 are called
transmitted rays and are drawn in red. The light rays that are reflected by the beam splitter
M toward mirror M2 at the aberration angle are called reflected rays and are drawn in blue.
The interfering rays are drawn in green. The light path geometry is depicted so that the
reflected rays travel with the aberration angle, and the transmitted and reflected rays that
interfere coincide.

The derivation of the light paths starts when the wavefront of light from the source is at
line A1B1. Points A, B, D, and G are aligned vertically. Point B is a fixed point in the
interferometer space and does not belong to the beam splitter as point A. The point under
observation is point A.

There is only one transmitted ray that starts at point B that continuously intercepts point
A. The light from Bi intercepts point A at A4 after traveling the path length L,. The light at A4
is reflected toward the screen, making the angle C144Gz, which is equal to 90° — a, and
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therefore coincides with the reflected ray at As.

The instance when the light from Bi1 arrives at E1 includes points E1, F1, C1, and As. In
time t;, the light travels from B1 to E1 and point A travels from A1 to As. In time t;,, the light
travels from E1 to A4 and point A travels from As to As.

The time t;; = (L — F;C;)/(c —v) = (L — E;F; tan(a))/(c —v), and the time t;, =
(L — E;F; tan(a))/(c cos(2a) + v). The distance E;F; = ct;, sin(2a) and then t;, = (L —
cty, sin(2a) tan(a))/(ccos(2a) + v) = t;, =L/ (ccos(2a) + csin(2a) tan(a) + v) . The
distance E; F; can be calculated and then the time t,; = (L — E;F; tan(a))/(c — v).

The time t; =ty + t1, = 7.333,333,333,333,330E — 08s. In time t;, the light travels
from point B1to point A4 and the beam splitter travels the distance A144. The path length L,
and the distance A1A44 are:

L; = cty = 2.200,000,000E + 01m = 4.000,000,000E + 071 and
A A, = vty = 2.200,000,000E — 03m = 4.000,000,000E + 03A.

Screen

Figure 1. Light path geometry with the initial position of the interferometer.

The reflected light rays travel at an angle a equal to the aberration angle; thus, the
reflected ray that starts at point A intercepts the same point A continuously. The light from
A1 intercepts point A4s after traveling the path length L,.

In triangle A1D1D2, the speed along A1D1 is ¢ X cos(a). In time t,, the light travels from
point A1 to point D1 then back to point As, and the beam splitter travels the distance A1As.

The time t, is defined as: t, = 2L/(c cos(a)) = 7.333,333,370,000,000E — 08s.

The path length L, and distance A14s are:

L, = ct, = 2.200,000,011E + 01m = 4.000,000,020E + 074 and
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A A5 = vt, = 2.200,000,011E — 03m = 4.000,000,020E + 03A.

The difference AL, of the path lengths L, and L, and the distance A44s are:
AL, = L, — L; = 1.100E — 07m = 2.000E — 014 and
AyAs = AjAs — A1A, = 1.100E — 11m = 2.000E — 054.

3. Derivation of the light paths with the interferometer rotated 90° from

its initial position

Figure 2 depicts the light paths of the interferometer rotated 90° clockwise from its initial
position shown in figure 1.

The distances AP and AH are the arm length equals to L. The derivation of the light paths
starts when point 4 of the beam splitter is at instance A1 and the wavefront of light coming
from the source is at line BiC1. Points A1, E1, B1, C1, D1, J1, U1, and Vi1 belong to the same
instance, and points Bi, and C1 belong to the same wavefront. Points B, and E are fixed points
in the interferometer space and do not belong to the beam splitter as points A and C. Points
A, D, and P are vertically aligned. The point under observation is point A.

There is only one reflected ray that starts at point C that continuously intercepts point A.
The light from C1 intercepts point A at A4 after traveling the path length L,.

In triangle C1F1G1, the speed along C1G1 is ¢ X cos(a) and the speed along GiF1 is ¢ X
sin(a) = v. The time t,,, in which the light travels from point C1 to point Fj, is given by:

