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Dear Professor Jiang,

Thank you for the electronic files and for submitting your paper
entitled “The simplest proofs of both arbitrarily long prime arithmetic
progressions” to the Annals of Mathematics (E2#4F)) .

I have processed the PDF file and the paper will be given to the editors.
They will contact you after they have heard from a reviewer.

Sincerely,

Maureen Schupsky

Annals staff
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Arithmetic Combinatorics

(Term 1 2007-2008 Academic Year)

During tem | of the year, School faculty member Jean Bourgain and Van Vu
of Rutgers University will lead a program on arithmetic combinatorics. The
following is preliminary information about the program.

Additive combinatorics deal with problems in number theory with
combinatorial flavor. While this theory has been developing for many
decades, the field has seen exciting developments and dramatic changes in
direction in recent years (a well known example is Green-Tao theorem about
the existence of arithmetic progressions in primes). In this focus program,



we will bring together active researches in this field and many related areas
such as number theory, combinatorics and theoretical computer science.
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The Simplest Proofs of Both Arbitrarily Long

Arithmetic Progressions of primes

Chun-Xuan Jiang
P. O. Box 3924, Beijing 100854
P. R. China
cxjiang@mail.bcf.net.cn

Abstract

Using Jiang functions J,(®), J,(®) and J,(®) we prove both arbitrarily long

arithmetic ~ progressions  of  primes: (1) P,=R"+di, (R,d)=1

i+
i=12---,k=1,n>1 , which have the same Jiang function; (2)

P.=R"+w,i,i=12. k-1nzl, o =, IP'IP P and generalized arithmetic

1+
9

progressions of primes P, = P+ia)g and P, :P”+ia)g, i=1---,k,n>2.

The Green-Tao theorem is false, because they do not prove the twin primes theorem
and arithmetic progressions of primes [3].



In prime numbers theory there are both well-known conjectures that there exist both
arbitrarily long arithmetic progressions of primes. In this paper using Jiang functions

J,(®), J;(w) and J,(w) we obtain the simplest proofs of both arbitrarily long

arithmetic progressions of primes.
Theorem 1. We define arithmetic progressions of primes:

R.,P,=P+d,R,=R+2d,---,B, =R +(k-1d,(P,d)=1. (1)
We rewrite (1)
R=2F-F, P=(-)R-(j-2)R, 3<j<k. (2
We have Jiang function [1]
Js(w):g[(P—l)z—X(P)], (3

X (P) denotes the number of solutions for the following congruence

[(i-Da, - (j-2)g,]=0(mod P), (4

j=3
where ¢, =12,---,P-1;,¢,=12,---,P-1.
From (4) we have

‘]3(0)):3g1;[<k(P_1)gp(P_l)(P_k+l)_)Oo as w—> o, (5)

We prove that there exist infinitely many primes P, and P, such that P,,---, P,

are all primes for all k >3. It is a generalization of Euclid and Euler proofs for the
existence of infinitely many primes [1].
We have the best asymptotic formula [1]



7 1(N,3)=[{(j-1)P,~ (j—2)P, = prime,3< j <k,R,P, < N}|

k-2 2 (6)
_h@o 7 N o),
2¢" () log*“ N
where a)ZZSHPP,;/ﬁ(w):Zl;IP(P—l), (7

@ is called primorials, ¢(w) Euler function.

(6) is a generalization of the prime number theorem 7 (N) = %(l+ o(1) [1].
0g

Substituting (5) and (7) into (6) we have the best asymptotic formula

k-2 k-2(p _ 2
ﬁH(N,3)=£H P P““(P-k+1) N

1+0(2) - (8
2 2<P<k (p _1)k—1 k<P (P _1)k—1 |ng N ( ( ))

From (8) we are able to find the smallest solution 7, ,(N,,3) >1 forlarge K.
Grosswald and Zagier obtain heuristically even asymptotic formulae [2]. Let k =2
and d =2. From (1) we have twin primes theorem: P, =P, +2. The Green-Tao

theorem is false, because they do not prove the twin primes theorem and arithmetic
progressions of primes [3].
Example 1. Let kK =3. From (2) we have

P,=2P,-P. (D
From (5) we have

Jg(a))ZSI;IP(P—l)(P—Z)—mo as @—>o, (10

We prove that there exist infinitely many primes P, and P, such that P, are

primes. From (8) we have the best asymptotic formula

7[2(N,3)=31;I

P

1 N2 N2
(1— = j T (1+0(1)) = 0.66016 o™ (L+0(1) . (11



Example 2. Let kK =4. From (2) we have

P,=2P,-P, P, =3P, -2P. (12>
From (5) we have
Jg(a)):25<HP(P—l)(P—3)—>oo as w—> o, (13)

