THE EQUATIONS OF PLANETARY MOTION AND THEIR SOLUTION
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ABSTRACT

Newton's original work on the theory of gravitation presented in the Principia, even in its best
translation, is difficult to follow. On the other hand, in ther&itare of physics this theory appears

only in fragments. It is because of its intellectual beauty that the author decided to compile all those
fragments and present this theory in its complete version. The framework is made up of four parts: (a)
setting upthe differential equations that describe planetary trajectories; (b) linearising these equation;
(c) providing their solution.

1. INTRODUCTION

From the world of antiquity the Greeks knew the existence of the five planets (Mercury, Venus,
Mars, dipiter, and Saturn). They generally believed that the Earth is the center of the Universe and
that the sun and the planets revolve around it. But around 280 b.c., a Greek astronomer, Aristarchus
of Samos (314250 b.c.), in a revolutionary departure frore tieocentric idea, he reasoned that the
Earth rotates on its axis once every 24 hours, and along with the other planets it revolves around the
sun once a year [1].

The above proposition was not taken seriously by the AristarchusO contemporariesv s v
the Earth was in the center of the Universe was deeply rooted in their religious beliefs. This distorted
view continued to prevail unchallenged for as many as eighteen hundred years, whereupon a Polish
monk, Nicholas Copernicus (141%43), revive AristarchusO proposition as a plausible explanation
for the apparent movement of the planets. Copernicus was credited in the history of science as the
inventor of the heliocentric idea for our solar system, but to Galileo he was just "the restorer and
confirmer” [1].

Another great mind in the history of Astronomy, Johannes Kepler{I630) was destined to
advance Copernicus' work. Based on the experimental work of another great Danish astronomer,
Tycho Brahe (1548601), Kepler claimed that plangigescribe elliptical rather than circular orbits
around the sun, which were in perfect agreement with their apparent motion.

AristarchusO idea, restored by Copernicus, and advanced by Kepler, culminated to its full
development by the genius of Isddewton (16421727). With Kepler's empirical discoveries at
hand, Newton endeavored to answer two fundamental questions. Firstly, what force causes the
planets to revolve around the sun; and secondly, why their orbits are elliptical. In his pursuit to find
answers to these two questions, Newton discovered the theamywefsal gravitation.

Subsequently, based on the law of universal gravitation and his other great discovery, the second
law of dynamics, Newton proved theoretically that planets do chpesscribe elliptic trajectories
around the sun.



His proof has become monumental for its ingenuity and its immense intellectual beauty. Yet, its
coverage in physics textbooks is on the whole fragmented and incomplete. Resorting to the original
sourceof this work, the arguments are found to be difficult to follow. Therefore, the author
considered it worthwhile to attempt to reach NewtonOs conclusion via an alternate route, so that the
beauty of the journey along this path be exposed to its full extent

2. REVIEW OF KEPLER'S LAWS OF PLANETARY MOTION

Ancient Greek astronomers had observed that the apparent motion of five "stars" (in reality
planets) was not following a smooth path against the background of the sky as the other stars did, but
anirregular path as shown on Figure 2.1. To them, this behavior was not normal compared to the
observable regular pathways of the other stars. As a result, they collectively named these five
"undisciplined starsplanets(Greek:! " #$%8#"' ), meaning wandererindividually, these five
planets were named after the Greek deities (in their Latin names) Mercury, Venus, Mars, Jupiter, and
Saturn. The other three planets, Uranus, Neptune, and Pluto were discovered much later after the
invention of the telescope.

PLANET
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FIGURE 2.1 Apparent trajectories of a planet, and of a star

According to the Copernican heliocentric model, these planets, including the Earth, revolve
around the sun in circular orbits. However, based on Tycho Brahe's obseri&tipies,concluded
that the speculated circular orbits were not in agreement with those observations. After twenty years
of hard work, Kepler tried elliptical orbits, and to his amazement he observed an astonishing match.
Kepler's conclusion from this mon@mtal work, are consummated in his three akathwn laws of
planetary motion [1].

1. The orbit of a planet is an ellipse with the sun at one of its foci.
2. The line joining the sun to a planet sweeps over equal areas in equal intervals of time,

regadless of the length of the line.
3. The square of the period of any planet is proportional to the cube of its mean distance

from the sun, i.e.,2p= kr3. The constant k is the same for any planet.