CiD; +L F,G, (CiDy + L)v
= = = FG =————.
ccos(a) —v v ccos(a) —v
The instance when the light from C1 arrives at F1 includes points F1, G1, and H.
In triangle A4F1H1, the speed along HiA4 is ¢ X cos(a), and the speed along FiH1 is ¢ X
sin(a) = v. The time t,,, in which the light travels from point F1 to point As, is given by:

a1

, L F H, . Lv
= = = =
22" ccos(a) + v v 17 cceos(a) + v
C1D,

Triangle C;A,D, gives: tan(n/4 —a/2) = 1D =
101

ClDl = A1D1 tan(T[/4‘ - a/Z) = (FlGl + FlHl) tan(ﬂ/4 - a/2)
Substituting the formula for F1G1 and F1H1 in the formula for C1D1:
_ (61D, + Lyvtan(n/4 —a/2)  Lvtan(n/4 —a/2)

by = ccos(a) —v ccos(a) +v
vtan(n/4 —a/2)\ 1 1
Ciby (1 "~ ccos(a) —v ) = Lv (tan(n/4 = a/2) (c cos(a) — v T cos(a) +v )

The distance C1D1 can be calculated, and then distance A1D1 and time t, can be calculated
as follows:
A.D. = €Dy
17 tan(n /4 — a/2) an
C;D; +L

L
t,=t tyy = = 7.334,066,850,025,670F — 08s.
2=tz ccos(a) —v * ccos(a) +v s

The light path length L, and distance A144 are:
L, = ct, = 2.200,220,055E + 01m = 4.000,400,100E + 074 and
A A, = vt, = 2.200,220,055E — 03m = 4.000,400,100E + 03A.

d
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Figure 2. Light path geometry when the interferometer is rotated by 90° from its initial
position.

There is only one transmitted ray that starts at point B that continuously intercepts point
A. The light from B1 intercepts point A at A3 after traveling a path length of L;.

In time ¢, the light from point B1 travels to point /2, point A travels from A1 to A2, and
point J travels from J1 to J2. In triangle J1/2U1, point J travels along J1J2 with the speed v, and
the speed along Uij2 is v’ = vtan(a). A ray from the source sees the mirror M1 coming
toward it at the speed v'. In triangle P1U1V1, U,V; = P,V, tan(a). The time t;; = (4,D; + L +
U,V1)/(c + vtan(a)), then J,U; = vty tan(a), and 414, = vty;.

The time t;,, in which the light travels from point J2 to point 43, is given as:

(L = JUy + UVy)
by =

c cos(2a) ,then A;A; = vty;,and A3E; = ctyp sin(2a).

The distance P1V1 = A1E1 = A1A2 + A2A3 — A3E1 = U1V1 = P1V1 tan(a) =
AA, tan(a) + A, A; tan(a) — A3E; tan(a) = vty tan(a) + vty tan(a) —
cty, sin(2a) tan(a). Substituting the formula for J2U1 and U1V1 in the formula of time t;, =
(L — vtyy tan(a) + vty tan(a) + vty, tan(a) — cty, sin(2a) tan(a))
=
c cos(2a)

tip =

fiz = (c cos(2a) + c¢sin(2a) tan(a) — vtan(a))’

The time t;, can be calculated, then
(A{D; + L + vty, tan(a) + vt,, tan(a) — ct,, sin(2a) tan(a))
= >

= (c + vtan(a))
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(A;D; + L + vty, tan(a) — ct,, sin(2a) tan(a))
1 = :
c

The time t; =ty + t1; = 7.334,066,740,018,340E — 08s, and the path length L; and

distance A1As3 are:
L; = cty = 2.200,220,022E + 01m = 4.000,400,040E + 071 and
A A; = vty = 2.200,220,022E — 03m = 4.000,400,040E + 03A.

The difference ALz of the path lengths and distance A3A4, for this position, are:
AL, =L, —L; =3.300 — 07m = 6.000E — 014 and
AzA, = AjA, — A1A; = 3.300E — 11m = 6.000E — 054.

Rotating the interferometer from the initial position to the 90° position, the
difference AL, = AL, — AL; = 2.200E — 07m = 4.000E — 014. The fringe image is then
expected to shift by N;, = AL;,/A = 0.400 fringes in the positive direction from the initial
position. The positive direction is chosen arbitrarily.

4. Derivation of the light paths with the interferometer rotated by 180°
from its initial position

Figure 3 depicts the light paths of the interferometer rotated 180° clockwise from its
initial position shown in figure 1. The distances AG and AD are the arm length, equals to L.

The derivation of the light paths starts when point 4 of the beam splitter is at instance A1
and the front of light coming from the source is at the line C1B1. The point under observation
is point A.

There is only one reflected ray that starts at point C that continuously intercepts point A.
The light from C1 travels to Mz then back to beam splitter, and intercepts point A at As after
traveling the path length L.

