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The following contains the leading points. We have to make four inde
pendent investigations: viz., to find (1), the initial inward wave; (2),
the initial outward wave ; (3), the inside solution after the recoil ; (4),
the outside solution ditto. We may indeed express the whole by a
definite integral, but there does not seem to be much use in doing so,
as there will be all the labour of finding out its solutions, and they are
what we now obtain from the differential equations.
Let El and E 2 be the E's of the inward and outward waves. Their
equations are
et

....................... (377)
-

.......................

(378)

W

are given by (309), the accent means differentiation to
where U and
the value at r = a.
To prove these, it is
r, and the suffix indicates
involve qr and e~ qr respectively, so
sufficient to observe that U and
that (377) expresses an inward and (378) an outward wave; and
further that, by (310), we have

W

E -E = e
z

l

at

r

= a,

always;

............... (379)

the sole boundary condition at the surface of curl of
which
Expanding (377), we get
is

3-- +

-

+ ...

e.

e>

(380)

where B + S is given by (309), and y = Sqa. Now, e being zero before
and constant after t = 0, effect the integrations indicated by the inverse
powers of p, and then turn t to t v where

The

result is

"~

....

.

"T^

a+

the structure of which

1

is

4

_.
sufficiently clear.

.......

Here

z:

(3

= vt-JSa.

This formula, when vt < a, holds between r = a and r = a - vt. But
when vt > a though < 2a, it holds between r = a and vt - a. Except
within the limits named, it is only a partial solution.
70. As regards E% it may be obtained from (381) by the following
- E on the left, and on the right
Change E: to
2
changes.
change zl
to

-z

2l

where

E

E

This 2 formula will
It is therefore unnecessary to write out
2
hold from r = a to r = vt + a, when vt<2a; but after that, when the
front of the return wave has passed r = a, it will only hold between
r=

vt-a and

vt

+

.

.
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Next to find E 3 the E in the cylinder when vt> a and the solumade up of two oppositely going waves, and E the external E
I have
after vt = 2a, when it is made up of two outward going waves.
utterly failed to obtain intelligible results by uniting the primary waves
with a reflected wave. But there is another method which is easier,
and free from the obscurity which attends the simultaneous use of U
and W. Thus, the equations of E B and E are
71.

tion

,

is

(382)
.............

(383)

and a necessity of their validity is the presence of two waves
;
inside the cylinder, because of the use of / and J^ ; it is quite inadmissible to use J when only one wave is in question, because J^ = 1
when r = 0, and being a differential operator in rising powers of p, the

by (367)

E

meaning of (382) is that we find E^ at r by differentiations from B at
r = 0; thus (382) only begins to be valid when vt = a.
To integrate (382), (383), it saves a little trouble to calculate the
time-integrals of

E3 and E4 say
A =-p-*E3
,

The

-

results are

A,=

,

3

-p-^E, ........

.

.......

(384)

e

A s = /<. -(vW-arf,

........................ (385)

^' 1................ (386)
From

these derive

E3

and

E

by

time-differentiation,

and

H H

4

3,

by

to
space-differentiation, according

pK,

We

see that the value of

or

H=---^

E3 at the axis, say E
EQ = evt(v*P-a2 )~*;

,

is

and by performing the operation J0r in (385) we produce,

-Ao = -\ u + ~(-

(387)

(388)
if

u=

2

(v*t

- a2

)*,

-

-

(3

from which we derive

(390)

These formulae commence to operate when vt = a at the axis, and when
i)t = a + r at
any point r < a, and continue in operation for ever after.
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72. Lastly,

A4 =

a2

perform the operation (2/sa)Jla in (386), and we obtain

*ri + -( 8 V

2v [_u

l

u

45a 6

+
4.

3

3(W

+ ^-\ + !*(*.5
u* )

5

/

36.64V'

^+

7

64\M

u

~

315^
"~^~

135v2 / 2

^9

35 * ;4 *4 \

~~?~/
231 tW\

P

~1

+

/

"__]'

from which we derive
15?4)

1

These begin to operate
from r = a to r = vt - a.

at r

= a when

vt

= 2a

;

and

later,

.

(392)

the range

is

This completes the mathematical work.
As a check upon the
accuracy, we may test satisfaction of differential equations, and of
the initial condition, and that the four solutions join together with
the proper discontinuities.
73. The following is a general description of the manner of establishput on e in the cylinder when t = 0. The
ing the steady flux.
= \e, at the surface, and H^ = EJpv.
first effect inside is
This
1
primary disturbance runs in to the axis at speed v, varying at its
front inversely as the square root of the distance from the axis, thus
is
producing a momentary infinity there. At this moment t = a/v,
l
In the meantime, l ,has been increasing
also very great near the axis.
generally all over the cylinder, so that, from being \& initially at the
boundary, it has risen to '77 e, whilst the simultaneous value at r - ^a

We

E

E

E

is

about *95

e.

Now

consider
tinuation of

E

3

within the cylinder,

it

being the natural con-

Ey The large values of E1 near the axis subside with
immense rapidity. But near the boundary El still goes on increasing.
The result is that when vt = 2a, and the front of the return-wave reaches
the boundary, Ez has fallen from oo to l'154e at the axis; at r = Jo.
the value is 1-183 e; at r = fa it is 1-237 e; and at the boundary the
value has risen to 1-71 e, which is made up thus, 1-21 e + ^e; the first
of these being the value just before the front of
the second part the sudden increase due to the
a minimum at the axis and rises towards the
part of the rise being near the wave-front.
= and consider the
Thirdly, go back to

the return-wave arrives,
is now
wave-front.
s
wave-front, the greater

E

outward wave.
First,
=
This runs out at speed v, varying at the front
% e at r a
As it does so, the 2 that succeeds rises, that is, is
inversely as ri
Thus when vt = a, and the front has got to r = 2, the
less negative.
Still later, as
values of E.2 are - '232 e at r = a and - -353 e at r = 2a.
-^2

-

this

~~

-

E

wave forms

fully, its

hinder part becomes positive. Thus, when
have E z = - -288 e at r = 3a ;
This is at the moment when

= 3a, we
fully formed, with front at r
- '14:5 e at r = 2a; and '21 e at r = a.

the return-wave reaches the boundary, as already described.

ON ELECTROMAGNETIC WAVES.

PART

VI.

465

E

The subsequent history is that the wave 2 moves out to infinity,
being negative at its front and positive at its back, where there is
a sudden rise due to the return-wave E^ behind which there is a rapid
fall in
E^ not a discontinuity, but the continuation of the beforementioned rapid fall in E3 near its front.
The subsidence to the
steady state in the cylinder and outside is very rapid when the front
= 1-022 e
of E4 has moved well out.
Thus, when vt = 5a, we have
3

E

= a, and of course, just outside, we have E4 = '022e; and when
= a.
vt = l(k, we have E = 1 -005 e, E = -005
e, at r
3
4
As regards H, starting when t = with the value e/2pv at r = a only,
at the front of the inward or outward wave it is E =
pvH, as usual.
at r

It is positive in the cylinder at first, and
Outside, it is first positive for a short time,

then changes to negative.
and then negative for ever

after.

