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Abstract 
In this work, we extend the gravitational-optical analogy by incorporating an effective refractive 

index 𝑛௘௙௙(𝑟) = 1 + 𝜎
ோೞ

௥
 into Maxwell’s equations. This modification leads to a generalized 

Helmholtz equation describing the propagation of electromagnetic waves in a spherically 
symmetric inhomogeneous medium. Reformulating the problem in radial coordinates, we 
derive a wave equation for 𝑢(𝑟) which exhibits a formal analogy with the radial Schrödinger 
equation. However, the physical interpretation of the wave function 𝜓(𝑟) differs – it represents 
the amplitude of a stationary electromagnetic wave, not a probability amplitude. We analyze 
both ℓ = 0 and ℓ ≠ 0 cases using WKB-method, identifying a dimensionless gravitational 
coupling constant 𝜂 = 𝜎𝑘𝑅௦, analogous in role to the fine-structure constant in the Coulomb 
problem. Our results reveal gravitationally induced phase shifts and asymptotic modulations of 
the wave function, with possible observational consequences near compact astrophysical 
objects such as neutron stars and black holes. This work lays the groundwork for a covariant 
formulation and opens new perspectives on gravitational wave analogies in optical media. 
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Introduction 
Understanding the influence of gravitation on the propagation of light remains a cornerstone of 
relativistic physics [1], [2], [9]. General Relativity (GR) explains the phenomenon through the 
curvature of spacetime induced by mass-energy, leading to measurable effects such as 
gravitational lensing [2], [15], redshift, and Shapiro delay, [6], [7], [8].  
In contrast to this geometrical interpretation, the present work develops an alternative but 
complementary approach based on a gravitationally-induced optical index, where spacetime 
curvature is effectively modelled by a spatially refractive index, [3], [4]. 
This fifth publication extends the theoretical foundation of this model by studying the behavior 
of stationary electromagnetic (EM) waves in a medium where the local speed of light varies 
with the gravitational potential. Starting from a modified Helmholtz equation, derived from 
Maxwell’s equations with a position-dependent speed of light 𝑐(𝑟) = 𝑐/𝑛௘௙௙(𝑟), the radial 
behavior of the EM field is analyzed using analogies with quantum mechanics – particularly 
the radial Schrödinger equation. Though the physical interpretation differs, this formal analogy 
reveals new insights how gravity could modulate the phase and amplitude of EM fields. 
This framework provides a novel interpretation of classical relativistic effects through the lens 

of wave optics, using an effective refractive index of the form: 𝑛௘௙௙(𝑟) = 1 + 𝜎
ோೞ

௥
 ; [17].  
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The solution to the resulting wave equations, their asymptotic behavior, and potential 
observables are rigorously analyzed.  
A specific attention is given to the two cases of the number of angular modes or the multipolar 
index: ℓ = 0 and ℓ ≠ 0, as well as a WKB-resolution for weak gravitational fields.  
This approach opens new possibilities of connecting gravitational influence on light to 
laboratory-scale refractive effects, thereby suggesting potential pathways for experimental 
investigation beyond standard relativistic frameworks.  
 
 

1- Foundations of the optical-gravitational analogy from Maxwell’s equations 

1-1 Definition of the effective refractive index 

General relativity describes gravity as a curvature of spacetime [1], [2], [9]. However, in the 
regime of weak gravitational fields and high-frequency electromagnetic (EM) waves, an 
alternative approach can offer complementary insight: gravity may be viewed as inducing an 
optical medium [3], [4], [15], [16], [17]. In this framework, the presence of mass modifies the 
velocity of light as if space were endowed with a spatially varying refractive index [11].  
The idea leads to a gravitationally induced optical model where the EM wave is studied within 
an inhomogeneous dielectric medium instead of vacuum. This approach preserves the essence 
of relativistic effects while using the mathematical tools of classical wave propagation. 
In order to establish a sound foundation for our optical-gravitational analogy, we begin with the 
source-free Maxwell’s equations in vacuum. Then, we introduce a modification through an 
effective position-dependant speed of light 𝑐(𝑟). This variation is interpreted as a gravitational 
influence modelled via a radially varying dielectric permittivity. In a previous publication [17], 
we calculated the local speed of light as: 

𝑐(𝑟) =
௖

௡೐೑೑(௥)
;  𝑤𝑖𝑡ℎ  𝑛௘௙௙(𝑟) = 1 + 𝜎

ோೞ

௥
                                                                                            (1) 

Where 𝑅௦ is the Schwarzschild radius of the massive body [5], that creates a weak gravitational 
field. If we remind the expression of the constant light celerity in the vacuum, we can write: 

𝑐 =
ଵ

ඥఌబఓబ
                                                                                                                                     (2) 

Where 𝜀଴;  𝜇଴ are respectively the permittivity, the magnetic permeability in the vacuum. If we 
replace equation (2) in the local light speed expression (1), it leads to: 
 

𝑐(𝑟) =
ଵ

ට௡೐೑೑
మ (௥)ఌబ.ఓబ

                                                                                                                     (3) 

 
If we suppose that the magnetic permeability 𝜇଴ is kept constant, corresponding to non-
magnetic vacuum, then the expression (3) reveals a possible definition of a radially-dependant 
permittivity as: 
 

𝜀(𝑟) = 𝑛௘௙௙
ଶ (𝑟)𝜀଴ → 𝑛௘௙௙(𝑟) =

௖

௖(௥)
= ට

ఌ(௥)

ఌబ
                                                                             (4) 

 



 
3 

So, the effective refractive index 𝑛௘௙௙(𝑟) finds its origin from the relative dielectric permittivity 
in the optical medium. This quantity is introduced for taking into account the gravitational field.  
This establishes a direct link between gravitational influence and optical response, encoded in 
𝑛௘௙௙(𝑟), without requiring full relativistic spacetime curvature.  
The local light speed becomes, after some transformation of equation (3), with equation (4): 
 

𝑐(𝑟) =
ଵ

ඥఌ(௥)ఓబ
           and      𝑛௘௙௙(𝑟) = 𝑐ඥ𝜀(𝑟)𝜇଴                                                                   (5)                                                                                            