In time t,, the light travels from point C1 to point A4, and the beam splitter travels the
distance A1As. The speed of light along the vertical is ¢ X cos(a), and the speed along the
horizontal is ¢ X sin(a) = v. Thus, the distance H144 is equal to the distance A1Asand A;H; =
2A,A, = 2vt,.

In triangle C141H1, angle C141H1 is equal to m/4 — a/2. Thus,

CiH
tan(m/4 — a/2) = Al Hl = CH, = A H, tan(/4 — a/2).
1441
The time t, is given as:
. C1H, 2L AAy A H tan(rt/4 — a/2) 2L AHy
= = = =
27 ccos(a)  ccos(a) v c cos(a) c cos(a) 2v
1 tan(m/4 —a/2) 2L
AH, (— - ) _ _
2v c cos(a) c cos(a)

The distance AiH1 can be calculated and then the time ¢, = AH,/2v =
7.334,800,183,355,340F — 08. The path length L, and the distance A1A44 can be calculated.
L, = ct, = 2.200,440,055E + 01m = 4.000,800,100E + 074, and
A A, = vt, = 2.200,440,055E — 03m = 4.000,800,100E + 03A.

There is only one transmitted ray that starts at point B that continuously intercepts point
A. The light from B1 intercepts point A at A3 after traveling the path length L. The light at 43
isreflected towards the screen, making angle G143Ki, which is equal to 90° — a, and therefore
coincides with the reflected ray at 4s.
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Figure 3. Light path geometry when the interferometer is rotated by 180° from its initial
position.

The instance when the light from Bi arrives at E1 includes points E1, F1, G1, and Az. In
time t;4, the light travels from B1 to E1, and point A travels from A1 to Az. In time t12, the light
travels from E1 to A3 and point A travels from A2 to As.

From the geometry of this path, triangles A3sE1F1 and E1F1G1 give:

E Fy F1Gy F1Gy
tan(2a) = AF = E,F, = A3F; tan(2a), tan(a) = EF, = EF = tan@’
F.G
thus E,F, = AsF, tan(2a) = ta; (;) =  F,G, = A5F, tan(a) tan(2a).
In triangle A3E1F1, the speed along F1A4 is ¢ X cos(2a). Times t;; and t;, are defined as:
L—F,G, + A,H, B,E, L-FG, AsF,
tll = == and t12 == = .
c+v c ccos(2a) —v ccos(2a)

Substituting the formula for F1G1 in the formulas of time t;,:
L — AsF tan(a)tan(2a)  AzF;

ccos(2a) —v " ccos(2a)
A 1 tan(a) tan(2a) B L
3 1\ccos(a) * ccos(Qa)+v ] ccosQa) — v’

The distances A1H1 is known from the calculation of t;. The distances A3F1 and F1G1 can
be calculated and then t;; and t;, . The time t, = t;; + t;, = 7.334,800,146,688,670F —
08s. In time ¢4, the light travels from point B1 to point A3 and the beam splitter travels the
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distance A143. The path length L; and the distance A143 are:
L, = ct; = 2.200,440,044E + 01m = 4.000,800,080E + 074, and
A Az = vty = 2.200,440,044E — 03m = 4.000,800,080F + 03A.
The difference ALs of the paths length L, and L, and the distance A3A4 are:
AL; =L, —L; = 1.100E — 07m = 2.000E — 014, and
AzA, = AjA, — A1A; = 1.100E — 11m = 2.000E — 054.
Rotating the interferometer from the 90° position to the 180° position, the
difference AL,3; = AL; — AL, = —2.200,219E — 07m = —0.400.3991. The fringes are then
expected to shift by N,3 = AL,3/1 = —0.400 fringes.

5. Derivation of the light paths with the interferometer rotated by 270°
from its initial position

Figure 4 depicts the light paths of the interferometer rotated 270° clockwise from its
initial position of figure 1.

The distances AP and AH are the arm length equals to L. The derivation of the light paths
starts when point A of the beam splitter is at instance A1 and the front of light coming from
the source is at the line BiC1. Points A1, E1, B, C1, D1, J1, and P1 belong to the same instance
and points B1 and C1 belong to the same wavefront. The point under observation is point A.

There is only one reflected ray that starts at point C that continuously intercepts point A.
The light from C1 intercepts point A at A4 after traveling the path length L,.