We

74.

not be

can

now

employed

e Q of e can
solutions in general, whilst
of curl e can be so employed.
For, in the latter

see fully
to build up

why

the solution for a filament

more complex

that for a filament /
case, the disturbances come, ab initio, from the axis, because the lines
of curl e are the sources of disturbance, and they become a single line
at the axis.
But in the former case it is not the body of the filament,
but its surface only, that is the real source, however small the filament
may be, producing first E negative (or against e) just outside the
Now when the diameter
filament, and, immediately after, E positive.
of the filament is indefinitely reduced, we lose sight altogether of the

preliminary negative electric and positive magnetic force, because their
duration becomes infinitely small, and our solutions (372) show only
the subsequent state of positive electric and negative magnetic force
during the settling down to the final state, but not its real commencement, viz., at the front of the wave.
75. The occurrence of momentary infinite values of E or of H, in

problems concerning spherical and cylindrical electromagnetic waves,
physically suggestive.
By means of a proper convergence to a point
or an axis, we should be able to disrupt the strongest dielectric, starting
with a weak field, and then discharging it.
Although it is impossible
to realize the particular arrangements of our solutions, yet it might be

is

practicable to obtain similar results in other ways.*
It may be remarked that the solution worked out for an infinitely

*

we wish

the solution for an infinitely long cylinder to be quite unaltered,
of finite length I, let at z = Q and z = l infinitely conducting barriers be
placed.
Owing to the displacement terminating upon them perpendicularly, and
the magnetic force being tangential, no alteration is required. Then, on taking
off the impressed force, we obtain the result of the discharge of a condenser
consisting of two parallel plates of no resistance, charged in a certain portion
only ; or, by integration, charged in ?ny manner.
To abolish the momentary infinity at the axis, in the text, substitute for the
surface distribution of curl of e a distribution in a thin layer.
The infinity will
If

when

be replaced by a large finite value, without other material change. Of course the
theory above assumes that the dielectric does not break down. If it does, we
change the problem, and have a conducting (or resisting) path, possibly with
oscillations of great frequency if the resistance be not too great, as Prof. Lodge
believes to be the case in a lightning discharge.
H.E.P.
VOL. II.
2o
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to a certain extent, the solution
for instance, the length is 21, and
the radius ft, disturbances from the extreme terminal lines of f (or curie)
2
2
only reach the centre of the axis after the time (a + l )*/v, whilst from

long cylinder of longitudinal e

is also,

for a cylinder of finite length.

If,

the equatorial line of f the time taken is a/v, which may be only a little
If large, it
less, or very greatly less, according as I/a is small or large.
is clear that the solutions for E and H in the central parts of the
cylinder are not only identical with those for an infinitely long cylinder
until disturbances arrive from its ends, but are not much different
afterwards.
Cylindrical Surface of Longitudinal

f,

a Function of

and

t.

When there is no variation with 0, the only Bessel functions concerned are JQ and Jr
The extension of the vibratory solutions to
76.

include variation of the impressed force or its curl as cos 6, cos 20, etc.,
so easily made that it would be inexcusable to overlook it.
Two
Let the curl of the
leading cases will be very briefly considered.
impressed force be wholly upon the surface of a cylinder of radius a,
longitudinally directed, and be a function of t and 6, its tensor being/,
the measure of the surface-densitj'.
is also longitudinal, of course,
whilst E has two components, circular
and radial F. The connections
are
is

H
E

from which the characteristic of

r
if s2

=

2
-^2/v and

w2 =

- d2

2

/d0

constant, and the

is

*
Jmr or
whilst the

Jm (sr)

is

the

-0 ..................... (394)

r /

Consequently

.

)

cos

mB

x function of

E/H operator

t

............ (395)

is

IJLrlgk
cpJmr -yGj

H
if

is

\

H= (Jmr -yGmr
when m?

H

dH

d

1

m

th

Bessel-function,

...(396)

and

Gmr

its

companion,

'

means d/dr.
The boundary condition

is

Ei = E*-f

r=

at

a,

....................

(397)

E

the outside value of the force of the flux.
being the inside,
2
Therefore, using (396) with ?/ = inside, we obtain

E-i

= 0, according to (307), and
a constant, being ?r/2 when
size.
G^ has the proper numerical factor to fix its
see that if

where x
always

We

is

?r/2 if

m
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the whole external

/..-o.

= 0,

or there is no variation with 0, the impressed force may be
l
circular, outside the cylinder, and varying as r~
If
the
force
be
1,
transverse, within the cylinder,
impressed
may
and of uniform intensity.
If

77i

.

m=

e Circular, a Function of 6

Conducting Tube,

and

t.

This

is merely chosen as the easiest extension of the last case.
there be two cylindrical surfaces of f, infinitely close together.
They will cancel one another if equal and opposite, but if we fill up the
space between them with a tube of conductance
per unit area, we get
the case of e circular in the tube, e varying with 6 and t, and produce a
Let a be
discontinuity in H (which is still longitudinal, of course).
the common value of
just outside and inside the tube ; e + a is then
the force of the flux in the substance of the tube, and

77.

In

it let

K

E

E

E

........................ (399)

the discontinuity equation, leads, by the use of (396) and the conjugate
property of Jm and G-m as standardized* in the last paragraph, through

to the equation of

EM

viz.,

...(400)
ira

from which we see that

it is

Lt/maVt/tna

J^ =

that

#w

w_

now makes

the external field

vanish.
78. This concludes
treatment of electromagnetic waves in relation
to their sources, so far as a systematic arrangement and uniform method
is concerned.
Some cases of a more mixed character must be reserved.

my

It is scarcely necessary to

remark that

all

the dielectric solutions

may

be turned into others, by employing impressed magnetic instead of
electric force.
The hypothetical magnetic conductor is required to
obtain full analogues of problems in which electric conductors occur.
August

10, 1888.

*

take Stokes's formula for

[If

we

Jmt

thus

then the substitution of sin for cos and - cos for sin will give the Om function
standardized as in the text.
Also note that the infiniteness of G when /3 is
omitted, referred to in footnote p. 445, arises when q* is + ].
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THE GENERAL SOLUTION OF MAXWELL'S ELECTROMAGNETIC EQUATIONS IN A HOMOGENEOUS ISOTROPIC MEDIUM, ESPECIALLY IN REGARD TO THE
DERIVATION OF SPECIAL SOLUTIONS, AND THE
FORMULAE FOR PLANE WAVES.

XLIV.

[Phil.

Mag., Jan. 1889,

p. 30.]

Equations of the Field.
difficulty of applying them to practical problems,
general solutions frequently possess little practical value, yet they may
be of sufficient importance to render their investigation desirable, and
to let their applications be examined as far as may be practicable.
The
first question here to be answered is this.
Given the state of the whole
electromagnetic field at a certain moment, in a homogeneous isotropic
conducting dielectric medium, to deduce the state at any later time,
arising from the initial state alone, without impressed forces.
The equations of the field are, if p stand for d/dt,

ALTHOUGH, from the

1.

(1)
......................... (2)

the first being Maxwell's well-known equation defining electric current
in terms of the magnetic force H, k being the electric conductivity and
c/4?r the electric permittivity (or permittance of a unit cube condenser),
and E the electric force ; whilst the second is the equation introduced

by me*

as the proper companion to the former to make a complete
system suitable for practical working, g being the magnetic conductivity
and the magnetic inductivity. This second equation takes the place
//,

of the two equations

curlA = /xH,

E=-A-W,
A

.................. (3)

of Maxwell, where
is the electromagnetic momentum at a point, and
Mf the scalar electric potential. Thus
are murdered, so to
and
As regards g,
speak, with a great gain in definiteness and conciseness.
however, standing for a physically non-existent quality, such that the
medium cannot support magnetic force without a dissipation of energy
at the rate </H 2 per unit volume, it is only retained for the sake of
mathematical completeness, and on account of the singular telegraphic
application in which electric conductivity is made to perform the
functions of both the real k and the unreal g.