 
 
1-2 Maxwell’s equations in an inhomogeneous medium 
We recall the standard Maxwell’s equations in a non-magnetic, source free, isotropic medium 
where 𝜀(𝑟) is the radially dependent permittivity introduced previously to account for the 
gravitational field: 

൜∇ሬሬ⃗ . Eሬሬ⃗ = 0

∇ሬሬ⃗ . Bሬሬ⃗ = 0
                                    ቐ

∇ሬሬ⃗ × Eሬሬ⃗ = −
డ୆ሬሬ⃗

డ௧

∇ሬሬ⃗ × Hሬሬ⃗ =
డୈሬሬ⃗

డ௧

                                                                            (6) 

 
With the constitutive equations: 
 
Dሬሬ⃗ = 𝜀(𝑟)Eሬሬ⃗ ;        Bሬሬ⃗ = 𝜇଴Hሬሬ⃗                                                                                                             (7) 
 
We replace these equations by the only vectors fields, electric Eሬሬ⃗  and magnetic Hሬሬ⃗ , we get some 
slightly transformed equations (6) as: 

൜∇ሬሬ⃗ . Eሬሬ⃗ = 0

∇ሬሬ⃗ . Hሬሬ⃗ = 0
                                    ቐ

∇ሬሬ⃗ × Eሬሬ⃗ = −𝜇଴
డୌሬሬ⃗

డ௧

∇ሬሬ⃗ × Hሬሬ⃗ = 𝜀(𝑟)
డ୉ሬሬ⃗

డ௧

                                                                        (8) 

 
First, let us take the curl of the Faraday’s law: 
 

∇ሬሬ⃗ × ൫∇ሬሬ⃗ × Eሬሬ⃗ ൯ = −𝜇଴
డ൫∇ሬሬ⃗ ×ୌሬሬ⃗ ൯

డ௧
= −𝜀(𝑟)𝜇଴

డమ୉ሬሬ⃗

డ௧మ
                                                                               (9) 

 
And, second, let us combine a result of the vectorial analysis with equation (8) as: 
 
∇ሬሬ⃗ × ൫∇ሬሬ⃗ × Eሬሬ⃗ ൯ = ∇ሬሬ⃗ ൫∇ሬሬ⃗ . Eሬሬ⃗ ൯ − ∇ଶEሬሬ⃗ = −∇ଶEሬሬ⃗                                                                                       (10) 
 
So, by putting equation (9) in (10) and taking into account equation (8), it leads to a variant of 
the vectorial Helmholtz equation as: 
 

∇ଶEሬሬ⃗ − 𝜀(𝑟)𝜇଴
డమ୉ሬሬ⃗

డ௧మ
= 0                                                                                                              (11) 

 
Considering the definition (5) of the effective refractive index 𝑛௘௙௙(𝑟) which introduces the 

light speed in vacuum 𝑐, we obtain the generalized wave equation for the electric field Eሬሬ⃗  as: 
 

∇ଶEሬሬ⃗ −
௡೐೑೑

మ (௥)

௖మ

డమ୉ሬሬ⃗

డ௧మ
= 0                                                                                                                (12) 
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Similarly with the magnetic field Hሬሬ⃗ , we can demonstrate that the wave equation has the same 
expression, a well-known result: 
 

∇ଶHሬሬ⃗ −
௡೐೑೑

మ (௥)

௖మ

డమୌሬሬ⃗

డ௧మ
= 0                                                                                                                (13) 

 
 
1-3 Optical analogy and radial Helmholtz equation 
We consider a monochromatic electromagnetic wave Ψ(𝑟, 𝜃, 𝜑, 𝑡) propagating in a spherically 
symmetric gravitational field, described by an effective refractive index 𝑛௘௙௙(𝑟) and assume 
the following decomposition, stationary, time-harmonic mode, written as follows: 
 

Ψ(𝑟, 𝜃, 𝜑, 𝑡) = 𝜓(𝑟)𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧                                                                                                                (14) 
 
The first term of the Helmholtz equation (12) is the Laplacian operator of the function 
Ψ(𝑟, 𝜃, 𝜑, 𝑡), the calculations (given in Annex 1) lead to: 
 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁቃ 𝑌௟௠𝑒ି௜ఠ௧ + ቂ

ଵ

௥మ
ቀ

ଵ

௦௜௡

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ௒೗೘

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ௒೗೘

డఝమ
ቁቃ 𝜓𝑒ି௜ఠ௧                (15) 

 
From the last parenthesis appears the Laplacian angular operator of Cassini such as: 
 

∇ஐ
ଶ 𝑌௟௠(𝜃, 𝜑) = ቄ

ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ

డఝమ
ቅ 𝑌௟௠(𝜃, 𝜑)                                                     (16) 

 
In Annex 1, the following equation (17) can be obtained where ℓ, the number of angular modes 
or the multipolar index, only refers to the angular part and to the corresponding symmetry 
properties of the EM wave as: 
 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ −

௟(௟ାଵ)

௥మ
𝜓ቃ 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧                                                                        (17) 

 
Then, by considering the second time derivative (see Annex 2) in the Helmholtz equation (12), 

the vacuum wave number 𝑘 =
ఠ

௖
. appears and, after simplification by the term 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧, 

we find the radial Helmholtz equation: 
 

ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ + ቂ𝑘ଶ𝑛௘௙௙

ଶ (𝑟) −
௟(௟ାଵ)

௥మ
ቃ 𝜓 = 0                                                                             (18) 

 

Considering the following substitution: 𝜓(𝑟) =
௨(௥)

௥
, and after some calculations reported in 

Annex 3, it leads to the radial Helmholtz equation which reduces to a Schrödinger-like equation: 
 
ௗమ௨

ௗ௥మ
+ ቂ𝑘ଶ𝑛௘௙௙

ଶ (𝑟) −
ℓ(ℓାଵ)

௥మ
ቃ 𝑢(𝑟) = 0                                                                                       (19) 

 
This section 1 justifies rigorously why the refractive index can encode gravitational influence 
in an equivalent optical medium.  
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The proposed substitution of 𝜓(𝑟) is consistent with spherical wave decomposition. The 
assumption of radial-only dependence is entirely valid in the context of spherical symmetry and 
matches with the Schwarzschild-like nature of the effective medium.  
 
