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There is the same tendency in the most abstract ancl
logical of all sciences-pure mathematics. Geometry, for
instance, has most certainly an experimental foundation, like
any other science. We make our geometry, in the first place,
to suit the state of things in which we are born and live. We
all make our acquaintance with geometry first through our
senses, and become saturated, so to speak, with the essence
of the geometry of nature, even though this be unaccompanied
by any intelligent comprehension and expression. Now take
a hint from nature, and we can see plainly how much it is to
the advantage of the learner that he should continue, in the
first place, to acquire geometrical ideas through his senses
though now, of course, with his attention specially directed
to the subject-freely assisted by models, solid and skeleton,
before being set to work upon the more intellectual theory on
a formal basis. For, disguise it .as we may, no strictly formal
basis, apart from experience, can ever be possible. There is
always something very considerable to start with of an ex
periential nature in the background, besides the formal
axioms and definitions and postulates which would be unintel
ligible without it. A straight line can never be intelligibly de
fined per se. One must actually know the practical straight line
before any definition of the abstract straight line can be under
stood. Then our understanding and acceptance of the de:inition
is a recognition that it states what we knew already, in accu
mulated experience, though we may have never openly thought
about it. As regards an axiom, such as the one that asserts
that two straight lines cannot enclose a space, its acceptance
involves the eristence of a very extensive experience of the
geometry of nature as it is found to be. How impossible, then,
must it be to prove anything rigorously as absolute truth,
independent of nature. We come down to axioms, definitions,
and postulates at last, and these are only understandable by
experience.
There is also no self-contained theory possible, even of geo
metry considered merely as a logical science, apart from
practical meaning. For a language is used in its enunciation,
which implies that developed ideas and complicated processes
of thought are already in existence, besides the general experi
ence associated therewith. We define a thing in a phrase,
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using words. These words have to be explained in other
words, and so on, for ever, in a complicated maze. There is
no bottom to anything. We are all antipodeans and upside
down.
It is by the gradual fitting together of the parts of a dis
tinctly connected theory that we get to understand it, and by
the revelation of its consistency. We may begin anywhere, and
go over the ground in any way. Some ways will be preferable
to others, of course, since they may be easier, or give broader
and clearer views, but no strict course is necessary. It may
not even be desirable. It may be more interesting and
instructive not to go by the shortest logical course from
one point to another. It may be better to wander about,
and be guided by circumstances in the choice of paths, and
keep our eyes open to the side prospects, and vary the route
later to obtain different views of the same country. Now it is
plain enough when the question is that of guiding another
over a well-known country, already well explored, that certain
distinct routes may be followed with advantage. But it is
somewhat different when it is a case of exploring a compara
tively unknown region, containing trackless jungles, mountains
and precipices. To attempt to follow a logical course from one
point to another would then perhaps be absurd. You should
keep your eyes and your mind open, and be guided by circum
stances. You have first to find out what there is to find out.
How you do it is quite a secondary consideration. Later on,
no doubt, much easier and perhaps better ways will be found,
so that a crowd can push along. It is obvious, I think, that
complaints of the want of perfection of the ways and manners
of work of explorers on the part of men who are accustomed
to more rigorous methods have a considerable element of the
ludicrous in them. However harmless in intention, they may
operate unfairly in effect, if they lead, as sometimes happens
(of which a case was quite lately brought to my notice), to the
rejection of honest work which failed to be appreciated by the
judges, who had no doubt different ways of working and think
ing, and different experiences. When this result arises, it has
the effect of putting a learned society in the unfortunate posi
tion of appearing to exist not merely for the encouragement of
research along established lines, but also for the active disn2
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couragement of work of a less conventional character. That
this is the case in reality it is impossible to believe. But then,
papers are so cheap, and one more or less does not matter.
Again, the probable fact that the judges were animated by
benevolent motives, and only desired to turn the misguided
author from the error of his ways into more rigorous paths
approved by themselves, does not make the matter any the
better for the author. He has his own ways, and must follow
them, even though he be told (virtually) that his work is
valueless, and not worth printing, and of course, by inference,
that he must not continue to send more of it.
Rigorous Mathematics is Narrow, Physical Mathematics
Bold and Broad.
§ 224. Now, mathematics being fundamentally an experimen
tal science, like any other, it is clear that the Science of Nature
might be studied as a whole, the properties of space along
with the properties of the matter found moving about therein.
This would be very comprehensive, but I do not suppose that
it would be generally practicable, though possibly the best
course for a large-minded man. Nevertheless, it is greatly
to the advantage of a student of physics that he should pick
up his mathematics along with his physics, if he can. For
then the one will fit the other. This is the natural way, pur
sued by the creators of analysis. If the student does not pick
up so much logical mathematics of a formal kind (common
sense logic is inherited and experiential, as the mind and its ways
have grown to harmonise with external Nature), he will, at any
mte, get on in a manner suitable for progress in his physical
studies. To have to stop to formulate rigorous demonstrations
would put a stop to most physico-mathematical inquiries.
There is no end to the subtleties involved in rigorous demon
strations, especially, of course, when you go off the beaten
track. And the most rigorous demonstration may be fouml
later to contain some flaw, so that exceptions and reservation�
have to be added. Now, in working out physical problems
there should be, in the first place, no pretence of rigorous
formalism. The physics will guide the physicist along some
how to useful and important results, by the constant union of
physical and geometrical or analytical ideas. The practice-
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of eliminating the physics by reducing a problem to a purely
mathematical exercise should be avoided as much as possible.
The physics should be carried on right through, to give life and
reality to the problem, and to obtain the great assistance
which the physics gives to the mathematics. This cannot
always be done, especially in details involving much calcula
tion, but the general principle should be carried out as much
as p::issible, with particular attention to dynamical ideas. No
mathematical purist could ever do the work involved in Max
well's treatise. He might have all the mathematics, and
much more, but it would be to no purpose, as he could not put
it together without the physical guidance. This is in no way
to his discrerlit, but only illustrates different ways of thought.
There have been enormous ad mnces made in pure mathematics
in the last half century, as is right and proper to match the
aqvance in physical science. But along with this has come
a tendency for purists to object to the introduction of physical
ideas in mathematics, with a possible lack of rigour as result,
It may.be that there is no lack of rigour sometimes, but an
increased generality and simplified treatment. Maxwell was
severely taken to task by a distinguished purist for his use of
Green's Theorem in Spherical Harmonics, a method which is
excellently to the purpose, and which commends itself to the
electrician, and it is probably quite rigorous. But no doubt
there is frequently a lack of rigour. I have seen with much
pleasure some remarks on this point in the Preface to the
recently-published second edition of Lord Rayleigh's treatise
on Sound, which I cannot do better than reproduce :In the m'\them'ltical investigations I have usually employed such
metb,oda as present themselves naturally to a physicist. The pure mathe
matician will complain, and (it must be confessed) sometimes with justice,
of deficient rigour. But to thi; question there i.re two sides. For, how
ever important it may be to maintain a uniformly high standard in pure
mathematica, the physicist may occasionally do well to rest content with
arguments which are fairly satisfactory and conclusive from his point of
view_ To hia mind, exercised in a different order of ideas, the more severe
procedure of the pure mathematician may appear not more but less demon
strative. And further, in many cases of difficulty to insist upon the
highest standard would mean the exclusion of the subject altogether in
view of the space that would be reqm.red.

Particularly notice the words " not more but less demon
strative." This is exceedingly true, especially in the subject

I
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of the expansion of functions in series of other functions,
which occupies so large a part of the treatise in question.
And I would add that if the physicist does sometimes get
carried too far, the proper time to find out the reservations
and corrections is later on, in order not to interrupt bis work.
But this purification is more especially suitable for the purist
to undertake. If one sort of work is as necessary as the
other, it is certain that the physicist would get very little
work done by trying to do both, having the fear of the
rigourists before him. What is more hateful than a physical
work done in propositions and corollar;es? It is bad enough
in pure mathematic�, and I wish purists would take a lesson
from Fourier, Thomson and Tait, l\Iaxwell, or Rayleigh, and
tell their tale differently and make it interesting by letting in
a little imagination. I have had occasion to go through a
considerable part of a yery big Theory of Functions in search
for what I did not find. The work is most admirably pains
taking and severely rigorous, but how different from physical
mathematics, how bard to read from its severe formalism, and
how narrow it seems from the want of physical illustration.
Perhaps the subject might be greatly lightened by having a
physical theory to rest upon or to illu�trate.
When mathematics is cleared away from physics it becomes
set in logical form. But it is to be r_emembered that the men
who have in the past initiated great advances in mathematics
have usually been men who were employEd in working out
physical questions. They supplied the purists with raw
material to be made coherent and elaborated. The expansion
of functions in series, alrt1ady mentioned, arose physically.
It is an enormous and endless subject, and there is a striking
difference in the ways in which it is regarded by the physicist
and the rigourist, with the peculiarity that the former is far
in advance of the latter. To understand this, consider t!iat a
physicist can have practical certainty that a certain expan
sion is poss:ble, because his physical problem tells him so,
when he seeks and finds the solution, even though he bas not
investigated the properties of the functions used in the expan
sion. He does not arrange long and seYerely disagreeable
demonstrations to prove what he l.-1wu·s; although it be a
fallible kind of knowledge, it only differs in degree from most
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mathematics in this respect. But eliminate the physics, anil
put it simply as a question of functions. Given certain func
tions, can an arbitrary function be expressed in terms of them?
What a pretty piece of work there must be to answer this ques
tion ! This is true even in the case of circular functions in
the particular case rigorously treated by purists. But by
changes in the conditions the physicist gets an endless number
of expansions of one and the same arbitrary function in cir
cular functions, and what becomes of the rigorous demonstra
tion then ? Then there is an endless number of other sorts of
functions, every one of which can represent an arbitrary func
tion in an endless number of ways, as is perfectly clear from
physical considerations. It is evident that for comprehensive
rigorous demonstrations (not special) we need enlarged ideas
about functions, and perhaps the purist would obtain the
necessary broadness of view by a study of the physics in which
such comprehensiveness of expression is found. Certainly the
purist is bound to complete the logical treatment some day, but
the hard-bouml rules of the purist make it difficult. Thus at
present, although the purist carries his mathematical develop
ments so far in some directions as to be far beyond physics,
out of sight in fact, yet in other respects the purist lags
behind. And this is true in other matters than that men
tioned. For a physicist may use daily with success, and as a
matter of course, methods which he knows work usefully to
his assistance, but which are logically unintelligible to a purist,
and which have to wait for a proper development.
The best result of mathematics is to be able to do without
it. To show the truth of this paradox by an example, I would
rema.rk that nothing is more satisfactory to a physicist than to
get rid of a formal demonstration of an analytical theorem
and to substitute a quasi-physical one, or a geometrical one
freed from co-ordinate symbols, which will enable him to see
the necessary truth of the theorem, and make it be practically
axiomatic. Contrast the purely analytical proof of the Theorem
of Version well known to electrical theorists, with the common
sense method of proof by means of the addition of circuitations.
The first is very tedious, and quite devoid of luminousness.
The latter makes the theorem be obviously true, and in any
kind of co-ordinates. When seen to be true, symbols may be