^

A

Let
v

The speed

of propagation of all disturbances

= (i*c)-*.\

is V,

due to the two conductivities depend upon
determines the distortion due to conductivity.
effects

*

"

Electromagnetic Induction and

3, 1885,

and

later [vol.

i.,

p. 449.]

its

........... (4)

and the attenuating
or
ft and p 2 whilst
,

Propagation," The Electrician, January
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General Solutions.

Let

2.

<f

denote the operator
2

?
or, in full,

=

-(fl curl)

when operating upon E

2

+ o-2

........................... (5)

;

for example,

E.

..

................... (6)

"

be easily found by ordinary " symbolical work which
it is not
necessary to give, that, given B H the values of E and H
when = 0, and satisfying (1) and (2), those at time t later are given by

Now

may

it

,

,

rf

E=
.-/"[(cosh

gt-* sinh

+

^*

.

gffi

^H

],

]
'

H-

qt

+ "- sinh 2

/)H

.-.'[(cosh

A

sufficient

proof

is

- 22*1'

.

the satisfaction of the equations

the two initial conditions.
An alternative form of (7)

'

^41. J
(1), (2),

and of

is

E = e-

showing the derivation of E from E and ^?E in precisely the same way
In this form of solution the initial values of
as H from H and ^H
^E and pE Q occur. But they are not arbitrary, being connected by
equations (1), (2). The form (7) is much more convenient, involving
only E and H as functions of position, although (la) looks simpler.
The form (7) is also the more useful for interpretations and derivations.
and H be given as continuous functions admitting of
If, then, E
.

the performance of the differentiations involved in the functions of g2
The original field should there(7) will give the required solutions.
fore be a real one, not involving discontinuities.
shall now con,

We

sider special cases.
Persistence or Subsidence of Polar Fields.

We

by (7) that the E resulting from
depends
or on the initial electric current, and, similarly,
due to E depends solely upon its curl, or on the magnetic
that the
Notice also that the displacement due to
current.
is related to
in the same way as the induction -f - 4?r due to E is related to E
Or, if it be the electric and magnetic currents that are considered, the
displacement due to electric current is related to it in the same way as
the induction -f 4?r due to magnetic current is related to it.
due to
Observe, also, that in passing from the E due to E to the
the sign of o- is changed.
which has no curl, or a polar magnetic
By (7), a distribution of
3.

solely

H

see immediately

upon

its curl,

H

H

H

.

H

H

,

H

field,

does not, in subsiding, generate electric force

;

and, similarly, a
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Let

polar electric field does not, in subsiding, generate magnetic force.
theu E and H be polar fields, in the first place. Then, by (5),

ji^o*
that is, a constant;
solutions to

and, using this in

E=E

(7),

H=H

6- 2 /tf,

we reduce

the general

-2/v ..................... (8)

The subsidence

of the electric field requires electric conductivity,
that of the magnetic field requires magnetic conductivity ; but the two
phenomena are wholly independent. The first of (8) is equivalent to
Maxwell's solution.* The second is its magnetic analogue.
As, in the first case, there must be initial electrification, so in the
"
second, there should be
magnetification," its volume-density to be

measured by the divergence of the induction -f 4:r. Now the induction
can have no divergence. But it might have, if g existed.
There is no true electric current during the subsidence of E and
there would be no true magnetic current during the subsidence of H
In both cases the energy is frictionally dissipated on the spot, or there
is no transfer of energy, f
The application of (8) will be extended
,

.

later.

Circuital Distributions.
4.

By

distribution, I mean one which has no divergence
of force vanishing at infinity may be uniquely
fields, one of which is polar, the other circuital ; the

a circuital

Any

anywhere.

|

field

divided into two
proof thereof resting upon Sir

W. Thomson's well-known theorem of
Determinancy. Now we know exactly what happens to the polar fields.
Therefore dismiss them, and let E and H be circuital. Then
.............................. (9)

V is the usual Laplacean operator. Of course coshqt and
2
sinh
so that if the differentiations are
q~
qt are rational functions of q
we
shall
obtain
the
solutions out of (7).
possible
where

2

l

,

Distortionless Cases.

Let the subsidence-rates of the polar
be equal.
We then have
5.

o-

= 0,

2

=

2

-(flcurl)

,

electric

p

and magnetic

= 4:7r]c/c = 4:irg/fJL,

fields

..... (10)

in the solutions (7).
The fields change in precisely the same manner
as if the medium were nonconducting, as regards the relative values at
different places
*

Vol.

i.

;

that

is,

there

is

no distortion due

chap, x., art. 325, equation

to the conductivities;

(4).

t This is of course obvious without any reference to Poynting's formula. The
only other simple case of no transfer of energy, which had been noticed before that
formula, is that of conduction-current kept up by impressed force so distributed as
to require no polar force to supplement it.
t [Lord Kelvin's word "circuital"

is

here substituted for "purely solenoidal."]
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*

exbut there is a uniform subsidence all over brought in by them,
e
This property I have explained by showing
pressed by the factor e~^
the opposite nature of the tails left behind by a travelling plane-wave
according as a- is + or
The above applies to a homogeneous medium. But if, in
.

.

curl(H-h) = (47r& + cp)E,
curl(e-E) = (4arg + pp)R,
differing from
h,

we

........................ (la)
................. .......

(2a)

(1), (2) only in the introduction of impressed forces e

and

write

(H,h, E,

we reduce them

to

and these,
That is,

= 0,

if o-

e)

= (H h B lf
15

lf

eje-/*,

are the equations of a nonconducting dielectric.

p = 47T&/C = 47r<7//z = constant
the required condition.
Therefore c and //. may vary anyhow, indeThe impressed forces
pendently, provided k and g vary similarly.!
should subside according to e-'", in order to preserve similarity to the
phenomena in a nonconducting dielectric.
Observe that there will be tailing now, on account of the variability
is

of

(fi/c)*

or

[j.v.

That

is,

there are reflexions and refractions due to
is that they are of the same nature

change of medium. The peculiarity
with as without conductivity.

First Special Case.

and g = Q that is,
is given by taking fi =
a real conducting dielectric possessing no magnetic inductivity, in which
If the initial field be polar, then
k/c is constant.
6.

A special case

of (11)

E = EoC -^,

',

H = 0.

........................

(12)

This extension of Maxwell's before-mentioned solution I have given
before, and also the extension to any initial field, and the inclusion of
impressed forces. J The theory of the result has considerable light now

thrown upon

it.