 
1-4 A radial Helmholtz equation analogous to a radial Schrödinger-like equation 
The link between the variable dielectric permittivity 𝜀(𝑟) and the refractive index 𝑛௘௙௙(𝑟), 
defined by equation (5), anchors the formal analogy in classical electromagnetism.  
Now, with the definition (1) of 𝑛௘௙௙(𝑟), up to the first order in 𝑅௦/𝑟 in weak gravitational field, 
we can obtain the following expression for 𝑛௘௙௙

ଶ (𝑟): 
 

𝑛௘௙௙(𝑟) = 1 + 𝜎
ோೞ

௥
→ 𝑛௘௙௙

ଶ (𝑟) = ቀ1 + 𝜎
ோೞ

௥
ቁ

ଶ

= 1 +
ଶఙோೞ

௥
+ 𝒪 ൬ቀ

ோೞ

௥
ቁ

ଶ
൰                               (20) 

 
By considering the two main terms of the development, the radial equation (19) becomes: 
 
ௗమ௨

ௗ௥మ
+ ቂ𝑘ଶ +

ଶఙ௞మோೞ

௥
−

ℓ(ℓାଵ)

௥మ
ቃ 𝑢(𝑟) = 0                                                                                    (21) 

 
Last, the structure of the equation (21) paves the way for exploring analogies with quantum 
mechanics, especially hydrogen atoms. The equation (21) resembles the radial Schrödinger 
equation for the Coulomb potential in quantum mechanics as: 
 
ௗమ௨

ௗ௥మ
+ ቂ

ଶఓா

௛ഥమ
−

ଶఓ௓௘మ

௛ഥమ௥
−

ℓ(ℓାଵ)

௥మ
ቃ 𝑢(𝑟) = 0                                                                                    (22) 

 
By analogy, we can define a gravitational coupling parameter 𝜂, dimensionless as follows: 
 
𝜂 = 𝜎𝑘𝑅௦                                                                                                                                  (23) 
 
Then, by incorporating this parameter 𝜂 in the radial equation (21), it leads to the differential 
equation to solve in our problem of a wave propagation of stationary spherical EM: 
 
ௗమ௨

ௗ௥మ
+ ቂ𝑘ଶ +

ଶఎ௞

௥
−

ℓ(ℓାଵ)

௥మ
ቃ 𝑢(𝑟) = 0                                                                                        (24) 

 
We must be very careful with the formal analogy between both equations (22) and (24) since 
the involved quantities belong to two different physical domains as explained after: 
 
Domain Quantum mechanics Optical Gravitational Model 
Wave function 𝜓(𝑟) Probability amplitude of a particle Electric field amplitude of the EM 

wave 
Potential 𝑉(𝑟) 

Coulomb interaction −
2𝜇𝑍𝑒2

ℎഥ
2

𝑟
 

Effective gravitational refractive 
effect +2𝜎𝑘ଶ𝑅௦/𝑟  

Coupling constant, dimensionless 𝜇𝑍𝑒ଶ

ℎതଶ𝑘
 

𝜂 = 𝜎𝑘𝑅௦ 

Constant 𝑘 Related to energy:   𝐸 = ℎതଶ𝑘ଶ/2𝜇 Vacuum wave number: 𝑘 = 𝜔/𝑐 

 
The gravitational term is positive, meaning that it enhances the phase velocity locally, unlike 
the attractive Coulomb potential. 
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2- Transformation of the radial Helmholtz equation and its resolution 
 
2-1 Looking for a dimensionless variable 𝝆 
It is possible to transform the radial Helmholtz equation (24) by dividing all terms by the 
constant 𝑘ଶ, it then leads to: 
 
ଵ

௞మ

ௗమ௨

ௗ௥మ
+ ቂ1 +

ଶఎ

௞௥
−

ℓ(ℓାଵ)

(௞௥)మ
ቃ 𝑢(𝑟) = 0                                                                                                        (25) 

 
Naturally, a dimensionless variable visible, noted 𝜌 = 𝑘𝑟 , can transform the equation (25) in 
(26) where the expression between brackets is dimensionless and the new function to solve in 
this differential equation is now: 𝑢(𝜌) 
 
ௗమ௨

ௗఘమ
+ ቂ1 +

ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
ቃ 𝑢(𝜌) = 0                                                                                             (26) 

 
This expression is very interesting since it is analogous to a Schrödinger-like equation with an 
analogous “effective potential” defined as follows: 
 

𝑉௘௙௙(𝜌) = −
ଶఎ

ఘ
+

ℓ(ℓାଵ)

(ఘ)మ
                                                                                                           (27) 

 
Considering the dimensionless radial Helmholtz equation (26) in the presence of an effective 
gravitational potential, we must look at the two expressions in the brackets, compared to 1. 

In a weak gravitational field where this model applies, characterized by the ratio 
ோೞ

௥
≪ 1, 

considering the definition of 𝜂, the gravitational coupling parameter (23), the potential term 
ଶఎ

ఘ
 

can be expressed as follows where one simplification occurs by the vacuum wave number 𝑘: 
 
ଶఎ

ఘ
= 2.

ఙ௞ோೞ

௞௥
= 2𝜎.

ோೞ

௥
≪ 1                                                                                                          (28) 

 
This term remains small (despite the possible high value of 𝜂), due to the 1/𝑟 decay at large 
distances or high frequencies. 

Similarly, the centrifugal term 
ℓ(ℓାଵ)

(ఘ)మ
 vanishes at large distances or high frequencies 𝜌 ≫ 1. 