We prove that there exist infinitely many primes P, and P, such that P, and P,

are all primes. From (8) we have the best asymptotic formula

2 2
ﬁ(N’g):gH P?(P-3) N
3 45p (P-1)°® log* N

(L+0(D). (14)

Example 3. Let kK =5. From (2) we have
P,=2P,-P, P,=3P,-2R, P, =4P,-3F,. (15)
From (5) we have
J3(a)):25HP(P—1)(P—4)—>oo as w—> o, (16)
We prove that there exist infinitely many primes P, and P, suchthat P,, P, and

P, are all primes. From (8) we have the best asymptotic formula

3 2
”(N,3):£HP(P—4) N
! 4 ¢ (P-1)* log® N

(L+0(D). (17

Theorem 2. From (1) we obtain
P,=R+P-F, Pj:P3+(j—3)P2—(j—3)Pl, 4< <k, (18
We have Jiang function [1]

J4(a)):3Sl'£((P—l)3—X(P)), (19

X (P) denotes the number of solutions for the following congruence



k
,-1:[4(% +(j—3)d, —(j—3)g,) =0(mod P), (20)

where @, =12,---,P-1 i=12.3.
From (20) we have
_ _1\2 _ _1\2 _ _ _
Ji@)=_11 (P-1)° TI (P D[(P-1)*-(P-2)(k-3) | >
as@ —» . (21)

We prove there exist infinitely many primes P, P, and P, such that P,,---, P,

are all primes forall k >4.
We have the best asymptotic formula [1]

7, (N,4) =[{P,+ (] —3)P,— (i —3)P, = prime,4 < j <k,P, P,,, < N}|

k-3 3 (22)
_d@o - N o),

60" (w) log“N
Substituting (7) and (21) into (22) we have
7,(N,4)

k-3 k-3 _1\2 _ _ _ 3 23
:1 o P o P °I(P-1) (F:fl 2)(k—3)] Nk (1+0(1)).( )

62§P<(k—1)(P_1) (k-1)=P (P_l) Iog N

From (23) we are able to find the smallest solution 7z, ,(N,,4)>1 forlarge K.
Example 4. Let K =4. From (18) we have

P,=P,+P,-P (24)
From (21) we have

J4(a)):3S1'IP(P—1)(P2—3P+3)—>oo as W—> 0. (25)

We prove there exist infinitely many primes P, P, and P, such that P, are

primes.From (23) we have



(N4 =212 N (1+0(1)) (26)
22 3ee(T (P-1)° )log* N '

From (1) We obtain the following equations:
7s(N,5) =[{P, +(j—3)P, — (j—2)P,+ P, = prime,5 < j <k, R+, P, < N}|

_ 1 J(0)0 " N*
24 ¢(w) log“N

(1+0(D) (27)

7y a(N.6)=|{Po+ (1= 4P, ~ (1= 4P, ~ P, + B = prime,6:< <k, R+, R < N}

1 ) (@) N°
“120 #(@) Togn oW (29

Theorem 3. We define arithmetic progressions of primes:

P,=P’+di,i=12,-,k-1. (29
From (29) we have
P,=2P,—P’, Pj=(j—1)P2—(j—2)Plz, 3<j<k. (30)
We have Jiang function [1]
(@)= [ (P~ X(P)], (31)

X (P) denotes the number of solutions for the following congruence

11[(i-2)a, - (j~2)a? ] =0(mod P), @)

where @, =1,2,---,P-1, q,=12,---,P-1.

From (32) we have

J3(a)):3S1;I<k(P—l)k1;IP(P—1)(P—k+1)—>oo as w—> o, (33)

We prove that there exist infinitely many primes P, and P, such that P,,---, P,

are all primes for all k > 3. We have the best asymptotic formula [1]

10



7, (N,3) =H(j—1)P2 —(j-2)P? =prime,3< j<k,P,P, < N}\

1 J(w)@*? N?

= 1+0(2)). 34
2k,]_ ¢k (a)) Iogk N ( ( )) ( )
Substituting (7) and (33) into (34) we have
1 pk-2 P*?(P—k+1) N?

74 (N,3) = (1+0@))- (35)

II
k-1 ocpek (P _1)k—1 k<P (p _1)k—1 Iogk N
Theorem 4. We define arithmetic progressions of primes:

P

i+1

=P’ +di,i=12,---,k-1. (36)
From (36) we have

P,=P,+P,-P°, P=R+(j-3)P, —(j-3)F°, 4<j<k. (@)
We have Jiang function [1]

Ji@)=_1_ (P-1* I (P-D[(P-1*~(P-2)(k-3)] >0

3<P<(k-1)
as@ —» . (38)

We prove that there exist infinitely many primes P, P, and P, such that

P,,---, P, areall primes forall k>4..