•

8

ELECTRO1IAG�ETIC THEORY,

CH, V,

dispensed with, and the truth becomes an integral part of
one's mental constitution, like the persistence of energy.
Physical Problems lead to Improved Mathematical Methods.
§ 225. There is a curious analogy to be found between exten
sions of mathematical ideas and extensions of electrical theory.
Take, for instance, Maxwell's theory in the form presented in
Vol. I. of this work, Chapter IL If we do not inquire too
minutely into the co�sequences, we may easily be temporarily
under the impression that the two circuital equations and
their accessories express the dynamics of a quite self-contained
system. But when we go to the very verge of the system,
and find that mechanical forces of the ordinary kind are in
volved when electromagnetic disturbances pass through the
suppositional ether which supports them, we come to a stop.
Now, there is nothing impossible or incredible in the result.
It is simply unintelligible at present. The plain meaning to
be given to it without introducing additional data is that the
ether, as regards electromagnetic disturbances traversing it,
should be regarded like any other dielectric ; that is, as having
a substantial existence. To complete the matter evidently
requires a theory of the ether itself, and the suggestion is that
it should not be regarded as an elastic solid (generalised) in
which the actual displacements in bulk represent the electro
magnetic disturbances. But, however this may be (and the
matter is difficult and speculative), the point here is that on
the outskirts of the theory we come to matters needing inter
pretation and a larger theory.
So it is in mathematics. The fundamental notions are so
simple that one might expect that unlimited developments
could be made without ever coming to anything unintelligible.
But we do, and in various directions. To say nothing of the
interpretation of negative quantity (which is a sort of
imaginary), there is tlie imaginary, which has only become
understood and its properties developed comparatively recently.
But, besides these, there are much more obscure and ill
understood questions, such as the meaning and true mani
pulation of divergent series, and of fractional differentiations
or integrations, and connected matters. It is customary to
keep to convergent series and whole differentiations and regard
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-divergent series and fractional differentiations as meaningless
and practically useless, or even to ignore them altogether, as
if they did not exist. The latter is the usual attitude of
moderate and practical mathematicians, for obvious reasons.
If they can be ignored, why trouble about them at all?
But when these things turn up in the mathematics of
physics the physicist is bound to consider them, and make
the best use of them that he can. I am thinking more par
ticularly here of the solution of the differential equations to
which physicists are led by quasi-algebraical processes. The
reader will see to what I refer by reference to §203, Vol. I.,
when I allude to the definiteness of meaning of the operator
R" in the equation E = R"C, R" being a complicated function
-0f a differentiator. See also § 221 later on. When C is ex
plicitly given as a function of the time we have to find E to
match through the operator R", and when it is E that is
given, then C has to be found by the operation on E of the
inverse of R". It is in the carrying out of these processes in
the investigation of various electromagnetic problems that we
are obliged to regard certain kinds of divergent series as re
presenting fully significant functions, and the execution of the
processes involved in R", which assumes various algebraical
forms, as being legitimate and feasible, however ill-understood
may be the theory involved therein.
Xor is the matter an unpractical one. I suppose all workers
in mathematical physics have noticed how the mathematics
seems made for the physics, the latter suggesting the former, and
that practical ways of working arise naturally. This is really
the case with resistance operators. It is a fact that their use
frequently effects great simplifications, and the avoidance of
complicated evaluations of definite integrals. But then the
rigorous logic of the matter is not plain ! Well, what of that ?
Shall I refuse my dinner because I do not fully understand the
process of digestion? No, not.if I am satisfied with the result.
Now a physicist may in like manner employ unrigorous pro
cesses with satisfaction and usefulness if he, by the application
-of tests, satisfies himself of the accuracy of his results. At
the same time he may be fully aware of his want of infalli
bility, and that his investigations are largely of an experi
mental character, and may be repellent to unsympathetically
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constituted mathematicians accustomed to a different kind
of work.
There is another point of view. Convergent mathematics
is often excessively unpractical in the labour it involves in
the numerical interpretation of results. I have noticed this
particularly in spherical harmonic expansions, where the
labour is sometimes prohibitive. Under these circumstances
the substitution of equivalent divergent series which may be
readily calculated becomes a matter of great practical import
ance. If the example fails, others may readily be given. But
what about the theory of functions which deliberately ignores
the treatment of divergent series? Can it really be the theory
of functions? Is not a more comprehensive theory needed,
including both convergent and divergent functions in a
harmonious whole?
"Mathematics-and Mathematics." Remarkable Phenomenon.
§ 226. If it should ever come td pass that there premiled in
this world a so-called religion in which the minor virtues of
mercy, charity, meekness, resignation, and so forth, were unduly
exalted at the expense of the supreme virtue of justice, and if
this religion ,Yere carried into pr�ctice generally, it would be
a very uad thing for the world. For such a religion would be
.a snivelling religion, only fit for the weakminded of both sexes;
and if the strong-minded and the just allowed it to prevail,
then would the liars, rogues, hypocrites, slanderers, and other
wicked people have it all their own way, and the just would
be crushed along with the meek and lowly. But just men are
better than their religions, and in self-defence would assert
the paramount importance of justice, in tacit defiance of the
nominal religion in which it was made a secodary virtue.
Let us above all things try to be just. Even Cambridge
mathematicians deserve justice. I cannot join in any general
attack upon them." I regret exceedingly not to have had a
Cambridge education myself, instead of wasting several years
of my life in mere drudgery, or little more. It is to Cam
bridge math!!maticians that ,Ye are inrlebted for most of the
mathematico-physical work done in this country. Do not
most mathematical physicists hail from Cambridge? Are not
* See article in The Elcct,·ilJian, November 23, 1894, p. 100.
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Thomson and Tait, Maxwell and Rayleigh Cambridge mathe
maticians, to say nothing of the large crowd of other and
mostly younger men whose names will suggest themseh-es 't
"\Ye must take the good with the bad, in this as in other
matters ; and though legitimate and serious objection may be
raised to the distressing and soul-destroying style in which
some Cambridge mathematicians do their work, and to the
unpractical conservative tendency that exists (conserving the
bad as well as the good, and resisting innovations), we should
also bear in mind the great volume and value of the work done,
and not unduly depreciate or make invidious comparisons. As
regards their want of sympathy with less conventional men,
it is not sympathy that is particularly wanted-perhaps it
would be unreasonable to expect any at all. What one has a
right to expect, however, is a fair field, and that the want of
sympathy should be kept in a neutral state, so as not to lead to
unnecessary obstruction. For even men who are not Cam
bridge mathematicians deserve justice, which I very much fear
they do not always get, eRpecially the meek and lowly, and tho�0
who long suffer under sli g-ht.
On this question of " 1Iathematics-and Mathematics," I
may mention a somewhat remarkable phenomenon which has
lately occurred. Orthodox mathematicians, when they cannot
find the solution of a problem in a plain algebraical form, are
apt to take refuge in a definite ·integral, and call that the solu
tion. It is certainly one form of the sdlution. But it may
be just as hard, or harder, to interpret than the differential
equation of the problem in question, from the difficulty of
evaluating the integral, and so finding out what the solu
tion means. In such cases we might as well keep to the
differential equation, and be just as wise. Now, it has come
to my knowledge that a man who is not a Cambridge mathe
matician, and who does not pretend to be much of any sort of
mathematician, but who is a practical physicist, capable of
discussing with proper judgment such a question as the age
of the earth, a higher limit to which he finds (and with good
reason) to be very likely hundreds of times greater than the
most probable previous estimate (which conclusion has
obnously important interest to geologists and astronomers),
recently mauc the discovery that a certain unconventional
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mode of treating the mathematics of the question (explained
to him by myself) conducted him immediately to the exact
solution of the problem he had in hand, in a few lines in
fact; whereas by the methods generally employed.he might
have spent days oyer it, without any final success beyond
-obtaining a definite integral of too complicated a nature to
be practically discussed or obviously evaluated.
It has naturally given me much pleasure to find that the
method in question, which professes to obtain the solution in
plain language directly from the differential operator, and, so
to speak, to evaluate the definite integral without the trouble
-0f finding it, should receive such ready appreciation from
practical physicist. Of course, he has no prejudices of the
rigorous kind;' but makes use of what he finds useful, as soon
as he has got to know how to go to work. It is the fact that
he is a practical physicist, without mathematical pretensions,
that constitutes the importance of the phenomenon. For
this reason, I shall have no further hesitation in making use
of the method in question occasionally in the course of the
rest of this work, at least in such simple cases as the above
experience shows are fairly and without much trouble within
th� reach of practical physicists and electricians ; not mathe
maticians of the Cambridge or conservatory kind, ,vho look
the gift-horse in the mouth and shake their heads with solemn
smile, or go from Dan to Beersheba and say that all is barren ;
but of the common field variety, who take the seasons as they
come and go, with grateful appreciation. It is really rtot a
-question of high mathematics at all, in these diffusion problems
at least, but of the substitution of simpler and more direct pro
cesses for the indirect and complicated processes of the highly
cultivated mathematician with too rigorous proclivities.

a

The Age of the Earth. Kelvin's Problem.
§ 227. Now Prof. Jol.m Perry has suggested to me that I
should write something on the subject. Therefore, as he has
made the matter of the age of the earth interesting at the
present time, I give some particulars regarding simple solu
tions. They are not so much out of place as may appear at
first, for they all represent electrical problems of interest, as
we shall see later.
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The main problem is : Given the earth initially at a constant
temperature V0 throughout, find its way of cooling, and, in
particular, find the gradient of temperature in the earth's
crust, for that is the observed datum. It can then be deduced
how long it takes to arrive at its present state. In accordance
with general practice, much simpler problems are substituted,
and approximations made with various data. Lord l{elvin,r
who started this branch of inquiry in his celebrated paper on,
the Age of the Earth, substituted for the earth an infinite
body of uniform capacity and conductivity, the same as those
in the crust, with a plane boundary kept at zero temperature.
Now consider first the converse problem. The earth is
initially at zero temperature, and by means of surface sourcee
its skin is thereafter maintained at constant temperature V0 •
Fincl the tempt>rature gradient in the skm which results. Let
V be the temperature at distance x from the plane face; the
well-known characteristic of V is

a2 v (c )

-,i = -P V=q9 V, say,
(lJ
dx
k
where c is the capacity per unit volume, k the conductivity,
and JJ means the time-differentiator. Therefore,
V =E-qxvo
(2)
gives V in terms of V0 • This is easily integrated, but we
only want the surface gradient, say g. Thus,
t!V
g = - -- = g_e-qx vo.
(3}
d.c
(2)
and
(3)
we get
So, between
g=qVo,
(4)
which is the solution.
To turn it to algebraical form, we have
q=(;71)', and 1i l l=(,rt)-•,
.
so that (4) is the same as
g= Vo(�)�
r.kt

(5}
(6)

Since the final state ·due to our source is V0 everywhere in
the earth, it follows that in the subsidence problem, starting
• " On the Secular Cooling of the Earth," Trans. R. S. Edin., 1862 ; or
App. D., Thomson and Tait's "Xatural Philosophy."