As it may be observed from Figure 2.2, showhwgorbit of a hypothetical planet with the sun at
one of the foci of the ellipse, the areas PQS and RTS generated at equal time intervals are equal.

FIGURE 2.2 Typical trajectory of the orbit of a planet

3. THE LAW OF UNIVERSAL GRAVITATION

After the discovery of the laws of dynamics, Newton's subsequent great contribution to the
advancement of science was his discovemnyniversal gravitation. From his law of dynamics,
Newton knew that a force must act on a body in order for that tooahpve on a curved trajectory
(e.g., along the circumference of a circle or an ellipse). After many years of intense study, and guided
perhaps by Kepler's empirical laws of planetary motion, he discovered that the force responsible for
the planetary trapories was no other than the force, which is commonly known as gravity. He then
concluded that this force, identified as an attraction between two masses, might be mathematically
defined as follows:

Between two objects of massandM (Fig. 3.1), repectively, at a distance r from each other, an
attractive forceF is developed whose magnitude is proportional to each of the two masses and
inversely proportional to the square of their distance "r", i.e.;

FIGURE 3.1 Gravitational attraction between two masses



F =Gm—2/| (3.1)
r

where G is defined as tlwenstant oftiniversal gravitation and its value is:
G = 6.670 X 1oNewtonmZ/kg?

= 6.670 x B0 dyncmp/gm? (3.2)

Equation (3.1) applies equally to a splanet pair and to any other pair of masses anywhere in the
Universe. From Figure 3.1, and equations (3.1a) and (3.1b), it is shown that this attraction force is
effected on each of the two masses. Frow oo, this force will be defined abke gravitational

force

Fi =Gm—2/|ur (3.1a)
r
Fy =" Gm_2/| u, (3.1b)
r

whereu, is a unit vector in the direction af to M.

It is tempting tospeculate that Newton is quite likely to have been guided by KeplerOs laws in
deriving the law of universal gravitation. Thus, using the circle as a special case for an ellipse, the
centripetal force keeping a planet on its circular orbit is equal tcetiteifugal force, that is:

n 2
m
F=—— (3.2)
r
Taking into consideration that
2
"= Hr :—$r (3.3)
T
then equation (3.2) becomes:
4” 2r
F = T2 (34)
But in accordance with &plerOs third law, we will have:
T2 =kr3 (3.5)

Therefore, substituting equation (3.5) into (3.4) we get:



# n Z&m

F =f§7£r7 (3.6)

n 2
4
Equation (3.6) is no different than equation (3.1) if we substi%uﬁe— for GM where G ighe

gravitational constant and M is the mass of the sun.

4. GENERAL EQUATIONS OF PLANETARY MOTION IN CARTESIAN CORDINATES

Shown on Figure 4.1 are two point masses m githwing ceordinates in a Cartesian inertial
system (i.e., orthogonal, hmtating, and not accelerating) X, y, z, afidyk z(, respectively.
If the distance between m and isir, then in accordance with NewtonOs law of gravitation the force
acting on each of the masses will be:

F=G L (4.1)
r
":#G@ (4.2)
r

It has been assumed that the vectbas a positive direction from m to(.ntherefore, as the
forceF has the direction of the vectowill be positive, whereas the for&€ will be negative.
The cosines for the components F, and E of the forceF are as follows:

X'#x y#HYy Z'#z

, (4.3)
r r r
Therefore, the component forces F,, andF, can be defined as follows:
X"# X
F,=F (4.4)
r
#
F,=FY*Y (4.5)
r
Z'#z
F,=F— (4.6)
r



m'(x',y",.z')

» Y

FIGURE 4.1 lllustration of two point masses under mutual gravitational attraction

Similarly, the cosines for the components of the forcar€:

x—x, y=y ’ A4 (4.7)
-r -r -r
The component forcefor the force are:
F —F"X#X _uF X # X FX#X .8)
#r Hr
F=F Y e YRV Fy#y (4.9)
#r #r r
P p2HZ _yp 2HZ_p2#Z (4.10)
#r #r r
In accordancevith NewtonOs second law of dynamics, we have:
d?x
F.=m——2 (4.11)
O dt?
d?y
F, =m—— (4.12)
y dt2
_d?z
F, = mF (4.13)



Combining equations (4.11), (4.12), and (4.13) with equations (4.4), (4.5), and (4.6), we will get the ec
of motion for the mass m. Thus, we will have:

d?x .  X'#x

prea Gm 3 (4.14)
d?y _ ~ Y'H#Y

F =Gm 3 (4.15)
d’z . . Z'#z

pre Gm 3 (4.16)