We have the best asymptotic formula

7 o(N,4)=|(P, +(i-3)P,~ (j~3)R’ = prime, 4< j<k,R, P, P, < N|
1 J,(w)o*® N°®

= 1+o0(1)).
6X5k—3 ¢k(a)) Iogk N ( ())
(39)
Theorem 5. We define arithmetic progressions of primes:
Pjﬂzpln+di’i=1,2,...’k_1’n21_ (40)

11



From (40) we have
P=2P,-R", P =(j-DP, ~(j-2R". @)
We have Jiang function [1]

Js(a)):3S1;I<k(P—l)g3(P—1)(P—k+1)—>oo as ®—> o, (42)

We prove that there exist infinitely many primes P, and P, such that P,,---

~U0

are all primes for all k >3.
We have the best asymptotic formula [1]

7, (N,3) =‘{(j —1)P,—(j—2)P" = prime,3< j<k,P,P, < N}‘
_ l Js(a))a}k—Z N2 (43)
2xn*? ¢ (w) log"N’
Substituting (7) and (42) into (43) we have

1 p P“?(P-k+1) N?
k-2 11 k-1 k-1 k
ns 2Pk (P-1)"" kP (P-1) log“ N

72 (N3 = 1+o0(1). (44

Theorem 6. We define arithmetic progressions of primes:
P=P"+dii=12-- k-1n>1 (45)
From (45) we have
P,=R+P-R", P, = PR+(j-3)P, —(j—-3)R", 4<j<k. (46)
We have Jiang function [1]
_ _1\2 _ _1\2 _ _ _
Ji@)=_1_ (P-1* I (P-D[(P-1*~(P-2)(k-3)] >0

3<P<(k-1)
as @ —> ©. (47)

We prove that there exist infinitely many primes P, P, and P, such that

P,,---, P, areall primes forall k>4..

We have the best asymptotic formula [1]

12



7 o(N,4) =[{P, + (] -3)P, - (j-3)R" = prime,4 < j<k, P, B, P, <N

1 J,(w)o° N°

= 1+0(1)). (48)
6xn*?  ¢“(w) log“N (+o()
Substituting (7) and (47) into (48) we have
(N, 4)
k-3 k-3 1N _(Pp_ _ NE
_ 1k7 o P _ P*[(P-1) (F:,l 2)(k-3)] 1 o@).
6x N 2<P<(k-1) (P —1)""% (-D<P (P-1) log“ N
(49)
Theorem 7. We define another arithmetic progressions of primes [1, 4]:
P.=R+a,ii=12- k-1 (50)
where @, = , 1P_£P is called a common difference, P, iscalled g — th prime.
We have Jiang function [1, 4]
Jz(w):R(P—l—X(P)), (51
X (P) denotes the number of solutions for the following congruence
k-1 .
_lj[l(q+a)g|)50(mod P), (52)
where q=1,2,---,P-1.
If Plw,,then X(P)=0; X(P)=k-1 otherwise. From (52) we have
Jz(a))zsglpng(P—l) F)QEISP(P—k). (53)
If k=P,,, then J,(P,,,)=0, J,(w)=0, there exist finite primes P, such that

P,,-+-, R are all primes. If k<P, then J,(@) =0, there exist infinitely many

13



primes P, such that P,,---, P, are all primes. We have the best asymptotic formula

[14]
7 (N,2) =|{R, +w,i=prime1<i<k-1R <N}
k-1 (54)
_h@o” N o
¢"(w) log"N
Let k=P, , —1. From (50) we have
P.=P+w,ii=12-P -2 (55)

From (53) we have [1, 4]

JZ(a)):3sgpg(P_1)pg£[gp(P_P9+1+1)_)OO as @ —> o (56)

We prove that there exist infinitely many primes P, such thatP,,---, PF,W_1 are all

primes forall B ;.

Substituting (7) and (56) into (54) we have
7o 1(N,2)=

g+l

P \e? P ?(P-P +1) N (57)
nles) o o)
2<P<Ry Py <P (P-1)" (logN)

P-1

From (57) we are able to find the smallest solutions 7rp9+1_1(N0,2)>1 for large

P

g+l
Example 5. Let P =2, @, =2, P,=3. From (55) we have the twin primes

theorem

P,=P+2. (58)

From (56) we have

14



Jz(a)):%HP(P—Z)—mo as ®—>o, (59)

We prove that there exist infinitely many primes P, such that P, are primes. From

(57) we have the best asymptotic formula

1 N
7r2(N,2):23<1'IP(1—(P_1)2J|092N (1+0(1). (60)

Example 6. Let P, =3, @, =6, P,=5.From (55) we have

P.,=R+6i,i=123. (61)
From (56) we have
Jz(a)):25HP(P—4)—>oo as @—> o, (62)

We prove that there exist infinitely many primes P, such that P,, P, and P, are

all primes. From (57) we have the best asymptotic formula

3 —_—
7z4(N,2):27HP(F> f) N4
<P (P-1)" log

L @+o). (63)

Example 7. Let B, =23, o, =223092870, P, =29.From (55) we have

P., =R +223092870i,i=12,---,27. (64)
From (56) we have
Jz(a)):364953602£<IP(P—28)—>00 as @ —» © (65)

We prove that there exist infinitely many primes P, such that P,,---, P, are all

primes. From (57) we have the best asymptotic formula

P\ _ P¥(P-28) N
ﬂZS(N ’ 2) - 2§1P_£23[ P _1) ng (P _1)28 Iogzg N (1+0(1))

15



(66)
From (66) we are able to find the smallest solutions 7,5(N,,2) > 1.