14

ELECTRmIAGXETIC THEORY,

CH. V.

from a uniform temperature V0 , the gradient has the same
value, only reversed in direction, so that (6) is still the
required solution. This is the formula, clue to Fourier, used
by Lord Kelvin. Taking
1
le
V0 =4,000°O., g=--,
-=0·0118,
C
2,743
which are data used by Perry, we find that t is 103 million
years. That is, it takes about 100 million years for the gradient
in the skin to fall to its present value, under the assumed
circumstances. The correction necessary for the finite size
-0£ the earth, other data being the same, is not large. I find
t. hat the time requires to be reduced by :t1f part."
.Perry's Modification. Remarkable Result.
§ 228. The next step, due to Perry,t is to assume that the
-capacity and conductivity are higher in the earth than in its
skin. That this will prolong the time of subsidence may not
be difficult to understand in the case of an infinite block ,vith
a plane face; but the result is most distinctly not an obvious
one in the case of a sphere, for it may be readily shown that
the time of cooling may be either less or greater, according to
.circumstances. But we want numerical results. So take a
distinct case. Let the skin be so thin that its capacity may
be ignored, whilst its conductance per unit of surface, which
is kJl, where k1 is the conductivity, and l the depth, is finite.
Then the current of heat inwards through the skin equals that
entering the inner earth. This gives the condition that at
x=O we have

Vo- V1= -kcZV1=kqV 1 ,
( 7)
d.v
R
if V0 is the temperature outside the skin, V1 that just in
side. So
V _ Vo
(8)
1
- 1 +Rkq

* This may be proved by formula (39) below, or by the same investiga
tion simplified to meet' the present case.
t John Perry, "On the Age of the Earth," privately circulated in :MS.
October 14, 1894 ; further circulated with additions in pamphlet form in
:November, and published in revised form with other matter in Nature,
.January 3, 1895, p. 224.
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is the solntion for V1 in terms of Vo impressed. R is ihe
resistance of unit area of the skin.
There are two ways of converting (8) to algebraical form,
one convergent, the other divergent. The latter is most
useful. Thus, by division,
8
V1 =[1-Rkq +(Rkq)2 -(Rkq) + ...] V0 ,
(9)
which, by the use of (5), is turned to
V1

=V

0

[1-(;Y{1-.it +1.s (;J- -•-}}

(10)

from which the subsidence solution, due to V0 constant all
over initially, is*
2
s
V 1 = V0 ( _'.:_)'{ 1 -� + 1.s(�) -1.8.5( a_) + ... 1. (11)
2t
2t
2t
J
-:.t
Here a= ckR2 • The gradient is got by dividing by l, so that
the first term, which is sufficient when t is big enough, is
g = V0 (?__k)•.
.

k1

'1ft

(l2)

So, with the same k1 in the skin, the value of t varies as the
value of ck in the earth when t is big enough, which is an
important conclusion.
Xow (11) is unsuitable when t is small, on account of the
c1ivergency. Then apply an alternative method to (8), viz.,
1 + 1
{ 1
V0
V=
- . Vo, (13)
kq)2 (Rkq)" • • }
(R
Rlcq
1 Rkq (1 + __!__
)
Rkq
which by means of p-_,.1 = t,,./ 1!!_, is turned to the algebraical
form
2
1 2t
V1= 2Yo(_!___)'(1 + � + �(�) + _ ( )" + ···)
3.5.7 a
a-;r
3a 3.o a
+ V0(l- lla).
(14)
* I am informed that this is Riemann's solution for the surface tem
perature of an infinite block with a plane face, cooling from an initially
uniform temperature ; the boundary condition being constancy of ratio of
the rate of loss of heat to the temperature. The problem is formally the
same as Perry's problem of a. resisting skin, because the boundary con
dition on the inside of the skin is formally the same as in Riemann's case.
Perfectly free escape of heat means R=O.
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So the subsidence solution due to initial
V1

=V

0{

0

V

CII. \'.

is

E /a_ 2 C:)\1+;:+ \( :Y+ ···) }· (151
3
2

t

The equivalence of (11) and (15) is merely an example of the
generalised exponential, but it is interesting to see how it
arises.
The solution for the temperature at any distance x may be
similarly obtained and without difficulty, but we need not
consider that here.

Cooling of an Infinite Block composed of Two Materials.
§ 229. Going a step further, let us examine the influence
of. the capacity of the skin itself. This was done by Perry
immediately on receipt of the above, so far as the beginning
and most important part of the solution was concerned. The
skin may now be of any depth, and is treated in the same·
way a,s the inner earth, but with different constants. Let.
c, k, belong to the earth, and c1, k1, v to the skin. Measure
x in the earth from the inside of the skin, and z in the skin
also from its inside. Then we have
V

(16}
V=E-qizc + ,qizD,
(17),
where 1 is the temperature at x =0 and C, D are unknown,
and to be eliminated. The boundary conditions are v = V0 at
z = l, and v = V1 at z =0, besides continuity of current at the
interface of skin and earth, or
liidv = - 1!:"Y_
(18),
d:
Jr,
at z=0, x=0. These find C and D, and lead us by ordinary
algebraical work, which need not be given, to the following
expression for the gradient of temperature at the outside of
the skin:1 +sy
(19)
g ------1.1Vo,
V =E-qxv1 ,

V

=

1-sy

}:_ ( /!!_{ck)'
y=E-2q11•
,
(20)·
s= ::_ �
where
1 + (c/,1/ck)I
Notice that s =0 when ck= c1l.\. That is, the flow of heat in.
the skin due to applied V0 on its outside is the same for any
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material inside, provided ck= c1ku which reduces (19) to the
elementary form (4) first considered.
The approximate solution involving the first power of l may
be got at once from (19), and it leads to the former results
when l is small. To get the complete solution, expand the
fraction in (19) by division. Thus,
(21)
g =(I+2sy+2s2i/ + 2s8y8 + ...)q1V0•
Only one term needs transformation, since they are formally
alike. We have
y"q1Vo=

4n2 sl2

(

ql -

)

q1
- - . . . Vo,
2nq12l +--

I�

(22)

by (20), using the ordinary exponential expansion. Integrating by (5) we obtain a series which also belongs to the
exponential kind, being
Ci )t -c1n�r-/k1t
•
(23)
V0 ( -1rk1t E
Here n has to be 0, 1, 2, 3, &c., in the successive terms of
(21), so we obtain
g=(�)•{1+2sA+2s2A4+2s8A9 + ...},
-;r/.!t

(24)

where
In fact (21) expresses the initial effect ofV0 in the first term
on the right, and of an infinite series of images due to the
change of medium.
Although (24) is a very neat form of solution, we may want
a solution arranged in inverse powers of tt, as in (11) for
example. We may get this by picking out the coefficients
properly from the expansions of A and its powers in (24).
Or, from the operational equation (21) itself, which becomes
g={l+�-2q1l.2s(1+2s+3s2 +4s8 + ...)
1-s
2
+ (2q1 ) • 2s (1+22s+32s2 + 42s8+ ...)
I�
3
_ (21J l) • 2s (1+23s+38&2 + 48s8 + ...) + &c,}q1V , (25)
0
�
Iwhen arranged in powers of qi, Here the even powers of q1
are ignorable, as they involve whole differentiations. So the
l
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q1 term gives the factor of t-½, the q,3 term that of t-�, and so
on. It is easily seen by inspection that the functions of s that
occur in (25) are derivable in succession from one another by
the operator s(d/ds), the first one being 2s/(1-s). So they
may be written finitely if we like. Or,
[! = Vo(�)1{1 + (1- c1z (s�)2+ (c1Z )�(st.}'- . . -)�} (26)
2

2

1-s
j�
where t. is short for d/ds, is the complete solution, of which
the first part is the same as
k1 t

rrk1t

g=

k1t

V0 ck '{l -· l- c1 1) ckR2 + . . · ,
}
( )
(
k1 1rt
2t
ck
k

(27)