 
 
2-2 General resolution by the Wentzel-Kramers-Brillouin (WKB) method 
The Wentzel-Kramers-Brillouin method is explained hereafter; this method of resolution 
assumes that the solution 𝑢(𝜌) can be written as follows: 
 

𝑢(𝜌) = 𝐴(𝜌)𝑒௜஍(ఘ)                                                                                                                   (29) 
 
With two functions 𝐴(𝜌) and Φ(𝜌) to be determined. 
We can now compute the first and second 𝜌-derivatives before replacing in the radial Helmholtz 
equation (26). In order to simplify the notations, we state that the quantity between brackets is 
a known function 𝑄(𝜌) defined as follows: 
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𝑄(𝜌) = 1 +
ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
                                                                                                            (30) 

 
The first derivative gives: 
 
ௗ௨

ௗఘ
= (𝐴′ + 𝑖𝐴Φ′)𝑒௜஍                                                                                                                    (31) 

 
And the second derivative leads to the following expression, with much terms: 
 
ௗమ௨

ௗఘమ
= (𝐴ᇱᇱ + 2𝑖𝐴ᇱΦᇱ − 𝐴(Φᇱ)ଶ + 𝑖𝐴Φᇱᇱ)𝑒௜஍                                                                             (32) 

 
If we insert the second derivative in the equation (26), we can collect terms as: 
 
[𝐴ᇱᇱ + 2𝑖𝐴ᇱΦᇱ − 𝐴(Φᇱ)ଶ + 𝑖𝐴Φᇱᇱ + 𝑄𝐴]𝑒௜஍ = 0                                                                   (33) 
 
Regrouping the real and the imaginary parts, and dividing by 𝑒௜஍, we have: 
 
[𝐴ᇱᇱ − 𝐴(Φᇱ)ଶ + 𝑄𝐴] + 𝑖[2𝐴ᇱΦᇱ + 𝐴Φᇱᇱ] = 0                                                                       (34) 
 
Let first, consider the imaginary part of the complex equation (34), it will lead to the 
determination of the quantity 𝐴(𝜌) from what it is called the WKB conservation since: 
 

2𝐴ᇱΦᇱ + 𝐴Φᇱᇱ = 0   𝑜𝑟    
ௗ

ௗఘ
(𝐴ଶΦᇱ) = 0   𝑜𝑟   𝐴ଶΦᇱ = 𝑐𝑡𝑒                                                    (35) 

 
Let second, consider the real part, according to the WKB approximation where 𝐴ᇱᇱ ≪ 𝐴(Φᇱ)ଶ, 
valid when Φᇱ varies slowly with 𝜌 and the potential is “smooth”; this yields to: 
 
𝐴(Φᇱ)ଶ = 𝑄𝐴                                                                                                                           (36) 
 
Simplifying by 𝐴 never null, we can calculate the first derivative: Φᇱ of the phase since 𝑄 is a 
known function. In paragraph 2-1, we saw that both terms, in condition of weak gravitational 
field, gravitational and angular momentum terms, are small compared to 1, leading to the 
positivity of the 𝑄 function. 
 

(Φᇱ)ଶ = 𝑄 = 1 +
ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
→ Φᇱ(𝜌) = ඥ𝑄(𝜌) = ට1 +

ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
                                            (37)  

 
In that case, we can calculate the total phase shift Φ by the general expression: 
 

Φ(𝜌) = ∫ ට1 +
ଶఎ

௦
−

ℓ(ℓାଵ)

(௦)మ
𝑑𝑠                                                                                                 (38) 

 
This expression reveals that the total phase shift accumulates along 𝜌. Since Φᇱ is chosen 
positive, we can calculate the amplitude function 𝐴(𝜌), such as: 
 

𝐴ଶΦᇱ = 𝑐𝑡𝑒 = 𝑎ଶ      →     𝐴(𝜌) =
௔

ඥ஍ᇲ(ఘ)
                                                                                (39) 
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As we are in condition of weak gravitational field, we can determine the asymptotic solution 
by integrating equation (38) when the square root expression is approximated.                                                                                    
 
 
2-3 Exact solution 𝒖(𝜌) by the Wentzel-Kramers-Brillouin method 
If we remind equation (37), the derivative of the phase shift is given by the square root of the 
𝑄 known function as: 
 

Φᇱ(𝜌) = ඥ𝑄(𝜌) = ට1 +
ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
                                                                                       (40) 

 
Then, the phase shift is given by the integration of this expression: 
 

Φ(𝜌) = ∫ ට1 +
ଶఎ

௦
−

ℓ(ℓାଵ)

(௦)మ
𝑑𝑠                                                                                                 (41)       

 
The two functions, which allows 𝑢(𝜌) to be calculated, can be assembled to give the exact real 
solution of the radial Helmholtz equation (26), if we introduce a constant which depends on ℓ 
(if non null) as follows:  
 

𝑢(𝜌) =
௔

ඥ஍ᇲ(ఘ)
𝑠𝑖𝑛 ቈ∫ ට1 +

ଶఎ

௦
−

ℓ(ℓାଵ)

(௦)మ 𝑑𝑠 + 𝛿௟቉ =
௔

[ொ(ఘ)]భ/ర 𝑠𝑖𝑛ൣ∫ ඥ𝑄(𝑠)𝑑𝑠 + 𝛿௟൧                          (42) 

 
Despite the fact that we produce the exact solution, the physical interpretation of equation (42) 
is not easy at all. In order to fulfil this objective, we must develop, at the first order, the square 
root since we are in condition of weak gravitational field.                                                                                      
  
 
2-4 Asymptotic solution 𝒖(𝝆) and physical interpretation 
We analyse the phase shift Φ(𝜌) when 𝜌 ≫ 1, by first expanding the square root, in the 
expression of: Φ′(𝜌), using a binomial approximation: 
 

Φᇱ(𝜌) = ඥ𝑄(𝜌) = ට1 +
ଶఎ

ఘ
−

ℓ(ℓାଵ)

(ఘ)మ
≈ 1 +

ఎ

ఘ
−

ℓ(ℓାଵ)ାఎమ

ଶ(ఘ)మ
                                                                     (43) 

 
By putting into equation (41), easy integrations can be performed as: 
 

Φ(𝜌) ≈ ∫ ቂ1 +
ఎ

௦
−

ℓ(ℓାଵ)ାఎమ

ଶ(௦)మ
ቃ 𝑑𝑠 = 𝜌 + 𝜂. 𝑙𝑛(𝜌) +

ℓ(ℓାଵ)ାఎమ

ଶఘ
+ 𝑐𝑡𝑒                                                 (44) 

 
So, the WKB asymptotic solution can be rewritten as follows: 
 

𝑢(𝜌) ≈
௔

ඥ஍ᇲ(ఘ)
𝑠𝑖𝑛(𝜌 + 𝜂. 𝑙𝑛𝜌 + 𝛿௟) =

௔

[ொ(ఘ)]భ/ర
𝑠𝑖𝑛(𝜌 + 𝜂. 𝑙𝑛𝜌 + 𝛿௟)                                              (45) 

 
Where 𝛿௟ is a constant phase term which only depends on boundary conditions. 
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Physical interpretation of the phase Φ(𝜌). 
The leading term 𝜌 corresponds to the flat phase propagation of the EM wave.  
 