In triangle C1F1G1, the speed along C1G1 is ¢ X cos(a) and the speed along GiF1 is ¢ X
sin(a) = v. The time t,4, in which the light travels from point C1 to point F is:

CiD; +L G F; G (CiD; + L)v
“ccos(a)+v v 1Fl_ccos(a)+v '
The instance when the light from C1 arrives at F1 includes points F1, G1, and Hi.
In triangle A4F1H1, the speed along HiA4 is ¢ X cos(a), and the speed along FiH1 is ¢ X

sin(a) = v. The time t,,, in which the light travels from point F1 to point As, is given by:
L FH, Lv
T ccos()—v v =z by = ccos(a) —v -
Triangle C;A;D, gives: tan(nw/4—a/2) =C,D;/AD; =
CiD, = A,D; tan(n/4 — a/2) = (G F, + F,H;) tan(t/4 — a/2).
Substituting the formula for G1F1 and F1H1 in the formula for C1D1:
cD (CiDy + Lyvtan(nw/4 —a/2) Lvtan(m/4—a/2)
1~¥1 —

{1

t22

ccos(a)+v ccos(a) — v

cD (1 vtan(m/4 — a/Z)) vt 4 ) ( 1 N 1 )
=1 ccos(a) +v = Ly tan(n/4 = a/2) ccos(a)+v  ccos(a) —v /)
The distance C1D1, and then the distance A1D1 and time t, can be calculated.
ClDl
AD; = d
Y1 tan(n /4 — a/2) an
C;D; +L
t, =ty +ty, = = 7.334,066,703,344,340EF — 08s.

_|_
ccos(a) +v ccos(a) —v
The light path length L, and the distance A144 are:
L, = ct, = 2.200,220,011F + 01m = 4.000,400,020F + 074, and
A A, = vt, = 2.200,220,011E — 03m = 4.000,400,020E + 031
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Figure 4. Light path geometry when the interferometer is rotated by 270° from its initial
position.

There is only one transmitted ray that starts at point B that continuously intercepts point
A. The light from B1 intercepts point A at As after traveling the path length L;.

In time t;, the light from point B1 travels to point J2, point A travels from A1 to A2, and
point J travels from /1 to J2. In triangle J1/2U1, point J travels along J1J2 with the speed v, and
along U1J2 with the speed v’ = v tan(a). A ray from the source sees the mirror M1 departing
from it at the speed v'. In triangle P1U1V1, U;V; = P;V; tan(a). The time t;; = (4;D; + L —
U,V1)/(c —vtan(a)), then J,U; = vt ; tan(a), and 4,4, = vty;.

The time t;,, in which the light travels from point J2 to point 43, is given as:

_ L+ U, = U V)

12 —

c cos(2a) ,then A;A; = vty;,and A3E; = ctyp sin(2a).

The  distance PV, = AE; = A1A, + A,A; +AsE;, = UV, =PV tan(a) =
AA, tan(a) + A, A; tan(a) + A3E; tan(a) = vty; tan(a) + vty tan(a) +
cty, sin(2a) tan(a). Substituting the formula for J2U1 and U1Vt in the formula of time t;, =
(L + vty, tan(a) — vty, tan(a) — vty, tan(a) — cty, sin(2a) tan(a)) -
12 =

c cos(2a)
- L
127 (¢ cos(2a) + c sin(2a) tan(a) + v tan(a))’
The time t;, can be calculated, then
(A{D; + L — vty; tan(a) — vt,, tan(a) — cty, sin(2a) tan(a)) -
1 =

(c —vtan(a))
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(A;D; + L — vty, tan(a) — ct,, sin(2a) tan(a))
1 = :
c

The time t; = t;; + t1; = 7.334,066,593F — 08s. The path length L, and distance A1A3

are:
L; = ct; = 2.200,219,978E + 01m = 4.000,399,960E + 074 and
A A; = vty = 2.200,219,978E — 03m = 4.000,399,960E + 03A.

The difference AL, of the paths length and the distance A3Aa, for this position, are:
AL, =L, —L; =3.300E —07m = 6.000E — 014, and
AzA, = AjA, — A1A; = 3.300E — 11m = 6.000E — 054.

The distances B1Bz, J2/3, CoC1, and AoA1 are equal to A3A4. Employing similar reasoning as
in the previous section, the difference AL, is the difference of the path length of the rays that
interfere in any instance of point A.

Rotating the interferometer from the 180° position to the 270° position, the
difference ALz, = AL, — AL; = 2.200E — 07m = 4.000E — 014 . The fringes are then
expected to shift by N3, = AL3,/A = 0.400 fringes.

Rotating the interferometer from the 270° position to the 360° position, the
difference ALy; = AL; — AL, = —2.200E — 07m = —4.000E — 01A. The fringes are then
expected to shift by Ny; = AL, /A = —0.400 fringes.
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