where H = l/ k1 as before. Comparing with (11), we can see
the effect of the capacity of the skin.
Large Correction for Sphericity in Perry's Problem.
§ 230. The next step would be to go on to consider the case
of a spherical earth, first with no surface resistance to the
escape of heat, next with a resisting skin, and, thirdly, with a
skin of any depth, the capacity being allowed for. But these
are too complicated for the present purpose, and would frighten
timid readers, and perhaps some Cambridge mathematicians
as well. At the same time, I may remark that the solutions
can be got through the operators in the form of Fourier series
with much less work than by Fourier's way.
Prof. Perry has examined Fourier's solution for a homo
geneous sphere w:.th constant surface emissivity (equivalent to
a resisting skin} and a very interesting result comes out, viz.,
that the plane solution gives much too big a result with the
same data as regards conductivity and capacity, internal and
external.
Thus, according to Perry, take the radius of the earth at
6380\ and the depth of the skin at 405 centim., or 4 kilom.,
the initial temperature as 4000° 0., the present surface gradient
1° in 2743 0entim., and c= 2·86, le= ·47, c1 = ·507, k1 = ·00595,
so that le in the earth is 79 times that of surface rock, and k/c
in the earth is 14 times that of surface rock. Then the time
of subsidence to the present state is 9608 years, or 96 times the
estimate of 108 years given with the same data except that tho
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earth has the same c and k throughout as in the skin, when
calculated by the plane theory, or the linear diffusion of heat.
But, according to the plane theory adapted to meet the
case of a plane slab of skin instead of a spherical shell, the
time of subsidence would, by (12) above, be ck/c/,1 times as
great as the estimate without the increased c and k inside,
or about 4630" years. So the effect of having an infinite con
ductor with a plane face to represent the earth is to increase
the time of subsidence from 9608 to 46308 years. Perhaps it
does not matter in very rough estimates ; but it is interesting
to note the difference made by the finite size of the earth, and
that it lessens the time of subsidence in the ratio 463: 96, or
4·7 to 1.
In order to ascertain whether the objection made to Perry's
neglect of the capacity of the skin had any serious basis, I
have worked out the corresponding formula with the capacity
allowed for. There is very little difference numerically. Thus,
Perry found two terms in the Fourier expansion to be neces
sary. But the first term is a large multiple of the second, so
we may take it alone for our comparison. By the first term of
Perry's formula, the time of subsidence comes to 90207 years.
Allowing for the capacity of the skin, I find it comes to
90307 years. But I have not taken special pains to get the
third figures right. ·
Remarks on the Age of the Earth.
§ 231. Now a few remarks (which I make with much
diffidence) on the practical outcome of Prof. Perry's investiga
tions. It is known that geologists demand long ages of time
for the earth's evolution in its geological aspect. Physicists,
on the other hand, have offered them what geologists con
sider the miserable allowance of from 20 to 400 million years.
Prof. Tait, I believe, offers them only 20. They want more. -'IThere are two evident ways of getting more. The first is
by not requiring so much, by allowing that the earth's evolu
tion went on at a far more rapid pace in former times than
at present, wholly apart from catastrophes. This seems to
* It is to be remarked, however, that geologists have come down in
their demands remarkably, and probably in consequence of Lord Kelvin's
work,
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be a reasonable view. The other is Prof. Perry's way. He
advances arguments to show that it is reasonable to suppose
that the earth's effective capacity and conductivity, especially
the latter, may be even at present much greater in the earth's
interior than in its skin, so that the time of subsidence to the
present skin gradient is prolonged. But it is not a mere ques
tion of the present state of the earth's interior. The state
during the whole period of geological evolution has to be con
sidered, and Prof. Perry's argument seems to me to apply with
greater and greater force the further we go back in time. I
presume that the earth's birth, for geological purposes, should
be reckoned from the time when it became encrusted, or when
the crust attained some notable thickness to give some sort of
stability. Is it necessary to solidify the earth all through
before beginning its life? If we allow it to solidify gradually
by the natural increase of depth of its solid crust, consequent
upon its cooling, it is evident that the age of the earth may
possibly be much extended.
As for the origin of life upon this planet, the only reason
able view seems to me to be Topsy's theory. She was a true
philosopher, and "she spekt she growed." Any other theory
is of the elephant and tortoise kind, a sort of evasion, which
explains nothing, whilst it increases one's difficulties. Prof.
Tyndall was of Topsy's persuasion. So am I, as I firmly
believe (subject to correction) in the truth of his view as to the
"promise and potency" of life in so-called dead matter under
the influence of the forces of nature.
Peculiar Nature of the Problem of the Cooling of a
Homogeneous Sphere with a Resisting Skin.
§ 232. In connection with the above problems in cooling by
diffusion and escape of heat at the surface of bodies there are
a number of incidental matters of great interest, some of the
most noteworthy of which may be briefly noticed. In the
first place, as was remarked in § 228, the prolongation of the
time of cooling of a sphere from a given uniform initial tem
perature until a given gradient of temperature is reached at
the surface of escape, produced by augmentation of the con
ductivity and capacity of the inner portion only, is not by any
means an obvious result, though not difficult to understand in
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the case of an infinite block with a plane boundary when
there is a similar augmentation of conductivity and capacity
within its skin. In fact, we can easily make it be either a
retardation or an acceleration at pleasure, when it is a sphere
that is in question. To show this, let the conductivity be
made infinitely great as an extreme case, except in the skin,
where it remains finite, without changing the capacity
either in the skin or body of the sphere. The theory
of the cooling of the sphere is then like that of the
discharge of a condenser through a resistance. The re
sistance here is the resistance of the skin, and the
capacity is that of the inner body. Now by reducing the
depth of the skin, and therefore the resistance, we may
accelerate the discharge as much as we please. Thus, with
the skin conductivity as in § 230, or O·OOG, and the internal
capacity per unit volume also the skin value, or 0·5, the time
taken to fall from an initial uniform temperature of 4000° 0.
until the present gradient of temperature is reached in tho
skin is 1G08 years when the skin's depth is 10 kilometres, but
only 3307 years when it is 1 kilometre. If it is 4 kilometres,
as in Prof. Perry's example, the result is 9207 years, which is
only 9 times the standard result of 108 years found by Lord
Kelvin. It is raised to !JGO" years, as Perry has shown, by
reducing the internal conductivity from infinity to 79 times
that of the skin, whilst at the same time increasing the internal
capacity to 5·7 times that of the skin. To obtain the stan
dard result, 10" years, with infinite internal conductivity and
with internal capacity as in the skin, requires the skin to be
only¼ kilometre in depth, or a little less. When made thinner
still, .the time required falls off to any extent. These examples
will show the danger of over-hasty generalisations regarding
the effect of varying the internal conductivity and capacity.
It is a general principle that increasing the conductivity
accelerates the subsidence of a normal system, or a distri
bution of temperature which will subside according to the
condenser law, and Prof. Perry's case is no exception. But
there are other considerations, and the case is considerably
mixed. If, in Prof. Perry's 9608 years problem, we raise the
hi.ternal conductivity to infinity, making no other change, we
reduce the time to 5208 years. Here the internal capacity is
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still 5·7 times that in the skin. Now reduce it to the same
value as in the skin, and the time falls to 9207 years, as just
mentioned. Lastly, reduce the internal conductivity to the
skin value/and it falls to 108 years, being now Lord Kelvin's
case.
Cooling of a Body of Variable Conductivity and Capacity
but with their Product Constant.
§ 233. After these illustrations of the curious nature of the
problem, consider another matter. It was mentioned in § 229
that the flux of heat into an infinite homogeneous block due
to sources maintaining its plane face at the constant tempera
ture V0 was not altered by changing the material under the
skin to another having the same value of the product ck. Or
thus, by equations (2) and (3), the flux of heat, say C, per
unit area, is

(28)

This is unaltered by a change of material not altering the
value of ck.
The result may be extended to include any number of slabs
of different materials put together to make a block, provided
ck is the same for all; or, in the limit, to a continuously
heterogeneous material in which ck is constant, with, how
ever, homogeneity in every slice parallel to the plane face.
Conversely, since the final temperature due to the impressed
V0 is a state of uniform temperature V0 everywhere, if we start
with V0 everywhere constant, and let it subside by internal
diffusion and free escape at the surface, the flux of heat at the
surface will be unaltered by any change of material, provided
every plane stratum is homogeneous in itself, and ck is the
same for all.
A similar result applies to a sphere, with concentric shells
instead of plane slabs, provided the correction for sphericity,
due to the finite size of the sphere, be insensible : or if it be
sensible, then we may have approximately the same result.
Magnitude of the Correction for Sphericity in Various Cases.
§ 234. Another interesting point is the magnitude of the
correction for sphericity. As mentioned in § 230, this is very
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large in Perry's 9,600 millions problem of a shell of depth
4 kilom., surrounding a homogeneous sphere of greater capa
city and very much greater conductivity. The time for the
corresponding infinite block is then 4·7 time� that for the
sphere. This was so remarkable that I suspected and sug
gested to Perry an error in his calculation of Fourier's formula.
But I confirmed the result, and also obtained very nearly the
same result from an entirely different formula which allowed
for the capacity of the skin.
On the other hand, when the surface values of c and k extend
all through the earth, as in Lord Kelvin's problem, the cor
rection for sphericity is quite small, as mentioned in § 227.
It only reduces the time of cooling by �\th part of the 10�
years which belongs to the infinite block.
Now in Perry's case we have a large increase in c and a
very large increase in k beginning at a moderate depth. But
if we increase them gradually, so as only to become very big
near the centre, we do not get the Perry effect. To illustrate
this I have calculated a few cases of continuously hetero
geneous material.
When c and k both vary inversely as the distance from the
centre of the earth, with the same values at the surface as
before, I find that the correction is reduced to 7,1 part.
That is, the 1� years of the infinite homogeneous block is
reduced by -ls part to represent the new case of variable c
and k in the earth, instead of by Iv part, as when they are
constant.
Also, to accentuate this effect, let the c and k in the earth
vary inversely as the square of the distance from the centre.
Then I find that the correction vanishes. That is, the time
of subsidence from the initial state of 4,000°C. to the given
gradient of temperature at the surface is 1� years, the same
as for the infinite homogeneous block.
Similar results occur in other cases of gradual variation,
with, it may be, very large changes in c and k near the centre,
but very little near the surface, or between the surface and
half-way down ; and clearly great latitude in the law of varia
tion is permissible, provided we do not introduce great changes
in c and k near the surface.
,;;
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Explanation of the last.
§ 235. We may get an insight into the meaning of these
corrections by dividing the sphere into a series of shells of
unit depth. Since the flow of heat is radial, it is like the
diffusion of heat through a series of flat plates of variable
conductivity and capacity. Now the total conductance of a
shell is proportional to its area, and so is its total capacity.
Therefore, if the c and k in the sphere be constant, the con
ductance and capacity of a shell vary as the square of the
distance from the centre, being zero at the centre, very small
round it, and greatest and increasing most rapidly at the sur
face. So we see that large variations in c and k near the
centre may mn.ke only trifling differences in the state of things
at the surface, as the conductance and capacity of the inner
most shells are naturally low. Besides that, they are so far
away from the surface where the escape takes place that their
c and /.,; may become of little moment in the practical problem
concerning the gradient of temperature in the skin. These
considerations may help one to understand why, when c and k
vary as the first Ol' as the second inverse power of the distance
from the centre, so little difference is made in the time of cool
ing to the present gradient.
Also, by substituting a block for the sphere, say a block of
length equal to the radius of the sphere, and of cross-section
equal to the surface of the sphere, this block to be insulated at
its sides and open at its enus, we see that to represent the
sphere of uniform c and k, the c and k in the block must vary
directly as the square of the distance from the far end (corres
ponding to the centre of the sphere) where they are zero
(equivalent to insulation). On the other hand, when c and k
in the sphere vary inversely as the distance from the centre, c
and kin the block must vary directly as the distance from the
far end. Finally, when c and k in the sphere vary inversely
as the square of the distance from the centre, c and k in the
block must be uniform. That is, we have a homogeneous
block, only it is of finite depth instead of infinite.
We now see why the correction in the last case disappears,
the time for the sphere being the same as for the block. It is
not asserted that the complete solution of the problem is the
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same in both cases, but that the problem is reduced to one of
linear diffusion in a homogeneous medium, and that under the
circumstances the finiteness of depth of the block does not
influence the result sensibly, the secondary waves to and fro
along the block due to its finite depth being of insensible
effect because the depth is so great.
Investigation by the Wave Method of the Cooling of a
Homogeneous Sphere with a Resisting Skin. Effect of
Varying the Constants.
§ 236. In contrast with the above results with continuously
varying c and k, Prof. Perry's case involves so large a correc
tion for sphericity as to deserve an independent confirmation
by a method not requiring the use of the Fourier expansion.
For it is by the consistency of results obtained in different
ways that a conviction of the accuracy of the results of com
plicated processes may best be obtained. It is very easy to make
mistakes in calculating Fourier series of complicated forms.
Fortunately, in this case, I find that my operational method
leads straight to the solution by a simple process.
We found in§ 228, equation (8), that