If the initial field be arbitrary, the circuital part of the flux displace-

ment disappears instantly, therefore (12) is the solution, provided E
means the polar part of the initial field that is, E must have no curl,
and the flux cE /47r must have the same divergence as the arbitrarily
;

given displacement.
Now an impressed force e produces a circuital flux only. Therefore
it produces its full effect and sets up the appropriate steady flux instantaneously ; and all variations of e in time and in space are kept
*
"Electromagnetic Waves," Part I., 7 [p. 381, vol. IT.].
t In 4 of the article referred to in the last footnote the property was described
only in reference to a homogeneous medium.
"
"
J
Electromagnetic Induction [vol. T., p. 534].
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time to without lag by the conduction-current in spite of the

electric

displacement.
This property is seemingly completely at variance with ideas founded
upon the retardation usually associated with combinations of resistances
and condensers. But, being a special case of the distortionless theory,
we can now understand it. For suppose we start with a nonconducting
dielectric, and put on e uniform within a spherical portion thereof, and
send out an electromagnetic wave to infinity and set up the steady flux.
On now removing e, we send out another wave to infinity, and the flux
Now make the medium conducting, with both conductivities
vanishes.
balanced, as in (10).
Starting with the same steady flux, its vanishing
will take place in the same manner precisely, but with an attenuationNow gradually reduce g and //, at the same time, in the
factor -P*.
same ratio. The vanishing of the flux will take place faster and faster,
and in the limit, when both //. and g are zero, will take place instantly,
not by subsidence, but by instantaneous transference to an infinite
distance when the impressed force is removed, owing to v being made
infinite.

Second Special Case.

= and c = ; that is,
clearly a similar property when k
in a medium possessing magnetic inductivity and conductivity, but
deprived of the electric correspondences. Thus, when #//x is constant,
the solution due to any polar field H is
7.

There

is

H=H
wherein

/>

=

4irg/p.

But a

-*,

E = 0;

(13)

circuital state of /xH disappears at once,

by

instantaneous transference to infinity. Thus any varying impressed
force h is accompanied without delay by the corresponding steady flux,
the magnetic induction.
When the inertia associated with //, is considered, the result is rather
It appears, however, to belong to
striking and difficult to understand.
If a coil in
the same class of (theoretical) phenomena as the following.
which there is an electric current be instantaneously shunted on to a
second coil in which there is no current, then, according to Maxwell,
the first coil instantly loses current and the second gains it, in such a
way as to keep the momentum unchanged. Now we cannot set up a
But the
current in a coil instantly, so that we have a contradiction.
disagreement admits of easy reconciliation. We cannot set up current
In
instantly with a finite impressed force, but if it be infinite we can.
the case of the coils there is an electromotive impulse, or infinite electromotive force acting for an infinitely short time, when the coils are connected, with corresponding instantaneous changes in their momenta.

A

energy is involved.
scarcely necessary to remark that the true physical theory
involves other considerations, on account of the dielectric not being
infinitely elastive, and on account of diffusion in the wires ; so that
we have sparking and very rapid vibrations in the dielectric. The
which is not wasted in the spark, and which would go out to
loss of

It is

energy
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infinity were there no conducting obstacles, is probably all wasted
practically in the heat of conduction-currents in them.

Impressed Forces.
8. Given initially E
and H
must either remain constant or

,

we know

that the diverging parts

and are, in a manner, selfcontained; but the circuital parts, which would give rise to waves,
may be kept from changing by means of impressed forces e and h
Thus, let E and H be circuital. To keep them steady we have, in
Thus
equations (1), (2), to get rid of^E and^?H.
curl (H - h ) = 47rE
\
subside,

.

,

-E -fcftyj"
fields E and H
these

curl(e
are the equations of steady

)

,

being the forces of

Or

the fluxes.

curl

h

curl e

= curl H - 47rE 1
= curl EO + ^H,,,/''
,

give the curls of the required impressed forces in terms of the given
and any impressed forces having these curls will suffice.
which had
Now, on the sudden removal of e h the forces E
hitherto been the forces of the fluxes, become, instantaneously, the
forces of the field as well.
That is, the fluxes themselves do not change
suddenly, except in such a case as a tangential discontinuity in a flux
produced at a surface of curl of impressed force, when, at the surface
itself, the mean value will be immediately assumed on removal of
the impressed force.
know, therefore, the effects due to certain
distributions of impressed force when we know the result of leaving
the corresponding fluxes to themselves without impressed force.
It is,
however, the converse of this that is practically useful, viz., to find the
result of leaving the fluxes without impressed force by solving the
problem of the establishment of the steady fluxes when the impressed
forces are suddenly started ; because this problem can often be attacked
in a comparatively simple manner, requiring only investigation of the
appropriate functions to suit the surfaces of curl of the impressed
forces.
The remarks in this paragraph are not limited to homogeneity
fluxes,

,

,

,

H

,

We

and

isotropy.

Primitive Solutions for Plane Waves.

s
9.

If

we

that both

take z normal to the plane of the waves, we may suppose
have x and y components. This is, however, a

E and H

wholly unnecessary mathematical complication, and it is sufficient to
suppose that E is everywhere parallel to the -axis, and H to the y-axis.
The specification of an initial state is therefore E Q jET the tensors
,

E

and H, given as functions of z; and the
become
of

Now

,

circuital equations (1), (2)

-dH/dz = (7rk + cp)E,
-dE/dz=(47rg + w)H.
the operator q 2 in (5) becomes

(15)
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where by

V we may now

understand d/dz simply.

Therefore, by

(7),

the solutions of (15) are

When

te

the initial states are such as ae
or acosbz, the realization is
immediate, requiring only a special meaning to be given to q in (17).
2
But with more useful functions-, as ae~ 62 etc., etc., there is much work
to be performed in effecting the differentiations, whilst the method
fails altogether if the initial distribution is discontinuous.
But we may notice usefully that when
and Q are constants the
solutions are
,

'

,

H

E

E = c-WEQ

tf=-WJEr

,

................. (18)

oi

which are quite independent of one another.

Further, since disturb(IS) represents the solutions in any region in
which Q and
are constant, from i =
up to the later time when a
disturbance arrives from the nearest plane at which
or
varies.
Q

ances travel at speed

H

E

v,

H

E

Fourier-Integrals.
10.

Now

transform (17) to Fourier-integrals.

We

have Fourier's

theorem,

f(a)cosm(z-a)dmda,
and therefore

2

<{>(V )f(z)

=[

f

f(a)<j>(

.............

- m 2 ) cos m(z - a) dm da

;

(19)

(20)

^J o J -*

applying which to (17)

E=

I

in which,

by

da\

L

JoJ-

=

E

dm

I

""

dm

(16),

da\

we

obtain

E

cos m(z

Q

- a)( cosh - -sinhW
2

(21)

H cos m(z - ft)^cosh + -sinh \g
f = <r*-m*v*,

H

..............................

E

H

(22)

are to be expressed as functions of a, whilst
and
and
belong
Q
Discontinuities are now attackable.
to z.
The integrations with respect to
may be effected. In fact, I have
done it in three different ways. First by finding the effect produced by
impressed force. Secondly, by an analogous method applied to (17),
transforming the differentiations to integrations. Thirdly, by direct
The first method
integration of (21) ; this is the most difficult of all.
,

m
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a short statement of the other two

Transformation of the Primitive Solutions (17).

we naturally consider the functions of qt to be expanded
2
2
powers of q and therefore of V leading to differentiations to
But if we expand them in
be performed upon the initial states.
descending powers of V, we substitute integrations, and can apply them
In (17)

11.

in rising

,

,

to a discontinuous initial distribution.
The following are the expansions required

'

where the

TJ

=

i,

=
/'s

,-rx-

,,

/^x-

are functions of (vVt)~ l given

v^Tl _*fr+l)
2vtV

,

:

- (23)
,

by

r(rM2)(r+2)

r(^-18)(r^2')(r+3)

2A.(vtV)*

2.4.6(^V)3

1

~J

r which
being in fact identically the same functions of vrfV as those of
occur in the investigation of spherical waves.
[See p. 406, vol. II.]