F. = m"_‘jjt)z( (4.17)
2. n

F = m--‘:'jt;/ (4.18)

F,= m"(?jT; (4.19)

Combining equations (4.17), (4.18), and (4.19) with (4.8), (4.9), and (4.10), we obtain the equations of mao
for massm(. Thus;

O;T)z(" = Gme;X" (4.20)

%" - Gm%y' (4.21)

o(lez" = szfgzu (4.22)
where r = (X # %)% + (Y #Y) + (2% 2)° (4.23)

Introducing OjO additional point masses, equations (4.14), (4.15), (4.16), and (4.20), (4.21), (4.22) becom

2 " X: #X
d ;(—Gm"X #;X+$ Gm; ——- (4.24)
dt r J— (rj)



2 H
d%y 9Y _em ..Y#y+$G Yi#y (4.25)

dt? 3 (rj )3
d?z Z'#7 Zi#z
e =Gm'-—-+$ Gm, 1 — (4.26)
o ()
d<x" x# X" Xj #X"
~— > =Gm=—_2+% Gm, (4.27)
02It2 3 (rj )
d_glszigyl+$ Gm, i #sY (4.28)
dt r j (rj)
?:ITSI = szf32"+$; Gm, % (4.29)
j
where r =\/(x" xj)2 +(y" yj)2 +(z" zj)2 (4.30)
and ey (erx) vy )+ (2#7)° @31)

To simplify the system of equations (4.24) through (4.29), we rewrite them based on a frame of reference
the origin coincides with the mass m. The new variables X, Y, and Z are defined by the following relations

X'#x=X; VY#Hy=Y, Z'#z=Z (4.32a)

XJ " X=XJ ; yJ " y:Y] ; Z] " Z=ZJ (432b)

By subtracting (4.32a) from (4.32b), we also get:
X; " X#EX]- "X Yi "y#=Yj Y ; 4 " Z#=Zj "Z (4.33)

Subtracting equation (4.24) from (4.27), (4.25) from (4.28), and (4.26) from (4.29); and substituting the
relationships (4.32a), (4.32b), and (4.33), we get:



d_X:" l" i X] "X

a2 G(m m*)r:; $];GmJ (rj)3+$;GmJ (rﬁs (4.34)

d?y Y, Yy

ae - o "$om —5+$0 (4.35)

o =IO TGO o

d?z 7 Z, Z,"z

2 = G(m+my 5" $Gm +$G (4.36)

ot TR

where r=yX2+Y2+2?2 (4.37)

XYz (4.38)
rJ':\/(X" Xi)2+(Y ) Yi)2+(z i Zj)2 (4.39)

To simplify notation, we rewrite equations (4.34) through (4.39) with new variables x=X, y=Y, z=¢
X=X, ¥y =Yj,and z=17. We also set M = m, and(m m. Thus we get:

Equations (4.40) through (4.45) describe the motion of a&ptEmmass m with respect to a sun of mass
under the interference of planets, my,E,m ;. The variables x, y, z are the Cartesiaroatinates of the planet
m in a frame of reference whose origin is the sun. The variahgsand zare the Cartesiaro-ordinates of the
planet min the same frame of reference. It should be noted that the equations of planetary motion were
based on the assumption that the masses of the planets can be approximated to point masses. Because
distancesssociated within a planetary system, this assumption is reasonable.
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‘;—:g’z"G(M +m)rls"q':;£mj(;/#+#mej ?:@By (4.41)

(;TZZZ:"G(M +m)r£3"#jtmj%i)3+1qjtemj Z(Jr@sz (4.42)
r=+/x% +y? +7° (4.43)
rj:\/sz’“yjz”jz (4.44)
=) ) e (49

5. A SIMPLIFIED EXAMPLE- A SOLAR SYSTEM WITH A SINGLE PLANET

Let us consider a solar system made of a sun and a single planet. Before we set up the equations of r
the planet, we will prove the following law:

If a mass is moving under e influence of a central force, its trajectory will lie on the same plane.

To prove this law, we already know that the angular momehtwia body A in motion under a foréeis:

—=rxF (5.1)

wherer is a vector indicating the position of the body A with respect to a fixed point O at time t (see Figure
(5.1).



O .