(29)
expresses the temperature V1 just inside the skin due to V0
impressed on its outside, when R is the resistance of unit area
of the skin, k the internal conductivity, and q = (cp/k)l. This
is in the plane problem.
Now get the corresponding solution for the sphere. Let V
be the temperature at distance r from the centre of a sphere
of radius a and of uniform c and k due to V0 impressed on
the outside of an enveloping skin. Then V is given by
1: shin qr
r shinqaV 0

V=1 -H.k
+ Rkq coth qa

(30)

a
To prove this, note that in the first place V satisfies the
spherical characteristic

'!:_!!_ ,.2dV =q2V;

1 .2 dr

dr

(31)
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next, that it is finite at the centre; and, lastly, that at the
inside of the skin, where r=a, it satisfies the condition of
continuity of the flux of heat there, or
Vo-V1 =7cdV
(32)
dr'
R
This is complete. But what we want is V1• So put r =a
in (30). This makes, ifs=Rk/a,
Vo
(33)
V1 =
,
1-s+Rkq coth qa
which gives V1 in terms of V0 • Comparing with (29) we see
that 1 becomes 1- s (which is a trifle less) and Rkq receives
the factor coth qa, which brings in an infinite series of
secondary diffusive waves between the centre and boundary.
To show them explicitly, we may develop (33) by long
division to the form
V1=(a0 + a0 + ai!J2 + ...)Vo,
where

y= €-2qa

0

(34)
(35)

Here a0V0 is the result of the primary wave from the source
V0 outside the skin, as modified by sphericity; the second
term is the result of the first wave reflected from the centre,
the third term results from the weaker second reflected wave,
and so on.
But all these secondary waves are of insensible effect in our
problem, as we know by the solutions previously given when
the proper numbers for c and k, &c., are put in. The
significant solution is merely the first p11rt independent of y.
This amounts to the same as making a infinite in the coth
function, when it reduces to 1. So, by (33),
Vo
V1 =
(36)
,
1-s+Rkq

is the practical solution in operational form. We see that it
is equivalent to (29), only with a changed constant.
We also know, by (11) and (12), § 228, that only the first
power of q is significant in the earth problem. This makes
(36) become
V1 = _l_ (1 - Rkq ) Vo,
(37)
1-s
1-s
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which, by (5), is converted to the algebraical form
1

V1=�{1-�(cf!) },
1-s
1-s 'll't
the required result. The subsidence solution is got by
tracting the right member from V0 • This makes
s
V0 (ck) 1
g=- V0 +
2
(l-,-s)l k1 (l-s) ;;:-t'
if V1=gl, where g is the gradient of temperature in the
of depth l. We may write (39) thus,

(38)
sub
(39)
skin

(40)
=
1rt
g' �
k1 (�)\
(41)
i=(l-s)•(1+ VoS )·
if
(l-s)lg
g
Now (40) is of the same form exactly as (12), with a changed
value of the gradient. The effect of the sphericity is, there
fore, the same as changing the gradient in the plane problem
from g tog'.
Now put in the numerical values as in§ 230. That of sis
0·0495, l is 405 , and V0 is 4000. So
g'= 2·1819 !l,
(42)
which is to be used in (40). This increased value of g requires
tto be reduced as its square. So the time required to make g
be zf1a is (2·1819)2, or 4·76 times as long for the infinite
block as for the sphere. Q.E.D.
If desired, the full expression for the secondary waves can
be developed from (34), but all we wanted was a direct cor
roboration of the result got from the Fourier expansion. The
method ,followed is an example of the theory of § 12 of my
paper "On Operators in Physical Mathematics," Proc. R. S.,
Vol. LIL, 1893, which is of very general application.
The formula (39) allows us to see readily the effect of
varying the constants. The time of cooling varies directly as
c and as the square of V0 , so these may be dismissed at once.
There are left l and k. Varying k only, I find that t has a
m'lXimum and a minimum when l is under 7 kilomeLres. The
minimum is of no consequence. With l=4 kilom., c=2·86,
the maximum occurs when k/k1=73, and is t= 95·5, the unit
being 1()8 years. That Perry should have spotted the maximum
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so closely is (unless he is a witch) one of the most remarkable
coincidences in ancient or modern history. But the hump is
so flat-topped that much smaller values of k will do for big t.
Thus k/ki = 30 makes t be about 90.
Another (and perhaps physically better way than increasing
k) of getting big t is to increase the depth of the crust. Then
a smaller k will do. Thus with l = 20 kilometres we get t = 68·5
when k/ki = 15·95 only. A:rtd l = 30 kilometres allows us to have
t = 53·4 when k/k1 is only 10·65, and t = 95 when k/k1 is 21 ·3.
These results altogether favour Perry's view, and are better
than his own example.
Importance of the Operational Method.
§ 237. We now leave heat problems, and pass to the theory
of electrical matters involving diffusion. Pure diffusion, as of
heat, comes in principally in two different ways. There is,
first, Lord Kelvin's electrostatic diffusion in a submarine
cable when perfectly insulated and free from self-induction.
Secondly, there is Maxwell's diffusion of magnetic induction
in electrical conductors. There are also two comparatively
unimportant cases, viz., diffusion in a cable or other circuit,
when it is the self-induction and the leakage that control
matters, and a kind of diffusion in a magnetic conductor. Of
these, the electrostatic diffusion involves the simplest funda
mental ideas, and will therefore occupy us first. After that,
diffusion in electrical conductors will naturally follow.
How these diffusive propagations arise from the general
theory of electromagnetic waves has been explained in Chap
ter IV. in considerable detail, including the more difficult case
of elastic diffusion. What we have now to do is to consolidate
the knowledge by actual exemplification. We shall then be
able to explain the meaning of the operational mathematics
above employed, as it turns up naturally. The physics itself
will serve to guide us along to useful methods and results.
At present the above illustrations from the theory of heat
diffusion will serve a double purpose. First, to illustrate Lord
Kelvin's theory of the age of the earth and its recent exten
sion by Prof. Perry, the practical import of which, however,
remains to be discovered, as very uncertain and speculative
data are involved. Next, to show that my operational method
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of dealing with these and similar more advanced problems is
of importance. I assert that by its means problems can be
attacked and successfully solved with greater power than by
any other known method. Furthermore, that it is essentially
simple in operation; so that, although it goes deeper, yet it
requires less work and less mathematics of the complicated
kind. And, finally, that it is for the above reasons and
others quite practical. It is rather disagreeable to have to
be self-assertive and dogmatic (especially when one thinks of
the always possible risk of error); but there may be times
when it becomes a duty-e.g., when mathematical rigourists
are obstructive.*
* [March 21, 1895.] After writing the above, Prof. Perry wrote asking
about the case of capacity and conductivity functions of the temperature,
saying," X. says he can't do it, doesn't know anyone who can, and is sure you
can't." The general case is perhaps hard (I did not try it), but I found at
once that when c and k vary together, according to any power, integral or
fractional, of the temperature, the solution was quite easy, the characterist;c
becoming linear. This is obvious when done. I sent Perry some solutions
of this kind. He then himself extended the matter by taking c and k to be
any similar functions of the temperature. This is also obvious when done
(Perry, Nature, Feb. 7, 1895, p. 341). He finds that if c and k increase
s per cent. per lOOdeg., then Lord Kelvin's age is multiplied (1 +s/5Y2
times; e.g., by 121 if s=50. His data were due to Dr. R. Weber, and
indicated a large increase in c and k with temperature. If correct, Prof.
Perry w,mld be fully justified, though to an uncertain extent. But Dr.
R. Weber has supplied fresh data which do not show any notable increase
in k, whilst that in c is much less than Perry assumed. So Lord Kelvin
(Nature, ::llar. 7, 1895, p. 438) concludes that Perry is wrong. He is also
inclined to reduce the initial temperature, and so bring down the age even
to 10 million years ; or, allowing for other things, to about 24 millions, in
agreement with Mr. Clarence King's conclusion in comparing the calcu
lations of.Helmholtz, Newcomb, and Kelvin on the age of the sun. It will
be interesting to see whether the geologists will continue their downward
course to 24 or 10 millions (Sir A. Geikie, Nature, Feb. 14, 1895, p. 367, is
quite satisfied with only 100), or whether mathematical physicists will, by
fresh data, be obliged to go up to meet them. Prof. Perry said (Nature,
Jan. 3. 1895, p. 224) that his conclusions were independent of the cor
rectness of R. ,veber's results (the old ones). "Lord Kelrin bas to prove
the impoesibility of the rocks inside the earth being better conductors
(including convective conduction in case of liquid rock in crevices) than
the surface rocks." "The rocks at 20 miles deep are not merely at a high
temperature, but also under great pre3sure." In any case, however, it
must be difficult to come to a reliable estimate as to how far Prof. Perry's
important principle is really operative,

CHAPTER VI.

PURE DIFFUSION OF ELECTRIC DISPLACEMENT.
Analogy between the Diffusion of Heat in a Rod and the
Diffusion of Charge in a Cable.
§ 238. In order that the problem of the propagation of
electrical disturbances along a telegraphic or telephonic circuit
shall reduce practically to that of the diffusion of the electric
displacement after the manner of heat in the celebrated theory
of Fourier, it is necessary for the self-induction to be ignor
able, and that the external disturbances tci which circuits are
liable should be removed. It would not be at all desirable to
bri.n:g a practical telegraph circuit to such a state closely,
because it is a state of relative inefficiency, accompanied by
the greatest possible distortion in transit, and is therefore
a state to be avoided by, as before explained,* making
self-induction be of importance, if efficient rapid signa,l
ling with little distortion be required. The nearest approach
to the theory of diffusion being in slow signalling through
a long cable, we make believe now that this case is truly
represented by the reduced forms of the more general
equations _appropriate to elastic diffusion.
On this understanding the two circuital equations, when
suitably transformed as explained in§§ 200-202, reduce to
dV
dO = Sp
--=RC,
(1)
V,

dx

dx

" §§ 215-218, Chap. IV., Vol. L
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where R and S are the resistance and permittance per unit
length of line, whilst V and C are the transverse voltage and
the circuital gaussage of the more general theory, but which
may now be called the potential difference of the wires and
the current in them, if there be a pair of wires. Or, if we
have a cable in question, using only one wire, then we may
call V simply the potential and C the current.
From (1) we derive the characteristic

dJV = RSpV = c/'V, say.
daf

( 2)

In order to translate to heat problems, perhaps the easiest
way is to consider the longitudinal conduction of heat in a
rod. Then V is the temperature and C the flux of heat,
whilst R-1 and S are the conductance and capacity for heat
per unit length of rod. But the rod should be insulatad
laterally. It is easy to insulate a rod electrically; but it is
much harder, if not impossible, to insulate it thermally to an
equivalent extent. So, if the flow of heat in a real rod b�
rejected for want of a sufficiently close similarity to the elec
trical problem, we may imagine an infinite number of rods
fitted together in contact side by side. Just as jerry-built
houses in a street mutually support one another, and prevent
the collapse that would occur were they separated, so will
the rods prevent the lateral escape of heat from their
neighbours, so that a longitudinal flux of heat is possible in
the same way as in a perfectly insula.ted rod. This is the
case of the linear flow 0£ heat in an infinite homogeneous
conductor. These remarks are to enable the reader to
translat� from electrical to heat problems readily. On
the whole, the cable is preferable in the study of diffusion,
on account of the facility with which terminal and other
auxiliary arrangements can be imagined, and, if need be,
practically realised. The beat problems are not so con
venient in this respect. On the other hand, there is no
doubt greater scientific interest in heat problems when they
concern such stupendous questions as the age of our
common mother earth ; but since this is primarily an
electrical work, I cannot go on further with that question,
but leave it to David and Goliath.