The logarithmic term 𝜂. 𝑙𝑛𝜌 represents the phase delay due to gravitational slowing down of 
light in our model where 𝜂 = 𝜎𝑅௦𝑘 encodes the strength of the gravitational field.  
 
The last term decay in 1/𝜌 contains contributions from both the angular momentum barrier and 
the second-order gravitational effects. 
 
The asymptotic solution (45) confirms that: 

- in the high-frequency and/or large 𝜌 limit, the phase shift accumulates logarithmically 
due to the gravity-induced index variation; 

- the WKB method remains valid even for large 𝜂; 
- in case of ℓ ≠ 0, a sinusoidal form is well justified with an additive phase shift. 

Both cases ℓ ≠ 0 and ℓ = 0 are treated according to the same WKB method. 
 
 
2-5 Asymptotic solution 𝒖(𝒓) and wave amplitude 𝝍(𝒓). 
In our problem, we consider stationary electromagnetic waves propagating in a gravitational 
optical medium, we have: 
 

𝜓(𝑟) =
௨(௥)

௥
                                                                                                                                  (46) 

 
Where, for example, 𝜓(𝑟) is the amplitude of the electric field, measured in 𝑉/𝑚. The unit of 

𝑢(𝑟) is given by the equation: [𝑢(𝑟)] = [𝜓(𝑟)][𝑟] = ቀ
௏

௠
ቁ . 𝑚 = 𝑉. We have used a 

dimensionless variable 𝜌 = 𝑘𝑟, however this does not change the physics of our problem, then: 
 
𝑢(𝑟) = 𝑢(𝜌)                                                                                                                             (47) 
 
According to equation (45), the asymptotic solution of our problem leads to the calculation of 
the amplitude 𝜓(𝑟) of the electric field as follows: 
 

ቐ
𝜓(𝑟) =

ଵ

௥
.

௔

[ொ(௞௥)]భ/ర
𝑠𝑖𝑛(𝑘𝑟 + 𝜂. ln (𝑘𝑟) + 𝛿௟)

𝑄(𝑘𝑟) = 1 +
ଶఎ

௞௥
−

ℓ(ℓାଵ)ାఎమ

(௞௥)మ
;  𝜂 = 𝜎𝑘𝑅௦

                                                                    (48) 

 
The gravitational effects given by the 𝜂 constant, which depends on the Schwarzschild radius 
of the astrophysical object, influence both the amplitude and the phase shift of the 
electromagnetic wave. 
 
 

3- Validity of the solution and numerical estimates for astrophysical objects 
 
3-1 Limitations of the optical gravitational model and consequences 
Our model is applicable in conditions of weak gravitational field or is valid for the exterior of 
the Schwarzschild radial variable 𝑟, it has the following consequences considering the 
definition of the gravitational coupling constant 𝜂: 
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ோೞ

௥
≪ 1  𝑜𝑟  𝑟 ≫ 𝑅௦ → 𝑘𝑟 = 𝜌 ≫ 𝑘𝑅௦ =

ఎ

ఙ
= 𝜌௠௜௡                                                                                     (49) 

 
So, it means that an inferior limitation 𝜌௠௜௡ is naturally introduced in the analysis of all 
functions of the dimensionless variable 𝜌. As we mainly found the value 1 for the 𝜎-parameter 
in other publications; the validity of our approach leads to: 
 

𝜌 ≫ 𝜌௠௜௡ = 𝜂       →          
ఎ

ఘ
≪ 1                                                                                                      (50) 

 
In order to apply the WKB-method, the ratio 

ఎ

ఘ
 must be less than 1 in the expression of the 

asymptotic development of Φᇱ(𝜌) at the first order, it is exactly the case: 
 

Φᇱ(𝜌) = ට1 +
ଶఎ

ఘ
−

ℓ(ℓାଵ)ାఎమ

(ఘ)మ
= 1 +

ఎ

ఘ
+ 𝒪 ൬ቀ

ఎ

ఘ
ቁ

ଶ
൰                                                                                   (51) 

 
One strong condition for applying the WKB-method is that the function Φᇱ(𝜌) evolutes slowly 
with the variable 𝜌. It is the case in our problem for the analysis of the propagation of EM waves 
in our gravitational-optical medium. 
As 𝜌௠௜௡ = 𝑘𝑅௦ , it means that this value depends both of the Schwarzschild radius 𝑅௦ of the 
astrophysical object (its mass) and of the frequency (or wave-length) of the considered EM 
wave. It also means that the gravitational effects are more pronounced for high frequency EM 
waves (high 𝑘 value) and/or massive objects (high 𝑅௦).  
In the next paragraph, we will estimate numerically the phase shift due to gravitational effects 
only and encoded by the logarithmic term: 𝜂. ln (𝑘𝑟). 
 
 
3-2 Numerical estimates for 3 different astrophysical objects 
Let us now compute numerical estimates of the asymptotic phase shift accumulated due to 
gravity in our optical model for various astrophysical objects. We will base our estimates on the 
WKB-solution deduced from equation (48), given by the following equation, limited at the first 
order: 
 

Φ(𝑟) ≈ 𝑘𝑟 + 𝜂. ln(𝑘𝑟)          𝑤𝑖𝑡ℎ     𝜂 = 𝜎𝑘𝑅௦ = 𝜎𝑅௦.
ଶగ

ఒ
                                                        (52) 

 
For a given astrophysical massive object, the Schwarzschild radius 𝑅௦ is defined as follows: 
 

𝑅௦ =
ଶீெ

௖మ
                                                                                                                                  (53) 

 
The 𝜎-parameter is equal to 1 in our optical model and 𝜆 is the wavelength of the EM waves 
chosen as: 𝜆 = 500 𝑛𝑚 = 5.00 10ି଻ 𝑚 (visible light). The other quantities are well known 
constants in fundamental physics as: 

- the gravitational constant: 𝐺 = 6.674 10ିଵଵ 𝑚ଷ𝑘𝑔ିଵ𝑠ିଶ   
- the celerity of light in the vacuum:   𝑐 ≈ 3.00 10଼ 𝑚𝑠ିଵ.  