Arranged

in

powers of

s

= o-/vV, we have

(25)

= ^V( 1+s/ii + s2^ +<<>)
where

"

"2T"

8

1

2.4.6.8'

^6= --T* + T<r^-2- 2 .4.6.8 + 274777T2

~1^~
*

4

2

2. 4.6

^2.4.6.8.10

;

2*.5.6

"Electromagnetic Waves," Part IV.

[p. 428, vol. II.].
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The following properties of the g's and ^'s are useful.
that g and h are unity, we have
gr + <rtgr+1

^f-gr+ t +

+

. . .

= 0.

when

r

is

Understanding

odd,

I?

and when r

is

=
except r 0,

= 1.3.5. ..(?-!)( -l) ir

even,

...(28)

-

= / (o^).

when
/

[Also, hr

when

r is odd,

but

not wanted), and

the/'s*

is

zero

when

be given by (25),

will

/o

=1

r is

even (except r = 0, which case

= - iJ^a-ti) when r = 1.] Now if
*(l+oV?) = e^(l+ S/1 + sy2 +...),
/i

>

................

is

(30)

viz.,

/2 = #i + ^2>

= 00 + ^1*

et c-;

......... (31)

and the properties of the/'s corresponding to (28), (29) are
*

+(

...-"

^fr+,+
=

and

1

.

3. 5

.

. .

=
(r

when r-0,

when

r

is

even, except

;

\

/

r is odd, with the + sign for r=l, 5, 9, ..., and the - sign for
The first case in (32), of r = 0, is very important. But in
the rest.
case r= 1, the coefficient in (33) is + 1 ; thus,

when

Special Initial States.
1

2.

Now let there be an initial distribution of H

only, so that,

by (17),

(34)

by

(17).

Let

H

Q

side of the origin,

The operator

be zero on the right side and constant on the left
and let us find
and E at a point on the right side.

e vfv is

H

inoperative, so that,

by

(30),

- Sf1+ s2/2 -s3/3 +
* These

fs

are the same as in my paper
but s there is a here.
;

[vol. ii., p. 384]

"On

...)#<

1

/
'

Electromagnetic Waves,"

35)

8
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the immediate integration of which gives

K-/i(

1

~

-J

*

f

...(36)

To obtain the
due to
constant from z = - co to 0, use the first
of (36) ; change
to E^ and change the sign of o-, not
to E,
To obtain the corresponding
due to
use
forgetting it in the f's.
the second of (36) ; change
to H,
to
and /* to c. So
Q

E

E

H

H

E

H

E

H

E

,

,

where the accent means that the sign of a- is changed in the f's.
From these, without going any further, we can obtain a general idea
of the growth of the waves to the right and left of the origin, because
the series are suitable for small values of vt.
But, reserving a description till later, notice that
in (37) must be true on
in (36) and
both sides of the origin ; on expanding them in powers of z we consequently find that the coefficients of the odd powers of z vanish, by
the first of (28), and what is left may be seen to be the expansion of

H

E

.................. (38)

the complete solution for

E

due to

H

.

Similarly,
.................. (39)

H

E

the complete solution for
In both cases the initial
due to
was on the left side of the origin; but, if its sign be
reversed, it may be put on the right side, without altering these

is

.

distribution

solutions.

Similarly, by expanding the first of (36) and first of (37) in powers
of z we get rid of the even powers of z, and produce the solutions
given by me in a previous paper,* which, however, it is needless to
write out here, owing to the complexity.

Arbitrary Initial States.
13. Knowing the solutions due to the above distributions, we find
differentiation to z:
da at the origin, or
those due to initial
Q da, by

E

*"

Electromagnetic Waves,"

H

8 [vol. n., p. 383],
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and

we do not need the firsts of (36) and (37), but only the
The results bring the Fourier-integrals (21) to

for this

seconds.

E . f-

z+vt

(40)

H=

p = d/dt,

where

V = d/dz,

Another interesting form

got by the changes of variables

is

These lead to
T

w>0

~ P* ( TT ^
I

I

"

^fJin

tytl

W^/^l'))
\ T JY

V

\

\*\t?
I

'I
...(42)

The connexions and

dW

partial characteristic

dU

a-

a-

ofUorW are

r

r

(43)

and

this characteristic has a solution

(44)

where

m

is

any

+

We

be reversed.

integer, and in which the sign of the exponent may
have utilized the case m = only.

Evaluation of "Fourier-Integrals.

The

effectuation of the integration (direct) of the original Fourierintegrals will be found to ultimately depend upon
14.

provided

vt

>

z,

where, as before,
(f-

By

equating

coefficients of

2 fsinh

=
except with r

(45)

v

q

;

.

2
powers of z in (45)

gt^fa

then

= o-2 - m2v2

_ ^1 .3.5.(2r =v~ l JQ (a-fi).

1)

we

get

J>^

.............. (46)
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(45),

expand the ^-function

powers of

in

o-

2
.
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Thus,

symbolically written,
sin

the operand being in the brackets, and
to t with respect to t.
Thus, in full,

Now

the value of the

v~ l

,

first

or

4

l

when

integration from

sinm^
2j,'- mv

mvt

er

2

(\

~.

...(48)

o

term on the right

0,

(47)

p~ meaning

"sin

2

mvi

mv

\

q

z is

is

or

<,

>vt.

Thus, in (48), if z>vt, since the first term vanishes, so do all the rest,
because their values are deduced from that of the first by integrations
Therefore the value
to t, which during the integrations is always <z/v.
In another form,
of the left member of (45) is zero when z>vt.
disturbances cannot travel faster than at speed v.
But when z < vt in (48), it is clear that whilst if goes from to t or
to z/v, and then from z/v to t, the first integral is zero from
to
from
Therefore the second term is
z/v so that the part z/v to t only counts.
t

ma

The

third

is,

mv

similarly,

and so

on, in a uniform manner, thus proving that the successive terms
of (48) are the successive terms of the expansion of (45) (right member)
in powers of o-2 ; and therefore proving (45).
The following formulse occur when the front of the wave is in

question, where caution

is

needed in evaluations

:

, A

sinh

a-t

_ 2 rsinmvt

o-

7rJ

m

*\

(49)

m
sinh

qt^

q

Interpretation of Results.
15.

may

Having now given a condensation of the mathematical work, we
meaning and application of the formulae.

consider, in conclusion, the
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In doing

so,

we

shall be greatly assisted by the elementary theory of a
It is not merely a mathematically analogous theory,

telegraph circuit.

but

in all respects save one, essentially the same theory, physically,
is of a remarkable character.
Let the circuit

is,

and the one exception

consist of a pair of equal parallel wires, or of a wire with a coaxial tube
for the return, and let the medium between the wires be slightly
Then, if the wires had no resistance, the problem of the
conducting.
transmission of waves would be the above problem of plane waves in a
real dielectric, that

is,

magnetic conductivity;

The

with constants
and
c,
g = Q in the above.
//.,

k,

but without the

i.e.

fact that the lines of

magnetic and

electric force are

no longer

But it is, for convenience, best to take
straight is an unessential point.
be the
as variables, not the forces, but their line-integrals.
Thus, if
across the dielectric between the wires,
takes the
line-integral of

V

V

E

Then JcE, the density of the conduction-current, is replaced
is the conductance of the dielectric per unit
by KVj where
length of
and cE/4:7r, the displacement, becomes SV, where S is the percircuit

place of E.