32

ELECTROMAGNETIC THEORY.

CH. VI.

The Operational Method assists Fourier.
§ 239. We have now to consider a number of problems
which can be solved at once without going to the elaborate
theory of Fourier series and integrals. In doing this, we
shall have, preliminarily, to work by instinct, not by rigorous
rules. We have to find out first how things go in the mathe
matics as well as in the physics. When we have learnt the
go of it we may be able to see our way to an understanding of
the meaning of the processes, and bring them into alignment
with other processes. And I must here write a caution. I
may have to point out sometimes that my method leads to
solutions much more simply than Fourier's method. I may,
therefore, appear to be disparaging and endeavouring to
supersede his work. But it is nothing of the sort. In a
complete treatise on diffusion Fourier's and other methods
would come in side by side-not as antagonists, but as
mutual friends helping one another. The limitations of
space forbid this, and I must necessarily keep Fourier series
and integrals rather in the background. But this is not to
be misunderstood in the sense suggested. No one admires
Fourier more than I do. It is the only entertaining mathe
matical work I ever saw. Its lucidity has always been
admired. But it was more than lucid. It was luminous.
Its light showed a crowd of followers the way to a heap
of new physical problems.
The reader who may think that mathematics is all found
out, and can be put in a cut-and-dried form like Euclid, in
propositions and corollaries, is very much mistaken; and if
he expects a similar systematic exposition here be will be
disappointed. The virtues of the academical system of
rigorous mathematical training are well known. But it
has its faults. A very serious one (perhaps a necessary
one) is that it checks instead of stimulating any originality
the student may possess, by keeping him in regular grooves.
Outsiders may find that there are other grooves just as
good, and perhaps a great deal better, for their purposes.
Now, as my grooves are not the conventional ones, there is
no need for any formal treatment. Such would be quite
improper for our purpose, and would not be favourable to
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rapid acquisition and comprehension. For it is in mathe
matics just as in the real world ; you must observe and
experiment to find out the go of it. All experimentation
is deductive work in a sense, only it is done by trial and
error, followed by new deductions and changes of direction to
suit circumstances. Only afterwards, when the go of it is
known, is any formal exposition possible. Nothing could be
more fatal to progress than to make fixed rules and conven
tions at the beginning, and then go on by mere deduction.
You would be fettered by your own conventions, and be in the
same fix as the House of Commons with respect to the despatch
of business, stopped by its own rules.
But the reader may object, Surely the author has got
to know the go of it already, and can therefore eliminate
the preliminary irregularity and make it logical, not experi
mental? So lie has in a great measure, but he knows better.
It is not the proper way under the circumstances, being an
unnatural way. It is ever so much easier to the reader to
find the go of it first, and it is the natural way. The
reader may then be able a little later to see the inner
meaning of it himself, with a little assistance. To this ex
tent, however, the historical method can be departed from to
the reader's profit. There is no occasion whatever (nor
would there be space) to describe the failures which make
up the bulk of experimental work. He can be led into
successful grooves at once. Of course, I do not write for
rigourists (although their attention would be delightful) but
for a wider circle of readers who have fewer prejudices,
although their mathematical knowledge may be to that of
the rigourists as a straw to a haystack. It is possible to
carry waggon-loads of mathematics under your hat, and yet
know nothing whatever about the operational solution of
physical differential equations.
The Characteristic Equation and Solution in terms of
Time-Functions.
§ 240. :Now, consider the characteristic equation (2) above.
If q were a constant, its solution would obviously be
VOL. II.

(3)
D
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where A and B are any constants. That is, there are two
independent functions of x which satisfy (2). The constancy
of A and B means independence of x.
It is equally true that (3) is the solution in the same
sense when q2 has the operational meaning RSp, because
the formal satisfaction by test is the same. The con
stants are still constants with respect to x, but they
are now any functions of t. That is, (3) is a form of the
general solution of the characteristic. To go further, we
have to find A and B to suit special cases, and then by
the execution of the processes implied by the exponen
tial operators convert the solutions from operational to
algebraical form. There is a lot of assumption here ; for
example, that the operations can be effected, as they in
volve preliminarily unintelligible ideas. The best proof is
to go and do it.
The easiest solutions are those relating to the effects pro
duced at a given spot by causes acting there. Those pro
duced at a distance can be easily deduced later. So, now we
take some special cases to begin the treatment. Let an
infinitely long cable be laid in any depth of water. It need
not be laid straight, so by winding it about, even the finite
size of the seas of the earth might be sufficient to contain a
sufficient length for our purpose, which is, that the near end of
the cable is to be freely at our disposal to operate on, whilst
the far end is so very far off that it cannot react sensibly on
the near end, and to a great distance therefrom, in a large
interval of time.
Let the cable be initially free from charge, and be then
operated upon by a battery of voltage e and no resistance at
its beginning, where x=O. That is, one end of the battery is
put to line, and the other to earth, the absence of resistance
being merely a practical simplification. The impressed volt
age e may be regarded as any function of the time t (real,
of course, but not necessarily continuous). The effect is
to raise the potential at the beginning to V0 =e, and V0
may be regarded as the sole cause of disturbance in the
cable itself further away. Then A= 0 and Il = V0 in (3),
making

(4)
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for the characteristic is satisfied, and V = V0 at x = 0, and there
is no other imposed condition. Other cases, in which A. is not
zero, will come later.
By (4), and the second of (1),
(5)
the first equation giving C in terms of V at the place, the
second in terms of V0 , We also have
(6)

C=E- qzco,

if C0 is the cu1Tent at x = 0 ; and also

C0 = ! Vo = (�YVo.

(7)

The last equation is the simplest in general, because V0
can be made simple. The operator q/R turns potential to
current. It is, therefore, the conductance operator of the
cable. Similarly,

�=��=( R )�-

�
Sp
q
So the resistance operator is (R/Sp)t.
We see at once from (7) that the current entering the cable
depends only upon the ratio of S to R. Its propagation in
the cable itself depends on their product.
Steady Impressed Force at Beginning of Cable. Fractional
Differentiation. Simply Periodic Force.
§241. Now let V0 be such a function of the time as to be
zero before and constant after t = 0. What is C0 ? To find it,
we require to know the meaning of plV0 • Now the problem
stated fa a well-known one in Fourier's theory of heat con
duction ; and when by Fourier's methods we develop the
solution we find that it is
1

Co = (�) v0 •

(9)

R1rt

Comparing with (7), we see that we require to have, on
removal of unnecessary constants,
D2

(A)

3G
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a fundamental formula. The 1 means that function of the
time which is zero before and unity after t = 0. We are only
concerned with positive values of the time. This way of find
ing the meaning of a fractional differentiation of a given
function is purely experimental. Any problem involving p½ l
in the operational form of solution will do for the determina
tion of its value, by comparison with the solution by Fourier's
method. On the other hand, the result is a simple funda
mental one in fractional differentiation, and docs not need
Fourier. But the reader presumably cannot take in the idea
of a fractional differentiation yet. So, for the present, let it
be taken as a fact that the value of p11 is ('ll't)-1. We can
make use of this fact extensively in Fourier mathematics with
much advantage, without necessarily going a step further in
the direction of fractional differentiation.
By (9) we see that the current entering the line is infinite
at the first moment (because of the absence of self induction),
and then falls, according to the inverse square root of the
time, to zero. At first, the slope of V in the line is infinite at
its beginning, and so is 00 • But as the cable gets charged the
slope gets smaller. Finally, the potential is V0 everywhere
and the current is zero. Or we may say that the final cur
rent is zero, becl'US3 the resistance is infinite. There can
only be current when the charge is increasing.
It really
never stops increasing, but the potential near the beginning gets
to be so nearly V0 , as to prevent the very distant parts of the
cable receiving their charge except at an insensible rate.
Mathematically speaking, we say that V = V0 everywhere,
when t=oo.
The final states of V and C may also be seen from (4) and
(5). Put p = 0 in them and they reduce to V = V0 , and C = 0.
This process is general. Putting p = 0 in an operator destroys
time-variation, and gives the ultimate steady form, when there
can be a steady state.
Another way of looking at the matter is to consider how we
get the simply periodic solution out of an operational solution,
when the impressed force is simply periodic. If the frequency
is n/21r, we put p =ni in the operator. Now = 0 is equivalent
to n=O, or an infinitely prolonged period, which means a
steady state.

z,
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In the present case, the simply periodic solution is, by (7),
(Sni) 1
(Sn) 1 + . .
(10)
)
Co = R- Vo =
2R (1 i Vo
Here i means JJ/n; that is, differentiation with respect to nt;
so (10) is complete when V0 is given in amplitude and phase.
Say it is e sin nt, then
1
(11)
) (sin nt + cos nt)e.
C0 = (Sn
2R
It should be understood, though, that time must be allowed
to enable this state to be arrived at.
Effect of a Terminal Arrangement. Two Solutions in the
Case of a Resistance.
� 242. Still keeping to the beginning of the cable, let us
examine the effect of a terminal arrangement. Let V = ZC be
its equation per se, so that Z is its resistance operator. Now,
that of the cable is (R/Sp)t, as before seen ; so if Z is put
between the cable and earth with the impressed voltage acting,
we have
(12)
Co =
Z + (�/Sp)i
to express the current through Z and entering the cable. This
is because the operators are additive like resistances. Also,
we have V0 = (R/Sp) 1 C0 as before; consequently by (12)
e
Vo(13)
Sp t· l+Z ( )
R
This finds V0, the potential at the beginning of the cable, in
terms of e.
The operational solution (13) may be readily algebrized (or
converted to algebraical form) in various cases of Z, practical
and unpractical. One case will do to begin with to illustrate
the conversion.

r

el .
z
v.
r-,/\/W..f\N.N-./=- - - - - --

Let Z be the resistance operator of a coil, say
Z =r+lp,

(14)
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where r is its resistance and l its inductance. Then
e
=

Vo ---=-,-,1 + (r+lp)(i;y

is the operational solution giving V0 in terms of e.
This may be algebrized as follows. By division,

v = { 1-z(�Y+z2� _zs (�Y + ... }e.
1

CH.