In order to differentiate the numerical estimates of the gravitational phase shift: 𝜂. ln(𝑘𝑟), we 
will study 3 different astrophysical objects as the Earth, the Sun and a neutron star.  
All the results are presented in the following table. 
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Object M (kg) Rs (m) 𝜂 𝜂. ln(𝑘𝑟) 
Earth 5.97 10ଶସ 8.87 10ିଷ 1.11 10ହ 4.60 10଺ 
Sun 1.99 10ଷ଴ 2.95 10ଷ 3.70 10ଵ଴ 1.54 10ଵଶ 

Neutron star 3.98 10ଷ଴ 5.90 10ଷ 7.40 10ଵ଴ 3.08 10ଵଶ 
 
These are huge phase shifts, showing that our model predicts a significant effect of gravitational 
index modulation on wave propagation – even in weak fields (like the Earth).  
The logarithmic phase delay becomes very large due to the multiplicative factor  
𝜂.  
Interpretation 
This phase shift affects interference patterns, resonance conditions and propagation delays. In 
principle, it could be measurable in high-precision optical or radio-interferometry, especially 
around compact stars. The WKB approximation justifies using the phase shift formula: 
 
Φ(𝑟) ≈ 𝑘𝑟 + 𝜂. ln(𝑘𝑟)                                                                                                                (54) 
 
The perturbative method, in quantum mechanics, breaks down for the analysis of EM wave 
propagation in our optical medium, due to the large value of 𝜂. 
  
 

4- How could we observe or measure the gravitational phase shift  𝜹(𝒓) = 𝜼. 𝒍𝒏(𝒌𝒓)? 
 
We would like to explore a few realistic approaches to detect or make this gravitational phase 
shift experimentally relevant. 
 
 
4-1 Interferometric methods 
In principle, gravitationally induced phase shifts could be detected by comparing the phase of 
an EM wave travelling through two different paths: 

- One passing near a massive object (e.g. Sun), 
- Another path far away, in “free space”. 

This is analogous to gravitational lensing however we do not measure just the deflection but 
phase shift as: 
 

Δ𝜙 = 𝜂. 𝑙𝑛 ൬
௞௥೙೐ೌೝ

௞௥೑ೌೝ
൰ = 𝜂. 𝑙𝑛 ൬

௥೙೐ೌೝ

௥೑ೌೝ
൰                                                                                             (55) 

 
Challenges: it requires very high-precision phase control at astronomical distances; however, it 
seems hard to differentiate this from the other propagation effects (scattering, etc). 
 
 
4-2 Phase shifts in Pulsar Timing or Quasar Light 
Pulsars emit periodic EM signals. If such a signal passes near a massive object, it will 
accumulate a gravitational phase shift according to our model. 
If one could track changes in the arrival phase as the path changes (e.g. during a gravitational 
conjunction), this might reflect the cumulative 𝛿(𝑟).  
What is needed? A precise timing, high-frequency radio waves (smaller 𝜆, larger 𝑘, enhancing 
the gravitational coupling constant: 𝜂). 
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4-3 Scattering/Interference patterns in strong gravitational fields 
This method considers how interference fringes change a wave propagates near a strong 
gravitational field. The optical model, presented in this paper, predicts a modulation of the 
amplitude due to the term of the asymptotic WKB-solution: 
 

𝜓(𝑟)~
ଵ

௥
sin (𝑘𝑟 + 𝛿(𝑟))                                                                                                             (56) 

 
If 𝛿(𝑟) varies significantly with 𝑟, the fringe pattern changes; this might be visible in:  

- high resolution radio-telescopes observing sources lensed by neutron stars or black 
holes; 

- carefully analysing frequency-dependant patterns. 
 
 
4-4 Laboratory analogue models 
Our model is based on an optical analogy, so why not engineer a material with: 
 

𝑛௘௙௙(𝑟) = 1 +
ோೞ

௥
                                                                                                                       (57) 

 
Or approximate it using gradient-index (GRIN) optics? Then, it could be possible to measure 
the phase shift of light across different paths within the medium. It could be done on Earth, it 
could offer a direct visualization and could connect with experimental analogue gravity 
platforms. 
 
 
4-5 Summary of Observational Strategies 
The following table gathers all the possible strategies to validate our model. 
 
Method Feasibility Required precision Comments 
Interferometry near 
massive body 

Low Extremely high Analogous to gravitational 
Aharonov-Bohm effect 

Pulsar timing (phase 
delay) 

Moderate Nanosecond-scale Promises if signal passes 
close to massive object 

Interference/fringe 
pattern shifts 

Moderate High Needs very accurate 
modelling 

Optical analogue material 
lab test 

High Lab-scale precision Best near-term option for 
controlled confirmation 
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Conclusion 
In this study, we have developed a theoretical framework for modelling the propagation of 
stationary electromagnetic waves in a gravitationally modified optical medium, characterized 

by an effective refractive index: 𝑛௘௙௙(𝑟) = 1 + 𝜎
ோೞ

௥
. 