K

;

The density of electric current
mittance per unit length of circuit.
Also SV\& the charge per unit length
cpE/^Tr is then replaced by SpV.
of circuit.
Next, take the line-integral of H/4ir round either conductor for
It is (7, usually called the current in the wires.
the induction, becomes LC ; where LC is the momentum
length of circuit, L being the inductance, such that

magnetic variable.

Then
er

A

/*//",

unit

more convenient transformation

(to

minimize the trouble with

47r's) is

E to

V,

E to C,

p

to L,

c

to S,

hrk to K.

Now, lastly, the wires have resistance, and this is without any representation whatever in a real dielectric.
But, as I have before shown,
the effect of the resistance of the wires in attenuating and distorting
waves is, to a first approximation (ignoring the effects of imperfect
penetration of the magnetic field into the wires), representable in the
same manner exactly as the corresponding effects due to #, the
hypothetical magnetic conductivity of a dielectric.* Thus, in addition
to the above,
becomes

R,

R

being the resistance of the circuit per unit length.
16. In the circuit, if infinitely long and perfectly insulated, the total
charge is constant. This property is independent of the resistance of
If there be leakage, the charge Q at time t is expressed in
the wires.
terms of the initial charge Q b}7

independently of the way the charge redistributes itself.
In the general medium, the corresponding property is persistence of
* " Electromagnetic Waves,"

6 [p. 379, vol. n.].
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displacement, no matter how it redistributes itself, provided k be zero,
whatever g may be. And, if there be electric conductivity,

E/f
00

D<fe-(\J-0

D

D

that at time t, functions of z.
is the initial displacement, and
In the circuit, if the wires have no resistance, the total momentum
remains constant, however it may redistribute itself. This is an extension of Maxwell's well-known theory of a linear circuit of no resistance.
The conductivity of the dielectric makes no difference in this property,
though it causes a loss of energy. When the wires have resistance,
then

where

f

J-o

expresses the subsidence of total momentum ; and this is independent
of the manner of redistribution of the magnetic force, and of the leakage.
In the general medium, when real, the corresponding property is persistence of the induction (or momentum) ; and when g is finite,

f

J

-

I may remark that, in my interpretation of Maxwell's
not
his vector-potential A, the so-called electrokinetic
views,
momentum, that should have the physical idea of momentum associated
with it, but the magnetic induction B. To illustrate, consider Maxwell's

In passing,
it

is

theory of a linear circuit of no resistance, the simplest case of persistWe may express the fact by saying that the
ence of momentum.
induction through the circuit remains constant, or that the line-integral
These are perfectly
of A along or in the circuit remains constant.
small
closed circuit, the
to
an
if
we
infinitely
Now,
pass
equivalent.
becomes B itself (per unit area). But if we consider
line-integral of
an element of length only, we get lost at once.
Again, the magnetic energy being associated with B, (and H), so
should be the momentum.

A

- A is
Suppose also we take the property that the line-integral of
A as the electric force of
the E.M.F. in a circuit, and then consider
But this is an electroIts time-integral is A.
induction at a point.
motive impulse, not momentum.
Lastly, whilst

B

(or

H)

defines a physical property at a point,

A

does

depends upon the state of the whole field, to an infinite
In fact, it sums up, in a certain way, the effect which would
at a point from disturbances coming to it from all parts of the
It is therefore, like the scalar electric potential, a mathematical

not, but
distance.
arise
field.

concept merely, not indicative in any

medium anywhere.
The time-integral

way

of the actual state of the

of H, whose curl is proportional to the displacement, has equal claims to notice as a mathematical function which is of
occasional use for facilitating calculations, but which should not, in my
H.E.P.

VOL.

ii.

2n
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opinion, be elevated to the rank of a fundamental quantity, as was done
by Maxwell with respect to A.
has often a
Independently of these considerations, the fact that
scalar potential parasite (and also the other function), sometimes causes

A

great

mathematical complexity and

practical reasons, best to murder the
employ them as subsidiary functions.

indistinctness;

whole

lot, or,

1 7.
Returning to the telegraph-circuit, let the
uniform
on the whole of the left side of the

V

at

and
any

it

rate,

initial state

is,

for

merely

be one of

V=

on the
origin,
will serve to show

and (7=0 everywhere. The diagram
roughly what happens in the three principal cases.
First of all we have ABCD to represent the curve of F the origin
When the disturbance has reached Z, that is when t = CZ/v,
being at C.
the curve is A 1 1 1 1 Z, if there be no leakage, when R and L are such
right side,

,

that -*" M = \
the back,

m

At the

F=jF

A

.

origin,

V= \V^\

at the front,

V= \V^\

and

at
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when g is deficient, and
we have the curve 1 for that

applies

3

so

of

when

in excess.

But g

H and 3 for that of E.

is
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really zero,

This forcibly illustrates the fact that the diffusion of charge in a submarine cable and the diffusion of magnetic disturbances in a good conductor, though mathematically analogous, are physically quite different.
are both extreme cases of the same theory ; but they arise by
going to opposite extremities; with the peculiar result that, whereas
the time-constant of retardation in a submarine cable is proportional to

They

the resistance of the wire, that in the wire itself is proportional to its
conductivity.
20. Going back to the diagram, if we shift the curves bodily through
unit distance to the left, and then take the difference between the new
and the old curves, we shall obtain the curves showing how an initial
distribution of
or C through unit-distance at the origin divides and
In the case of curve 2, we have clean splitting without a
spreads.
trace of diffusion.
In the other cases there is a diffused disturbance
left behind between the terminal waves, positive in case 1, negative in
case 3.
But I have sufficiently described this matter in a former
*

V

paper.

October

18, 1888.

POSTSCRIPT.

On

Nature of

the Metaphysical

the

Propagation of the Potentials.

At the recent Bath Meeting of the British Association there was considerable discussionf in Section
on the question of the propagation of
electric potential.
I venture therefore to think that the following
remarks upon this subject may be of interest.
According to the way of regarding the electromagnetic quantities I

A

have consistently carried out since January 1885, the question of the
propagation of, not merely the electric potential ^, but the vector
potential A, does not present itself as one for discussion ; and, when
brought forward, proves to be one of a metaphysical nature.
make acquaintance, experimentally, not with potentials, but with
forces, and we formulate observed facts with the least amount of
In
hypothesis, in terms of the electric force E and magnetic force H.
Maxwell's development of Faraday's views, E and H actually represent
the state of the medium anywhere.
(It comes to the same thing if we
consider the fluxes, but less conveniently in general.)
Granting this,
it is perfectly obvious that in
any case of propagation, since it is a

We

H

that are propagated.
physical state that is propagated, it is E and
Now, in a limited class of cases, E is expressible as -V*". Con
siderations of mathematical simplicity alone then direct the mathematician's attention to
and its investigation, rather than to that of
E directly. But when this is possible the field is steady, and no
question of propagation presents itself (except in the very artificial form
"

*

"Electromagnetic Waves,"

7 [vol. n., p. 382].
Prof. Lodge's "Sketch of the Electrical Papers read in Section
Electrician, September 21 and 28, 1888.

tSee

A," The
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of balanced exchanges).