Theorem 8. We define another arithmetic progressions of primes:

P

i+1

=P’ +a)gi,i =12,---,k=-1,n>1.
We have Jiang function [1]
Jo(@) = II(P-1-X (P)),

X (P) denotes the number of solutions for the following congruence
k-1 .
_ljl(ql'“ +,i) =0(mod P),

where g, =1,2,---P-1.

(67)

(68)

(69)

If X(P)=P-1 and J,(P)=0, then there exist finite primes P, such that

P,,--B, are primes. If X(P)<P-1 and J,(®)#0, then there exist infinitely

many primes P, suchthat P,,---, P areall prime forall P,.

We have the best asymptotic formula [1]
@(Nz)zHaMH%i:mmesisk—LasNH

1 J, (@)™ N
n“* ¢*(w) log“N

1+o0().
Example 8. Let N=2, k=3 and @, =6.From (67) we have

P=P’+6, P,=P?+12, P, =P’+18

We have Jiang function [1]

J,(w)=211 (P—4—(_—6)—(_—3j—(_—zn—>oo as @—>®
5<P P P P

16
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where _—6 , _—3 and _—Zj denote the Legendre symbols.
P P P

We prove that there exist infinitely many primes P, such that P,, P, and P, are

all primes. We have the best asymptotic formula [1]
7,(N,2) :‘{Pf +6i = prime,i=1,2,3,P, < N}‘

3 73
_1d(@o” N _ g o) 7
8 ¢ (w) log"N
We shall move on to the study of the generalized arithmetic progression of consecutive
primes [5]. A generalized arithmetic progression of consecutive primes is defined to be
the sequence of primes,

P,P+w,,P+2a,,,P+ke, and P"+a,,P"+2a,,,P"+ka,,
where P is the first term, n>2. For example, 5, 11, 17, 23, and 31, 37, 43, is a

generalized arithmetic progression of primes with P=5, @, =6, k=3 and

n=2.
Theorem 9. We define the generalized arithmetic progressions:
P=P+in, and P.=P"+io,
(74)
where i=1,---,k,n>2.
We have Jiang function [1]
Jz(a)):g(P—l—X(p)), (75)
X (P) is the number of solutions of congruence
k - -
[Il(q+|a)g)(q” +iw,) =0(mod P), (76)

17



If X(P)=P-1 and J,(P)=0, then there exist finite primes P such that

R,P,,--- P, areprimes. If X(P)<P-1, J,(®w)=0, then there exist infinitely

1!

many primes P suchthat P,P,,---,P, areall primes.

If J,(@w)#0, we have the best asymptotic formula of the number of primes
P<N[1]

J, (@)™ N
nk¢2k+l(a)) (|Og N)2k+l

7oa(N,2) = (1+0(1)). (77)

Example 9. Let o, = 6,k =3,and n=2.From (74) we have
P=P+6,P,=P+12,P,=P+18 and

P, =P?+6,P, =P?+12,P, = P?+18. (78)

We have Jiang function [1]

J,(w) =12672 11 (P—?—(_—Zj—(_—sJ—(_—(SDiO (79)
23<P P P P

Since J,(w) > as @ —> o0, there exist infinitely many primes P such that

B,---, P, areall primes.

From (77) we have

J,(@)o® N
8¢’ (w) log’ N

7,(N,2) = (1+0(1)). (80)

Remark. Theorems 1, 3 and 5 have the same Jiang function J,(®) and theorems 2,

4 and 6 the same Jiang function J,(®) which have the same character. All

18



irreducible prime equations have the Jiang functions and the best asymptotic formulas

[1]. In our theory there are no almost primes, for example P, =P,P,+2 and

N =P, +P,P, are theorems of three genuine primes. Using the sieve method, circle

method, ergodic theory, harmonic analysis, discrete geometry, and combinatories they
are not able to attack twin primes conjecture, Goldbach conjecture, long arithmetic
progressions of primes and other problems of primes and to find the best asymptotic
formulas. The proofs of Szemerédic’s theorem are false, because they do not prove the
twin primes theorem and arithmetic progressions of primes [3, 6-10].
Acknowledgement the Author would like to thank Zuo Mao-Xian for helpful
conversations.
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