By recasting Maxwell’s equations into a generalized Helmholtz equation in spherical symmetry, 
we have revealed a deep formal analogy with the radial Schrödinger equation, while 
emphasizing the distinct physical interpretation of the wave amplitude 𝜓(𝑟). Through analytical 
techniques, mainly the WKB approximation (unlike the perturbation theory in quantum 
mechanics), we explored both the ℓ = 0 and ℓ ≠ 0 regimes and demonstrated how gravitational 
effects induce non-negligible phase shifts and amplitude modulations. 
Our analysis introduces a gravitational coupling constant: 𝜂 = 𝜎𝑘𝑅௦, whose potentially large 
magnitude in astrophysical contexts challenges standard perturbative approaches and reinforces 
the relevance of semiclassical methods. The resulting predictions—such as logarithmic phase 
shifts and gravitational lensing-like modulations—may be of observational significance near 
compact objects like neutron stars or black holes. 
This work sets the stage for further investigations, including the formulation of a fully covariant 
model of wave propagation in curved spacetime analogues, and opens intriguing prospects for 
modelling gravitational wave phenomena through optical analogies. 
 
 
References 
[1] A. Einstein. “Die Grundlage der allgemeinen Relativitätstheorie”. Annalen der Physik, 
Vol.49 (7), pp 769–822 1916. 
[2] A. Einstein. “On the Influence of Gravitation on the Propagation of Light”. Annalen der 
Physik, Vol. 35(8), pp 898–908 1911. 
[3] F. de Felice. “On the gravitational field acting as an optical medium”. General Relativity 
and Gravitation, Vol. 2, pp 347–357 1971. 
[4] J. Evans, K.K. Nandi, A. Islam. “The optical-mechanical analogy in general relativity: 
New methods for solving the equations of motion for light and particles”. General Relativity 
and Gravitation, Vol. 28(4), pp 413–439 1996. 
[5] K. Schwarzschild. “Uber das Gravitationsfield eines massenpuncktes nach der 
Einsteinschen Theorie”, Sitzungsberichte der Königlich Preussischen. Akademie der 
Wissenschaften zu Berlin. 1916. 
[6] I.I. Shapiro. "Forthcoming Evidence for the Delay of Light in Gravitational Fields". 
Physical Review Letters, Vol. 13(26), pp 789–791 1964. 
[7] I.I. Shapiro. "Third Test of General Relativity: Verification of Gravitational Time Delay". 
Physical Review Letters, Vol. 43(12), pp 1075–1079 1979. 
[8] J.C. Roux. “The Shapiro’s time delay calculated, without General Relativity, in a flat 
spacetime and a variable speed of light”. The general science journal, Open Science, March, 
27 2025. 
[9] D. Hilbert. Die Grundlagen der Physik (The foundations of physics). Nachrichten von der 
Gesellschaft der Wissenschaften zu Göttingen, Mathematisch-Physikalische Klasse, pp 53–65 
1917. 
[10] C.S. Snyder. “The Isotropic Form of the Schwarzschild Solution”. Physical Review, Vol. 
56(10), pp 1449–1450 1940. 
[11] C. Essonne. “Energy of the Vacuum: Basic Bricks for the Great Unification of Physics”. 
Journal of Physics & Optics Science, Vol. 6(4) 2024. 
[12] E. Gourgoulhon. Relativité générale. Master 2. Année universitaire 2013-2014 
Observatoire de Paris, 2014, pp.341. cel-00366315v6 (Cours en ligne HAL/Open Science). 



 
14 

[13] R. Taillet. Introduction à la Relativité Générale. Master 2: cours en ligne. Université de 
Savoie, Année universitaire 2013-2014. http://podcast.grenet.fr/podcast  
[14] Eigenchris. Relativity, course on line, www.youtube.com/@eigenchris, 2022. 
[15] J.C. Roux. “Gravitational light deflection in flat spacetime using effective refractive 
indexes: a derivation in full agreement with Einstein’s prediction”. The general science 
journal, Open Science, April, 18 2025. 
[16] J.C. Roux. “Relativistic Perihelion Precession of Mercury: a Re-Derivation in Flat 
Space with Gravitational Index and Variable Speed of Light”. The general science journal, 
Open Science, May, 2025. 
[17] J.C. Roux. “Refractive Index Modelling of Spacetime: A Classical Framework for 
Validating 5 tests in General Relativity in Weak Fields”. The general science journal, Open 
Science, May, 25 2025. 
 
 
Acknowledgments 
The author thanks Chris Essonne for his fruitful discussions. 
 
 
Annex 1: Laplacian operator of the function: 𝚿(𝒓, 𝜽, 𝝋, 𝒕) = 𝝍(𝒓)𝒀𝒍𝒎(𝜽, 𝝋)𝒆ି𝒊𝝎𝒕   
In spherical coordinates (𝑟, 𝜃, 𝜑), the Laplacian operator leads to the following expression: 

∇ଶΨ =
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗஏ

ௗ௥
ቁ +

ଵ

௥మ

ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డஏ

డఏ
ቁ +

ଵ

௥మ

ଵ

௦௜௡మఏ

డమஏ

డఝమ
                                                       (a) 

Considering the decomposition in functions which only depends on the radial coordinate for 
the radial amplitude 𝜓(𝑟), and on the angular coordinates (𝜃, 𝜑) for the function 𝑌௟௠(𝜃, 𝜑), the 
Laplacian operator can be slightly modified in the following expression: 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁቃ 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧ + ቂ

ଵ

௥మ ቀ
ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ௒೗೘

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ௒೗೘

డఝమ ቁቃ 𝜓(𝑟)𝑒ି௜ఠ௧           (b) 

After extraction of the variable 𝑟 in the angular bracket expression, the Cassini angular operator 
emerges as: 

∇ஐ
ଶ 𝑌௟௠(𝜃, 𝜑) = ቄ

ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ

డఝమ
ቅ 𝑌௟௠(𝜃, 𝜑)                                                        (c) 

Then the Laplacian operator applied to the Ψ function leads to: 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁቃ 𝑌௟௠𝑒ି௜ఠ௧ + ቄ

ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ

డఝమ
ቅ 𝑌௟௠(𝜃, 𝜑)

ట(௥)

௥మ
𝑒ି௜ఠ௧        (d) 

The spherical harmonics 𝑌௟௠(𝜃, 𝜑) are the proper functions of the angular Cassini operator, so, 
it leads to the number of angular modes or the multipolar index ℓ which appears, defined as: 

ቄ
ଵ

௦௜௡ఏ

డ

డఏ
ቀ𝑠𝑖𝑛𝜃.