FIGURE 5.1 lllustration of a body in circular tan under the effect of a foré¢e

In the present case, the gravitational force acting on the planet is central, implying that the aredtibre force
F are of the same direction. Then, in accordance with equation (5.1) above, the derivative giltre an
momenturmL will be zero. Thus:

dL
at (5.2)
which implies that:
L =mr x " =constant (5.2a)

A canstant angular momentum, as shown by equation (5.2a), means that the plane of the aedjors
remains the same all the time.
Now having proved that the trajectory of the planet will lie always on the same plane, we can describe it ir
two-dimensionaspace.
Setting m= 0, and assuming that m is much smaller than M, equations (4.40) and (4.41) become:

d?x . X
d%y _. y
pre GM—r 3 (5.4)

where r= wlxz + y2 (5.5)

Equations (5.3), (5.4), and (5.5) describe the trajectory of a planet of mass m, under the effect of the grav
force of a sun of mass M. Itis assumed that the masses m and M are point massesgwéatistis
assumption, given that the distance between the two masses is very large), and that there is no interferen
other planets.



6. THE EQUATIONS OF PLANETARY MOTION IN POLAR COORDINATES

Equations (5.3) and (5.4) are not linear, ings they cannot be solved analytically in their present for
Somehow, we have to convert these -tinear differential equations into linear ones by some appropri
transformation. In the pursuit of this goal, we will first convert these equationsew dorm using polar co
ordinates.

The position of a particle M in the two dimensional space can be represented in-oothnates by a vector
of magnitude r and an angiewhich the vector forms with the xaxis (see Figure 6.1).

The velaity ) of the particle can now be analyzed into a componeaiong the vector and a component,
perpendicular tg . The relationship between Cartesian and polasrdinates for the position of the particle, a
shown from Figure (6.1), may be desexlby the following equations:

X=rcos" (6.1)
y=rsin” (6.2)
Y
M(r, 6)
b x_ T
: u(B)
v (r) :
|
vl
I I
Ly
|
6 |
|
O ] > X

FIGURE 6.1 Analysis of velocity into polar @dinates

The first and seconderivatives of eqations (6.1) and (6.2) result in the following relationships:

2(=cos”ﬂ#rsin"OI— (6.3
dt dt dt
ﬂ/=sin"$+rcos"— (6.4)
dt dt dt ,

2 2 n 211 n
H:cos"ﬂ#ZSin”gd—#rsin"d—#rcos"%—z (6.5)
dt? dt? dt dt dt? wt



2 2 " 2n w2
M:sin”ﬂ+2cos"gd—+rco"d—#rsin@d—z (6.6)
dt? dt? dt dt dt? alt

Substituting equatian(6.5) and (6.6) into equations (6.3) and (6.4), we get:

2 " 211 ! 2 1]
cos" d—zr#ZSin" ﬂd—#rsin" d—z#rcos@d—z =#GM COZS (6.7)
dt dt dt dt @t r
2 " 211 n' 2 H [
sin"d—zr+Zcos”£d—+rcos"d—2#rsin"§d—z :#GI\/I% (6.8)
dt dt dt dt @t r

To simplify equations (6.7) and (6.8), we multiply (6.7) by*casd (6.8) by sif. Then summing them up we

get:
dr, $d#° ., GM

Now we multiply equation (6.7) by sirand (6.8) by cds and thersubtracting them we get:

2" n
d—+2$d—20 (6.10)
dtZ2  dt dt

We rewrite equations (6.9) and (6.10) as a system of two equations: Thus:

d?r, $d#° ., GM
2" n
L

Equations (6.9) and (6.10) describe the trajectory of a plapetiar ceordinates. However, these equations ar:
still nortlinear.

Continuing our effort to transform these equations into a linear version, we will make use of our earlier
conclusion that the angular momentum of a body in motion under the influea@®zpfral force is constant
(equation 5.2). Thus, we will have:

L =mr xv (6.11a)
Since et AN, (6.11b)
equation (6.11a) becomes:
L=mrx",+mrx", (6.11c)



The term mx ) , is zero because the vectdrsandr have the same direction. Therefore, equation (6.11c)
becomes:
L=mrx", (6.12)

Since) . is a vector perpendicular tg the value of the angular momentum L will be:

L=mr", (6.13)
d#
Since T Er— (6.14)
0 dt
then equation (6.13) becomes:
d"
L=mr?— (6.15)
dt
Solving equation (6.15) for*ddt, we get:
d” L
= (6.16)
dt mr
where the value L of the angular momentum is constant.
Substituting equation (6.16) into equation (6.9), we get:
dr, L? GM
! =" (6.17)

dt2 m?r3 r?