,'I.

(15)

(16)

Here in Z we have only complete differentiations, therefore in
union with the even powers of (Sp/R)� we still have complete
differentiations. All these terms may be ignored when e is,
as we shall suppose, constant after t=O, having previously
been zero, and Z is a mere resistance. The cases of a per
mittance and an inductance will follow. So (16) reduces to

Z4S2p + ...) (Sp ! e.
Z2Sp
-+
(17)
)}
R
R
WWe know 11'1 already, so the solution is found by complete
differentiations performed upon it. Thus, in the case of no
self-induction, when it is a mere resistance that is concerned,
2

V0 { 1-Z (l+
=

}f

_ e1·{ 1+1.2SP
S )• .
If+ ... \Turt
V0-e
(18)
This makes a ser�es in descending powers oft•. Thus,
2
2
.2
}
Vo =e -er ( S )1 1
+1. r S )
(HJ)
S 2Rt - ··· ·
R1rt l - 2Rt
When t is big enough, the only significant term is e, the final
value. When tis smaller, the next becomes significant. When
smaller still another term requires to be counted, and so on.
But we must never pass beyond the smallest term in the series.
As t decreases, the smallest term moves to the left. As it
comes near the beginning of the series, the accuracy of
calculation becomes somewhat impaired. When it reaches
the first t term, so that the initial convergency has wholly
disappeared, then we can only roughly guess the value of the
series. So (19) is unsuitable when tis small enough to make
the initial convergency be insufficient.
It is said that every bane has its antidote, and some
amateur botanists have declared that the antidote is to be

r ,s

.(
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found near the bane. We have an example here. The
antidote is got by algebrizing (15) in a different way. Keep
ing for the present to the simple case of a resistance only
l = 0 in (15)-we may write
V
or, by division,

)\
- (�
(R)t'

o-

(20)

1+ .2

1 Sp

(�)-(�)¥

(�)'e.

½
+ ... l .2
V0 = { 1-(__!_
) + 2
.2
1 Sp
1.2Sp
r Sp
5 , Sp
This we may split into two series, viz. :2
1.2Sp \
Vo={�
(
)
R
r2Sp
1.2Sp

(21)

+ (�) + .. ·}
2

) + .. ,}e.
+ (�
- {�
2
.2

(22)
r Sp
1 Sp
In the second line we have complete integrations to perform
on e, This is done by
t"
"
(B)
p- l =-,
i�
which is obvious enough, when, as at present, n is integral ;
viz., 1, 2, 3, &c. In the first line we have to make the same
complete integrations upon the function p+ l. This is also
done at sight by (B), when the matter of fractional differentia
tion is understood. But at present we can do without it, and
integrate directly thus:t½
p-it-'.. =-r

-2t-½ = _.t'_'

p

½·t

and so on, which is easy enough. So, by using (A) in the
first line of (22) we obtain the complete solution in the form
2
2
½
Vo = 2e( �t ) {1 + 2Rt + _!_(22Rt) + .. ·}-e(eRt/r i!-1). (23)
1~S1r
3r2S 3.5 r S
We see now that we can calculate V O conveniently when t
is small. But (23) is bad when t is big. Then we may con
sider (23) the bane, and (19) the antidote. They are comple
mentary, though not mutually destructive.
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Theory of a Terminal Condenser.
§ 243. There is another simple case in which substantially
the same process obtains as in the last example. Superficially
considered, the problem of the effect of a terminal condenser
in modifying the action of an impres�ed force on a cable is
entirely different from that of the effect of a terminal resist
ance. Yet there is a very close analogy. Thus, let the
terminal arrangement be a condenser of permittance s. Its
equation is C=spV, so its resistance operator is (sp)-1• Put
this for Z in equation (13). Then
Vo=

e.
= _e_,
8
1 +]: ( JJ)½ 1+ �sp R
aq

(24)

if a=s/S, or that length of cable whose permittance equals
that of the condenser, and q is as before.
Now, to show the analogy with the effect of a terminal
resistance, put Z = r in (12), making
or

rCo= _e_,
1
1+
bq

(24A)

if h = r/R, or that length of cable whose resistance is the same
as the terminal resistance in the changed problem.
Comparing (24) with (24A), we see that the operational
solutions are of the same form, only differing in the changed
constant, a becoming b. So, if they are equal, we see that the
potential at the beginning of the cable due to the impressed
force runs through the same course when the condenser is
interposed as the current (multiplied by r) does when a
resistance is interposed.
To obtain the effect at a distance requires in both cases the
introduction of the same opetator .'Ix. Consequently, we
know that the course of the potential throughout the whole
cable in the condenser problem is the same as that of the
current in the resistance problem, due to the same impressed
force, which may be any function of the time. And, we do
not need to algebrize the :wlutions in order :o predict this
result.
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Perhaps some people will say (as usual) that they do not
like "algebrize"; that it is un-English, &c., &c. People are
always saying something. What is more important is that a
word to express the idea of conversion from operational to
algebraical form is much wanted, and that "algebrize" seems
to answer the purpose very well. Similarly we might say
that we Iogarize a number when we take its logarithm, and
delogarize it when we find the number whose logarithm it is;
and so on.
When e is a steady force, beginning when t = 0, we may
algebrize (24) in two ways as before, and I will do it rather
fully now, merely remarking that the work can be done at
sight after a little practice by using equations (A) and (B),
extended in the latter case to fractional degrees, a matter to
be considered later. Thus, to obtain a convergent solution,
expand the operator in descending powers of aq by division,
making

Vo = (1-_l + a1___ _!_
a 8 + ..,)P.
aq

2 2

q

8

q

(25)

Here the even powers of q involve complete integrations, to be
done by (B) at sight. The odd powers involve complete in
tegrations performed upon p-n, with limits O and t. Thus,
V0

=

1
1
1
)
(1 +--+-+-+ ... e

hp 1t•p• lt"J}

- (1 + _!_
+ _2_ + ... ) _e_ '
h lt' '

(26)

(ftp)½
where h=RSa\ which is a time constant. Also, we know
already that p-H = 2(t/r.)½, so (26) is converted to
p

_

p

1 _
}
2t 2
(lt1r)½{ 1+-31(_2tlt ) +( ) + ....
3.5 lt

t
V0 -e€1th -2c -

(27)

This is complete, and answers well, except when t is big, so
that many terms have to be used.
To get the alternative solution, expand the operator in (24)
in rising powers of qa. Thus,
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Here the even powers of q_ contribute nothing (which is not so
simple a matter as it looks), so
V0 = (1 + q2a2 + q4a4 + q6ii6 +

... ) qae.

(29)

Here we have to find qa 1, which is known, and then execute
complete differentiations upon it. Thus,
( 30)

This formula answers well for big t, and also when t is not so
small as to render the initial convergency insufficient.
The condenser acts like a short-circuit at the first moment,
so that the potential at the beginning ,pf the cable acquires
the full value e instantly. It then falls to zero as the con
denser gets charged, in accordance with (27) and (3 1). Of
course, the cable receives the same charge as the condenser ;
that is, the current is continuous through the condenser into
the cable, according to Maxwell's now orthodox theory. But
as the charge spreads itself over a condenser of infinitely great
permittance, its density attenuates to nothing, so that V = 0 is
the final state of the cable, although the total charge is finite.
That the final V is zero is also to be seen by the operational
solution (24), when we put p = 0 in it.
Theory of a Terminal Inductance.
§ 244. As a third example, let the terminal arrangement
be an inductance coil. For simplicity, let its resistance be
zero. If really small the resistance may be merged in that
of the cable itself without much error, and this is allowable
when we desire to exhibit the effect of the inductance alone,
which is materially different from that of a resistance or a
permittance.
The terminal Z is now lp, so that, by (13), we have
e

Vo=
1

+ lp�fY

=

e
I+ ( fq)" '

(32)
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if F = l/R2S, a constant. It is quite easy to obtain the con
vergent algebraical solution. Expand in rising powers of Jq,
thus
9
(33)
V 0 = (Jq)- e = {( fq)-a- (Jq)-11 + (/q)--9 - ••.}e.
1 +(Jq)..;J
Here the even powers of q involve complete integrations on 1,
and the odd powers complete integrations performed upon
(Jq)-1, so there is no new difficulty. To ease matters, put g
for RSF, It is a time constant. Thus (33) is the same asVo = (

1

1

1

9P + (gp)4 + (gp)1 + · • • ) (gp)l
e

(34)
- (( �)8 + ( ;)6 + ( �1 " + .. }·
g )
g
g
So, using (B) in the second line, and the known value of
p-ll in the first line, we obtain
8
8
(2t/!l)
+ ...)
Vo= 1r4e (.!._)� {i + (2t/rt) +
f
grr
5.7.9
5.7.9.1
1.1
3.15
3
3
-e{ (t/g) + (t/_g)G + (t/g}9 + • • • ) •
J

�

�

I�

(35)

It is not laborious to calculate the curve of V0 from this
formula, at least up to t = 5 or 6 times g. I get the results
in the following table:-

�_11_½ _�1-2 ___3 ___4 _
V0/c

11

0·25

0·603

1-152

1·297

1·208

5

1·07

6

0-97

The inductance stops the current completely at first, so
that V0 is then zero. But, later on, the inertia of the current
in the coil causes V 0 to rise above its final permanent value,
which is e, and oscillate above and below it. An analogy in
heat diffusion would need something far-fetched to illustrate
the terminal condition and the inertia it brings in. A
mechanical analogy is plainer, as in § 215. Have a long
flexible elastic string of insensible mass suspended from fixed
supports in a viscous m:!c.lium which resists the transverse
motion of the string with a force varying as its velocity. Let

41

ELEdTRO:UAGNET!d THEORY,

CH. Vi.

the string be first in equilibrium. Then apply a force e close
to the fixed end. The string will at once be transversely dis
placed to a distance V0 , say, proportional to e, and the rest of
the string will follow suit in time, but without any vibration,
owing to the absence of inertia. This illustrates the case of
no terminal·inertia in the cable problem, V0 becoming e imme
diately, and V becoming e everywhere in the cable later.
But next attach a mass to the string at the place of appli
cation of the force, close to the fixed end. When the force is
applied it will now take time to fully displace the mass, which
will then swing past its equilibrium position and oscillate
about it. The attached mass corresponds to the coil in the cable
problem. The table on the preceding page shows the initial rise
of V0 and its passage beyond the value e to its first maximum,
and back again to a little below the equilibrium position.
The alternative formula is more difficult to obtain, and as
its derivation from the operational solution involves more
advanced ideas than have yet presented themselves, I will
merely give the result here. It is
4e
tJs
Vo=e- -E -t/2g COS-29
3

s
err(g)\l{1- 3.5.7 ((/)
2t + 3.5.7.9.11.13 (f/t)6 -.. . ,
1rt
2
}

+2

(3G)

which is useful in the later oscillatory part of the pheno
menon. The period is 41rg/
The descending series must
be counted up to the smallest term; but, of course, when it is
close to the beginning of the series, and the accuracy of cal
culation becomes impaired to the possible extent of the size
of the smallest term, or, more likely, to the extent of half its
size, the previous convergent series should be employed. The
oscillatory function in (3G) arises from the infinite series of
even powers of q in the operator when expanded in rising
powers of q, a matter to be returned to.