When

there

is

propagation, and

H

is

involved,

we have

Now this is not an electromagnetic law specially, but strictly a truism,
It becomes electromagnetic by the definition
or mathematical identity.
ofA

'

A

indeterminate as regards a diverging part, which, however,
in - V*".
to become fixed in
Supposing, then, A and
this or some other way, the next question in connection with propagation is, Can we, instead of the propagation of E and H, substitute that
of >F and A, and obtain the same knowledge, irrespective of the
?
and
The answer is perfectly plain we cannot do
artificiality of
so.
We could only do it if
A, given everywhere, found E and H.
But they cannot. A finds H, irrespective of *P, but both together will

leaving

we may merge

W

A

We

not find E.

require to

^

know

a third vector, A.

Thus we have

M*,

A, and A, required, involving seven scalar specifications to find the six
in E and H.
Of these three quantities, the utility of
is simply to
find H, so that we are brought to a highly complex way of representing
the propagation of E in terms of
and A, giving no information about

A

H, which

is, it

seems to me, as complex and

artificial as it is useless

and

indefinite.

Again, merely to emphasize the preceding, the variables chosen should
be capable of representing the energy stored. Now the magnetic
energy may be expressed in terms of A, though with entirely erroneous
localization
but the electric energy cannot be expressed in terms of "SK
Maxwell (chap. XI. vol. II.) did it, but the application is strictly limited
to electrostatics
in fact, Maxwell did not consider electric energy
The full representation in terms of potentials
comprehensively.
requires M* and Z, the vector-potential of the magnetic current.
(This
" On
is developed in my work
Induction and its
Electromagnetic
"
Propagation [vol. L, p. 507].) This inadequacy alone is sufficient to
;

;

murder

^ and A,

considered as subjects of propagation.
take a concrete example, leaving the abstract mathematical
Let there be first no E or H anywhere. To produce any,
reasoning.
impressed force is absolutely needed. Let it be impressed e, and of the
simplest type, viz an infinitely extended plane sheet of e of uniform
What happens ? Nothing at
intensity, acting normally to the plane.
all.
Yet the potential on one side of the plane is made greater by the
amount e (tensor of e) than on the other side. Say ^f = \e and - \e.

Now

,

^

Thus we have instantaneous propagation of
I prefer,
to infinity.
however, to say that this is only a mathematical fiction, that nothing is
propagated at all, that the electromagnetic mechanism is of such a
nature that the applied forces are balanced on the spot, that is, in the
sheet,

by the reactions.

To emphasize

not infinite, but have a
Let the medium be of uniform inductivity p, and
Then, irrespective of its conductivity, disturbances are
this again, let the sheet be

circular boundary.

permittivity

c.

GENERAL SOLUTION OF ELECTROMAGNETIC EQUATIONS.
= (/xc)"i, and

propagated at speed

fl

on the edge of the

disk.

their source

At any time

is
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the vortex-line of

e,

than a/v, where a is the
confined within a ring whose axis
t

less

radius of the disk, the disturbance is
= 0. On the surface
is the vortex-line.
Everywhere else, E = and
= pvH, and E and are perpendicular ; there can be no
of the ring,
normal component of either.
Now, we can naturally explain the absence of any flux in the central
portion of the disk, by the applied forces being balanced by the
reactions on the spot, until the wave arrives from the vortex-line.
But how can we explain it in terms of *P, seeing that *P has now to

H

E

H

change by the amount

and yet be continuous everywhere
fails
cannot do it, so the propagation of
Yet the actions involved must be the same whether the
altogether.
disk be small or infinitely great.
We must therefore give up the idea
In
altogether of the propagation of a *F to balance impressed force.
the ring itself, however, we may regard the propagation of "*" (a different
else outside the ring

?

e

at the disk,

We

A

or, more simply, of E and H.
;
no conductivity, the steady electric field is assumed anywhere the moment the two waves from opposite ends of a diameter of
the disk coexist that is, as soon as the wave arrives from the more
distant end.*
But this simplicity is quite exceptional, and seems to be
In general there is a subsidence
confined to plane and spherical waves.

one), A, and
If there be

;

to the steady state after the initial phenomena.
If it be remarked that incompressibility (or something equivalent or
resembling it) is needed in order that the medium may behave as described

and that if the medium
(i.e., no flux except at the vortex-line initially),
be compressible we shall have other results (a pressural wave, for
example, from the disk generally), the answer is that this is a wholly
independent matter, not involved in Maxwell's dielectric theory, though
But the moment
perhaps needing consideration in some other theory.
we let the electric current have divergence (the absence of which makes
the vortex-lines of e to be the sources of disturbances), we at once (in
my experience) get lost in an almost impenetrable fog of potentials.
Maxwell's theory unamended, on the other hand, works perfectly and
without a trace of indefiniteness, provided we regard E and H as the
"
"
variables, and discard his
equations of propagation containing the
two potentials.!
October 22, 1888.
*

25 [p. 415, vol. n.].
I
Referring to the example given above of a circular disk,
strangely overlooked the fact that the absence of flux initially can be expressed by
In the disk itself we must have
infinitely rapid propagation of both a ^ and an A.
- V^ - A= impressed force, so that there is no flux there, and outside we must
have - V* - A = 0. This makes it go. But as regards propagation, it only makes
matters worse. It is a reductio ad absurdum to have an electrostatic field propagated infinitely rapidly, and, simultaneously, the electric force of induction,
its exact negative, merely to cancel the former, itself quite hypothetical.
In my paper "On the Electromagnetic Effects due to Moving Electrification,"
Phil.
1889 (vol. IL, Art. L.), is an explicit example showing the
t

"Electromagnetic Waves,"

[March

20, 1889.

May., April,

absurdity of the thing.]
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XLV.

LIGHTNING DISCHARGES,

[The Electrician, Aug.

17,

ETC.

1888, p. 479.]

THE gap between

the electrical phenomena of common practice and
those concerned in the transmission of light and heat, a gap that it
once seemed almost impossible to bridge, is being gradually filled up,
both from the theoretical and the experimental side both from above,
by the observation of dark heat and in other ways ; and from below,
;

means, as condenser-discharges, vacuum-tube experiments,
Dr. Lodge's recent work on lightning discharges, especially the
experiments described in his second lecture, deserves the most careful
attention, as a substantial addition to our knowledge of the subject, and
also because it is, so far as I know, the first serious attempt to treat the

by

electrical

etc.

subject electromagnetically.
The fluids are played out ; they are fast evaporating into nothingness.
The whole field of electrostatics must be studied from the electromagnetic point of view to obtain an adequately comprehensive notion
of the facts of the case ; and it is here that Dr. Lodge's experiments are
also useful.

Independently of
fact is contained in

this, I

should not be surprised to find that a

some of the experiments.