Equation (6.17) contains only one variable (r) but it is still-tie@ar as it contains powers of r.
We also make the observation that equation (6.10) is the derivative of equation (6.16). Tryifhéakin
derivative of equation (6.16), we get:

d_z”_#zL 1 dr

dt2  mr3dt

d2n # L r
or r——+ 29 —=0
a?  $rr2td
2" n
or rd—2+2d—$20 (6.10)
dt dt dt

Therefore, the system of equations (6.9) and (6.10) is now simplified to:



ST
dt> m?r3 r?
L1
dt mr?

(6.17)

(6.1¢

In our continuing effort to transform these equations into a linear form, we will make the following

trangormation [ 2 ].

r =—
u

To combine the two equations into one, we will eliminate time, and teusilvbe able to expressr as a
function of*. Thus, by differentiating (6.18), we get:

dr _, 1 dud#

dt o2 d# dt
Combining (6.16) wh (6.19), we get:

dr_, ldu L

dt  u® d# mr?
Combining (6.20) with (6.18), we get:

dl’_,, L 1 du 2

dt m u? d#
dr _, L du

or =" _—___-
dt m d#

Differentiating also (6.22), we get:

d’r _, L d°ud#

a2 md#2 dt

Combining (6.23) with (6.16) and (6.18), we get:

dtz_néé&2 24 u

Substituting equations (6.23a) and (6.18) into (6.17), we get:

(6.18)

(6.19)

(6.20)

(6.21)

(6.21a)

(6.23)

(6.23a)



d?u
42 +u:% (6.24)
1
where u =F (6.18)
L
=— (6.25)
m
u=GM (6.26)

Equation (6.24) is a linear second order differential equation, which can now be solved analytically.
It is remarkable what has been achieved with a simple transform&tjo6.0.8). A highly nosinear differential

equation is transformed into an ordinary linear one! It is tempting here to speculate whether this was simp

accident or perhaps that natural phenomena are destined to be represented only by lineaaldétpratdns.

7. SOLUTION OF THE EQUATION OF PLANETARY MOTION FOR A SOLAR SYSTEM OF A
SINGLE PLANET (EQUATION 6.24)

The general solution of equation (6.24) will be the sum of the complementary soludiosh thhe particular
integral . The conplementary solutionds the solution of the homogeneous equation, that is:

d?u
d”2

+u=0 (7.1)

Defining the operator & d/d+, equation (7.1) may be rewritten as follows:
(D2+Qu=0 (7.2)
or (D+i)(D"i)u=0 (7.3)

The general solution of equation (7.3) is the following:

u, =ce * +c,e” (7.4)
The particular integralumay be computed as follows:

We rewrite equation (7.24) using the operator D. Thus;



Solving for (D+i)u, we get:

where f(x)=

(7.5)

(7.6)

(7.7)

From standard textbooks on differential equations, integration of thehagpiak side of equation (7.6) using the

operator 1/(Bi) results in the following:

o
(D +i)up =" £ 5 $6d("i7)

o (D+i)u, i%eI i

or (D+i)u, :'%

Solving for y, the particular integral may be computed as follows:

_ 1 u.
Up =5 in?
u.=e'” *éﬁlei#d#
or D OhZQ
or u,=He'i# $7d(i#)
P2
or u, = IJ o i
or Up :%

Therefore, the general solution of equat{@.24) is:

(7.8)

(7.9)

(7.10)



_ _ i" .
U=U, U, =CE +Cy€
Using the relationships:

e’ =cos” +isin”
and e '” =cos#" isin#

equation (7.11) becomes:

s M

h2

=(c, +¢,)cos” +i(c, #c,)sin” +%
or Fl:(cl+cz)cos"+(cl#cz)sin"+%

(7.11)

(7.12)

(7.13)

(7.14)

(7.14a)

Since the lefhand side is a e number, the righhand side must be a real number as well. Therefore, the
imaginary term must be zero, implying thatce=0, or g = c,= C/2. Then, equation (7.14a) becomes:

=Ccos" +

(7.15)

Equation (7.15) constitutes the general solution of the equation of planetary motion (6.24).