.fa.

The General Nature of Electrical Operators.
§ 245. I have worked out the above examples (except the
end of the last one) in a manner suited to one who has not
done any work of the kind before, with a considerable amount
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of detail in the transformations. But when the go of it is
perceived, the transforming work may be simplified by atten
tion to certain rules which are obeyed. So now, before pass
ing to problems of an elementary kind, concerning the propa
gation of effects to a distance, I interpolate some explanatory
remarks about operators in general. Later on, we may be
concerned with the theory of fractional differentiation.
Observe, in the above, that we first obtain the operational
solution, and that this is usually easily got and is of simple
form-at least in the examples used, which admit of generali
sation. Now, the operational solution is got by algebraical
processes, of the same nature as if we were dealing with
merely contluctive circuits, only replacing the resistances con
cerned by the appropriate resistance operators, though treat
ing them as if they were still resistances; that is, constants.
Thus, in getting (24) for example, if the condenser were a
a resistance, say Z, and the cable also a resistance, say z,
then the current due to e would be
Cu=-e-,
Z+z

(37)

obviously, and the potential on the right side of Z would be
e__
V0 =e- ZC0 = __
.
1 + Z/z

(38)

Now, in the real problem, we work in the same way, with
different meanings attached to Z and z. They become the
resistance operators. They are the functions of p, the time
differentiator, which take the place of resistance in the equa
tion V =RC; viz., Ohm's law applied to a simple conductor,
which connects the V and C thereof, V being the fall of poten
tial through R in the direction of C, the current. If this
becomes V = ZC when there is stored electric and magnetic
energy concerned, we call Z the resistance operator, because
it replaces resistance, and reduces to resistance in steady states.
That the Z's may be treated as resistances may be seen by
considering the nature of the well-known problem of a con
ductive net of wires. We have an equation V = RC for every
branch, or, more generally,

e+ V ,.,no,

(30)
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if e is an additional impressed force therein.
up along any path in the net, we get

If, then, we sum

:Se+ :S V = 2: RC.
But :S V is zero in any circuit, so we have

(40)

(41)
for every circuit in the net. This being the case, or, more
generally, (40) being true for any particular path in the net,
there is only one thing more required to determine C in all
the branches duo to all the e's, and that is the circuital nature
of the current itself, which connects together the values of all
the C's meeting at a junction, and makes :SC =0 there. The
problem is now determinate, and the algebra of simple equa
tions enables us to write uown the expression for the current
in any branch due to the impressed force in the same or
in any other branch. When it is a very complicated net
determinants are useful; but in most practical problems they
are a useless complication, and the work is easier without
them, and is more instructive from the physical point of view.
Now, instead of the branches of the net being simple con
ductors following Ohm's law in the above way, let them be
arrangements storing electric and magnetic energy-that is,
arrangements of condensers and coils; but still such that the
current in any branch is the same at both ends, and such that
there is no mutual action between one branch and another,
though there may be mutual action between the constituents
of a branch. Clearly, then, the currents, though now variable
with the time when the forces are steady, are subject to identi
cally the same conditions of continuity. But the equations of
voltage are changed. We now_have
e+ V=ZC
(42)
in any branch, where Z has to be found from its detailed struc
ture. Also

(43)

along any path in the net, and, :SV being zero in a circuit,

2:e=};ZC
(44)
in any circuit in the net. There is, therefore, a complete
formal s_imilarity between the problem of merely conductive
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circuits and the general one involving stored energy. Every
R becomes a Z. The equations which find the C's in terms
of the e's are, therefore, identically the same, only with the
R's replaced by Z's. These equations are the operational
solutions. So the rule is, work out the given problem as if
the independent branches were mere resistances ; then give to
the Z's their actual functional expressions in terms of p
and constants ; the result is the operational solution. It
follows that anybody can work out electrical problems of an
advanced nature so far as the operational solutions are con
cerned, by common algebra, assisted by electrical ideas. Nor
need he stop there, for the very important case of simply
periodic variations can be fully investigated by a continuation
of the algebra from the operational solution to the algebraical.
For, when a single simply periodic impressed e acts with fre
quency n/2rr, the poii-er of p2 in the operators is - n2 ; so, by
putting p = ni, we obtain an algebraical solution which may
be reduced to the simpie form (a+ bi) e, where the i signifies
p/n or d/d(nt). It is then fully realised.
Geometrical methods are sometimes used, involving the
rotation of vectors in a plane. Their value seems to me to be
principally illustrative. Their drawback is the great compli
cation of the diagrams that arise when we depart from very
simple problems, and the hard thinking and labour required
to work out results. The algebraical method, on the other
hand, works with admirable simplicity, even in complicated
problems. It is, however, only a special case of resistance
operators, in the general use of which we are not confined to
simply periodic variations, the e's being any functions of the
time in the operational equations. The application of these
operators is not confined to condensers and coils, but extends
to electromagnetism in general, with waves in conductors
and dielectrics, and dissipation in space, the ultimate reason
being the linear nature of the equations. Nor is it confined
to electrical problems, but applies generally to the mathe
matical sciences involving linear equations, and can be used
with advantage therein.
Returning to the network before considered, if a branch is
itself complex, its Z must be got by properly eliminating all
the internal V's and C's, so as to lead to a resultant equation
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V =ZC, where V is the voltage on and C the current fo the
branch as a whole-that is, at the terminals. But should
there be mutual influence between a branch and some other
one, a further generalisation is required, which presents no
difficulty save in the extra work involved, which, however, is
still of the same nature in treating p and functions of p as
constants for the time.
A remark should be made here about the figure in § 242.
The impressed force is put between the Z and earth. It is
therefore necessary that the current should be the same at
both ends of Z. But if we put the e between Z and the
cable, which will make no difference in the state of the cable
in the examples above, we can attack more general problems.
For Z may now have many branches; for example, a com
plicated arrangement of condensers and resistances like the
cable itself. Thus we shall have

C0 =

e

(R1 )½ + (R)l
__

Sip

(45)

Sp

when e is put between two cables, R1 and S1 being the constants
of the new one, on the left side. If R1/S1 = R/S, the current
is halved by the substitution of the second cable for direct
earth. To find V 0 , multiply by the resistance operator of the
first cable, viz., by (R/Sp) 1• To find V 11 the potential of the
beginning of the second cable, multiply by the negative of
(R1/S1p) 1, the resistance operator of the second cable. The
changed sign is necessary on account of the current being
from one cable to the other. If R1/S 1 =R/S, the potentials are
½e and - ½e, But in general they will not have the same
numerical value, though V 0 - V 1 =e always.
It should be understood that these potentials have nothing
indeterminate about them, like the electrostatic potential, for
they are really transverse voltages in the dielectric of the
cables. They are proportional to the displacement, and to
the c.harge, so that the diffusion of V in the cables is repre
sentative of the diffusion of the charge on the wires. No
constant can be added to this kind of V, of course, in our
problems, as it would introduce extra energy, having no con
nection with our impressed force.
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The Simple Waves of Potential and Current.
§ 246. Let us now pass to some simple cases concerning
effects produced at a distance. I remarked before that the
solutions concerning the effects produced on the spot by an
impressed force were the easiest to investigate. This is true
when the constraint on the spot (or terminal condition) is not
too complicated. But some cases of the effects produced at a
distance are quite easily examined operationally, provided the
terminal conditions are of the simplest kind.
Go back to § 240. To find V at x due to V0 at x=O, we
have the operational solution
(1)

This expands to
S

V = (1-qx+ (q.-i:)• - (qx ) + ...

I�

I�

)v

0

= (cosh qx- shin q.-i:) V0•

(2)

Here we have even and odd powers of q, so there is nothin;;
new in the way of operations. Taking V0 =e, constant, be
ginning when t=O, we may discard the even powers of q, and
write
V = (1- shin qx )e
=e-

(1 + (qx)• + (qx)' + ...) qxe,

I�

(3)

I�

and since this involves complete differentiatiom; performed
upon ql, which is known, the full algebraical result follows at
once:�=l-(RSx\ ! {l-!(RSx2) +-2....(RSx'\ 2 __
e
r.t}
3 4t
5� 4t-J

( 4)

• ·}·

This is an exceedingly important formula in diffusion, both
in itself and as the basis of other formulro, so we may as well
give some details about it.
If we differentiate to z we shall obtain the formula for the
current. Thus
RC= (RS ½ _ (RSx2\ + __! (RSx2) 2 _ ••
·}·
1
e
1rt ) {
4t--; � 4t
VOL. II.

(5)
E
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Here we recognise the exponential formula, so we may write
it finitely, thus,
RC= RS ½E -RSz2/4\
(6)
( )
e

1rt

which is another important formula in diffusion.
We got (5) by differentiating (4) to x. But if we please we
may get it in the same way from any of the previous opera
tional forms. For example, from (3) we obtain
RC= (1 + (<zx)• + (qx)' + ... )qe,
(7)

I!

l±

which gives rise to (5) or (6) on development.
Or we may start from the initial operational solution for
C, viz.,
RC= E-•xRC0= <""qe.
(8)
On expansion, this makes
RC= (cosh qx - shin qx)qt.
(9)
In developing V we rejected the cosh function, excepting
the constant term 1. · But now we must reject the shin func
tion, because (on account of the q factor) the even powers of
,q go with it. So we get
(l.lA )
RC = cosh qx . qe,
which is equivalent to (7). I give these variations to let the
reader see that the solutions do not arise by fortuitous acci
dent, but that there is a consistent fitting together.
That these solutions for V and C are the solutions may be
tested by their satisfying the necessary conditions: (1), the
characteristic; (2), the terminal condition; (3), the time con
-dition, that V and C are zero initially everywhere except at
the origin. The last, however, is troublesome numerically, on
account of the very slow convergence when t is small. But
the functions are well known, so there is no need to be
frightened.
The Error Function. Short Table.
§ 247. The V /e formula (4), observe, is a function of RS.v2/4t
='!/\ say. So we may write it

71

:=1-!½{v-{+��- �+ .. ,},

(10)