డ

డఏ
ቁ +

ଵ

௦௜௡మఏ

డమ

డఝమ
ቅ 𝑌௟௠(𝜃, 𝜑) = −ℓ(ℓ + 1)𝑌௟௠(𝜃, 𝜑)                                           (e) 

Then, the simplified expression for the Laplacian operator is: 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁቃ 𝑌௟௠𝑒ି௜ఠ௧ − ℓ(ℓ + 1)𝑌௟௠

ట(௥)

௥మ
𝑒ି௜ఠ௧                                                       (f) 

If the product 𝑌௟௠𝑒ି௜ఠ௧ is factorized, the Laplacian operator leads to: 

∇ଶΨ = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ − ℓ(ℓ + 1)

ట

௥మ
ቃ 𝑌௟௠𝑒ି௜ఠ௧                                                                             (g) 

This is exactly the equation (17) in the text. 
 
 
Annex 2: obtention of the radial Helmholtz equation for the electric field amplitude 
We will begin with the vectorial field equation, identical for the electric or magnetic field: 

∇ଶEሬሬ⃗ −
௡೐೑೑

మ (௥)

௖మ

డమ୉ሬሬ⃗

డ௧మ
= 0                                                                                                                  (h) 

If we replace the vector Eሬሬ⃗  by its complex expression Ψ(𝑟, 𝜃, 𝜑, 𝑡), then we have: 
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∇ଶΨ(𝑟, 𝜃, 𝜑, 𝑡) −
௡೐೑೑

మ (௥)

௖మ

డమஏ(௥,ఏ,ఝ,௧)

డ௧మ
= 0                                                                                                 (i) 

For a time-harmonic stationary wave propagation, we have written the following time-harmonic 
mode decomposition:  
Ψ(𝑟, 𝜃, 𝜑, 𝑡) = 𝜓(𝑟)𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧                                                                                                                  (j) 
The first term (Laplacian operator) of equation (i) does not change with time and was treated in 
Annex 1; however, it is not the case for the second term of equation (i) since we must take the 
second time-derivative of this complex number as follows in two steps: 
డ

డ௧
[𝜓(𝑟)𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧] = 𝜓(𝑟)𝑌௟௠(𝜃, 𝜑)

డ

డ௧
[𝑒ି௜ఠ௧] = 𝜓(𝑟)𝑌௟௠(𝜃, 𝜑)(−𝑖𝜔)𝑒ି௜ఠ௧ = (−𝑖𝜔)Ψ(𝑟, 𝜃, 𝜑, 𝑡)        (k) 

And, for the second time-derivative: 
డమ

డ௧మ
Ψ(𝑟, 𝜃, 𝜑, 𝑡) =

డ

డ௧
[(−𝑖𝜔)Ψ(𝑟, 𝜃, 𝜑, 𝑡)] = (−𝑖𝜔)ଶΨ(𝑟, 𝜃, 𝜑, 𝑡) = −𝜔ଶΨ(𝑟, 𝜃, 𝜑, 𝑡)          (l) 

Replacing in equation (b), it leads to: 

∇ଶΨ(𝑟, 𝜃, 𝜑, 𝑡) + 𝜔ଶ ௡೐೑೑
మ (௥)

௖మ
Ψ(𝑟, 𝜃, 𝜑, 𝑡) = 0                                                                                           (m) 

The Laplacian operator leads to the following expression, already given in the text by equation 
(18), and entirely demonstrated in Annex 1: 

∇ଶΨ(𝑟, 𝜃, 𝜑, 𝑡) = ቂ
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ −

௟(௟ାଵ)

௥మ
𝜓ቃ 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧                                                                     (n) 

Considering this previous equation in the equation (m), it leads to the radial Helmholtz equation 
in the brackets to be solved in our problem: 

൤
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ −

௟(௟ାଵ)

௥మ
𝜓+𝜔ଶ ௡೐೑೑

మ (௥)

௖మ
𝜓൨ 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧ = 0                                                        (o) 

After simplification by the term 𝑌௟௠(𝜃, 𝜑)𝑒ି௜ఠ௧, the radial Helmholtz equation is found as 
follows, by putting the radial amplitude in factor for the second and third terms in brackets: 

ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ + ቂ𝑘ଶ𝑛௘௙௙

ଶ (𝑟) −
௟(௟ାଵ)

௥మ
ቃ 𝜓 = 0                                                                               (p) 

The only radial amplitude function 𝜓(𝑟), a scalar field, is the unknown in our problem.  
 
 
Annex 3: obtention of a Schrödinger-like equation for the electric field amplitude 
If we start from the previous equation (p): 
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ + ቂ𝑘ଶ𝑛௘௙௙

ଶ (𝑟) −
ℓ(ℓାଵ)

௥మ
ቃ 𝜓(𝑟) = 0                                                                        (q) 

As our problem is formally analogous to a Coulomb’s problem, we operate the following 
substitution for sake of simplicity as: 

𝜓(𝑟) =
௨(௥)

௥
→

ௗట

ௗ௥
=

௨ᇲ.௥ି௨

௥మ
                                                                                                         (r) 

Then, we calculate: 
ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ =

ௗ

ௗ௥
(𝑢ᇱ. 𝑟 − 𝑢) = 𝑢".r+u'-u'=u".𝑟                                                                             (s) 

By replacing in the radial Helmholtz equation, the first is written as follows: 
ଵ

௥మ

ௗ

ௗ௥
ቀ𝑟ଶ ௗట

ௗ௥
ቁ =

ଵ

௥మ
ቀ𝑟

ௗమ௨

ௗ௥మ
ቁ =

ଵ

௥

ௗమ௨

ௗ௥మ
                                                                                                             (t) 

After simplification by 1/𝑟, the equation to analyse takes the following form as: 
ௗమ௨

ௗ௥మ
+ ቂ𝑘ଶ𝑛௘௙௙

ଶ (𝑟) −
ℓ(ℓାଵ)

௥మ
ቃ 𝑢(𝑟) = 0                                                                                          (u) 

This equation is a Schrödinger-like equation in the Coulomb’s problem in quantum mechanics; 
however, the analogy is purely formal and must be taken with care in our problem. 
 
 
 