7.1 determination of the constant OCO in equation (7.15)

Let the velocity and # position vector at time t=0 hg and r,, respectively. From equation (7.15) we get:

$ |2
1y 1

or '=Cr

(7.1.1)

1(2)



Taking into consideration equation (6.16), equation (7.1.2) becomes:

" dr%
“Z Chsin 7.1.3
qt& ( (7.1.3)
from which we will have:
é‘*ﬁ
Sln (7.1.4)
Summing up equations (7.1.1) and (7.1.4) we will have:
i 5%7% e
2& "y h2 Fits.
C2h2 =1 (7.1.5)

Now we will compute (dr/df)by using the principle of conservation of energy. Thus, we will have:

E=;m"02#%

2 o
21 o2, . 2\, MU
_zm( oo’} o

r (2 g2 (7.1.6)

2 &dt), ° &dt)p T,

'Io/ 2 2 .
I 2 L G
2 ’-&dt)o mir, P o

Solving equation (7.1.6) for (f)?, we get:

"dro/% 2E 2u h?

ﬁi%m r2

(7.1.7)
I‘0 Iy

Substituting (7.1.7) into (7.1.5), we get:
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e
2 h* rh? m 1, or? 1
C2 c%h?
2
or IJ—2+E:C2h2
h m

Solving equation (7.1.9) for C, we get:
2
C= £2 1+ ﬂ
h mu

(7.1.8)

(7.1.9)

(7.1.10)

Substituting equation (7.1.10) into equation (7.15), we get the equation of planetary matisn, tha

2
1 :ﬂ\/]_+ 2Eh2 cos” +%

Equation (7.1.11) can be written in a more simplified form as follows:

1 :i(1+ ecos")

roef

Equation (7.1.12) is the familiar expression of a conic section, where:

2
e:J1+2EE§
m

f= h°
2
u 1+2Eh2
mu
_L
m
u=GM
and E=1m”2#mGNI
2 r

(7.1.11)

(7.1.12)

(7.1.13)

(7.1.14)

(6.25)
(6.26)

(7.1.15)



If the value ofeis less than 1, the conic section is an ellipse, if it is equal to 1 is a parabola, and if it is g
than 1 is a hyperbola. Obviously, from equation (7.1.13) it is inferred that the total &nexgst be negative
and the expressiamder the radical positive in order #®to be positive and less than 1. Indeed, based on
equations (7.1.13) through (7.1.15), and (6.25) and (6.26), using the vaitet9x16* m, m =5.98x16*

kg, M=1.98x10° kg, T=3.16x10 sec, and5=6.67x10" Newtonm?kg?, it is easily proven thd is negative
and with absolute value less than one, resulting a positive and less than one e. Therefore, equation (7
describes an ellipse.

8. VERIFICATION OF KEPLEROS LAWS

KeplerOs first law, that plasi@rescribe elliptical orbits around the sun, isBesfident from equation
(7.1.11), which has been shown above to be indeed an ellipse.

KeplerOs second law can be verified as follows: The area that ther raiemsps over between
timest andt++t is:

1 1

dA = Z(rd")r = ~r2g”
2 2
or dA = 1rzd—dt (8.1)
2 dt

Combining equation (8) with equation (7.1.12) and integrating, we get:
t, # 22 n&
e f d
A,= ) —{dt (8.2)
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To compute this integral is not an easy task. Therefore, we leave this challenge tthéreatieians.
However, there is an easier way to prove KeplerOs second law.

Integrating equation (8.1) between titp@nd time 4, we get:
tz# dn&
=) %2 —(dt (8.3)
Pz t)l &l

To verify this law requires that the quantity resulting from the above integration be a function of the
time differencetg - t;) only. But for this to happen, the integrand in equation (8.3) must have a
constant value. Indeed, in accordancdgnwquation (6.15), we have:

d" L
ZE:E (8.4)



Therefore, the integral in equation (8.3) becomes:

L., .
A12=E(t2 t)) (8.5)

Equation (8.5) states that the afeaswept over by the radius r depends on the time interya) (t
only, regardless at which point of the ellipse ttatig time is taken, which verifies KeplerOs second
law. It is reminded that the angular momentum constant (see section 5.0).

With regard to KeplerOs third law, given that the radius of an ellipse is not constant, it cannot be
verified analyically, except in the special case where the eccentricity is very small and the ellipse can
be approximated to a circle.
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