Now

a

new

new

fact is a

serious matter, and its existence can only be granted upon the most
conclusive evidence, of varied nature.
There is already some independent evidence, viz., in Kundt's. recent paper on the speed of light in
metals.
But it is scarcely sufficient.
There is the plainest possible evidence that with waves of telephonic

frequency the magnetic force and the flux induction are proportionate,
and that their ratio is a large number in iron. I have observed, and I
read that Ayrton and Perry have also observed, decrease of the
But, at least with me, it
inductivity with increased wave-frequency.
went only a little way, and I had not the opportunity to extend the
experiments.
Now a conducting wire at the first moment of receiving a wave (in
the dielectric, of course) performs the important function of guiding it
and preventing its dissipation in space ; and besides that, the nature of
the conductor partly determines what impedance the wave suffers,
causing a reflection back, with heaping up behind, so to speak, of the
electric disturbance.
But at first the conduction-current is purely superficial.
It is clear then that at the very front of a wave, where conduction is just commencing on the surface, the conductor cannot be
treated as if it had the same properties (conductivity, inductivity,
permittivity) as if it were material in bulk, for only a thin layer of
molecules is concerned.
therefore do not know what the true
boundary condition is when pushed to the extreme. And yet it may
be that this unknown condition may sometimes serve to determine a

We

choice of paths.
Thus, iron may behave, superficially, as if it were non-magnetic.
(This does not mean that the inductivity of an iron wire is unity.) In
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Kundt's experiments, electromagnetically interpreted, the inductivity
is nowhere ; the conductivity, too, must, in other cases as well,
than the steady value. This corroborates Maxwell's remarks
Of course the application of electromagnetic
concerning gold-leaf.
principles to the passage of light through material substances is at
present in a very tentative state ; so that too much importance should
not be attached to the speculations one may be led to make in these

of iron

be

less

matters.
(If a conductor could be treated as homogeneous right up to its
surface, the initial resistance of unit of surface I calculate to be kirpv,
where //, is the inductivity and v the speed of transmission in the conr can be considered to be known in the case
437, vol. IL]
Another matter I wish to direct attention to is this. Dr. Lodge has
described some experiments relating to the reflection of waves sent
along a circuit. It will also be in the knowledge of some readers that
Sections XL. to XLVI. of my " Electromagnetic Induction and its
Propagation," Electrician, June to September, 1887 (and a straggler,
XLVII., December 31, 1887), deal with the subject of the transmission
of waves along wires, their reflection, absorption, etc., by a new method.
Now I find that there is an idea prevalent that it is only possible for
very advanced mathematicians to understand this subject. It is true

ductor.
of iron.)

But neither p nor
[See

when

that

it

p.

is

comprehensively considered

it

is

by no means

easy.

I desire to call attention to the fact (as I did in one or more of the
articles referred to) that all the main features of the transmission,

But

reflection, absorption, etc., of

waves can be worked out

(as

done there

by me) by elementary algebra.
I was informed (substantially) that no one read my articles.
Possibly
some few may do so now, with Dr. Lodge's experiments in practical
illustration of some of the matters considered.
My next communication, I may add (written in September, 1887), is
on the important subject of the measure of the inductance of circuits,
and its true effects, in amplification of preceding matter. It has also
It has also some
special reference to some experimental observations.
valuable annotations by an eminent authority.
[Art. xxxviu., vol. II.,
160.]
In connection with lightning discharges, I may remark that it
P.S.
is usual, and seems very natural, to assume that the discharge is
But
initiated' at the place of the visible spark
the crack, so to speak.
my recent investigations lead me to conclude that this is by no means
p.

necessary, and that the strongest dielectric can be disrupted by a suitable convergence of a wave to a centre or an axis, starting with any

steady

field.

For

instance, if in a cylindrical portion of a dielectric the displacement
be uniform, and parallel to the axis, and it be allowed to discharge, the
convergence of the resulting wave to the axis causes the electric force
to

mount up infinitely there, momentarily hence disruption.
But I do not pretend to give a complete theory of the thundercloud.

It is

;

only a

detail.
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In Dr. Fleming's recent articles on the theory of alterP.P.S.
nating currents, I observe that he calls the component Ln of the impedance (E 2 + L 2 n'2 )* the "inductive resistance."
I should myself have scarcely thought that it deserved a name, for of
But the fact that Dr.
course we must draw the line somewhere.
Fleming has given it a name is evidence that he found it convenient to
do so. Taking it, then, for granted that it should have a special name,
I can only object to the one chosen that it creates two kinds of resistI desire to recognise but one
the resistance.
I might, for
ance.
Thus, in the case of a coil, R is the
instance, call Ln the hindrance.
electric resistance, Ln the magnetic hindrance, and their resultant the
impedance. But in any case it would not be a term for popular use,
August

13, 1888.

XL VI. PRACTICE VERSUS THEORY.

ELECTROMAGNETIC

WAVES.
[The Electrician, Oct.

19, 1888, p. 772.]

THE

remarkable leader in The Electrician for Oct. 12, 1888, states very
lucidly some of the ways in which theory and practice seem to become
There is, however, one point which does not, I think,
antagonistic.
receive the attention it deserves, which is, that it is the duty of the
theorist to try to keep the engineer who has to make the practical
applications straight, if the engineer should plainly show that he is
behind the age, and has got shunted on to a siding. The engineer

should be amenable to criticism.

Another point is this. It might appear from the concluding paragraph of the article to which I have referred that the points at issue
between Mr. Preece's views and my own were mere matters of comBut the
plicated corrections, not affecting the main argument much.

A complete change of type is involved.
have great pleasure, when opportunity offers, in endeavouring to demonstrate that such is the case, and that the despised
self-induction is the great moving agent that although Mr. Preece, in
case

is

far different.

Now,

I shall

;

the presence of some distinguished mathematicians, recently boasted *
that he made mathematics his slave, yet it is not wholly improbable
that he is a very striking and remarkable example of the opposite procedure ; that although Mr. Preece, who, as a practical engineer, knows
all about electromagnetic inertia and throttling, does not see the
use of inductance, impedance, and all that sort of thing, yet there is
not wanting evidence to make it not wholly unbelievable that Mr.
Preece is not quite fully acquainted with the subject as generally
*

[The Discussion on Lightning Conductors at the Bath meeting of the B.A.,
reported at length in The Electrician, Sept. 21 and 28, 1888, is interesting reading,
and is made quite amusing by Mr. Preece's attack upon mathematicians to his own
exaltation, and the rejoinders thereto.]
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understood; that, for example, his coefficient of self-induction is of
very different size, and has very different properties, from the theoretical one
and that Mr. Preece's knowledge of the manner of transmission of signals, though it may not be "extensive," is certainly
;

"

peculiar."

take the opportunity of adding that on account of a certain
concurrence and concatenation of circumstances last year
rendering it impossible for me to communicate the practical applications
of my theory (based upon Maxwell's views, so far as the higher developments are concerned), either vid the S. T.-E. and E. or four other
channels, the resultant effect of which was to screen Mr. Preece from
criticism, combined with the fact that Mr. Preece, in his papers to the
Royal Society, British Association, and S. T.-E. and E. has taken his
stand upon Sir W. Thomson's celebrated theory of the submarine cable,
I

may

peculiar

have been forced, with great reluctance, to assume what may have
appeared to be, superficially, an apparently unnecessarily aggressive
But those who are acquainted with
attitude towards the said theory.
the subject will know that there is no antagonism whatever between
and those, further, who
the electrostatic theory and the wider theory
I have mentioned
concurrence
with
the
be
may
peculiar
acquainted
will understand the meaning of the apparent aggressiveness.
In addition, it seems to me to be almost mathematically certain that
I

;

W. Thomson would emphatically repudiate the very notion of applying his theory of the diffusion of potential to cases to which it does not
apply, and to which it was never meant to apply ; and I cannot find
any evidence in his writings that he ever would have made such a
Sir

misapplication.
What is played
I think not.
p.S.
Is self-induction played out?
out is what we may call (uniting the expressions of Ayrton, Preece,
Thomson, and Lodge) the British engineer's self-induction, which stands
But the other self-induction, in spite of strenuous
still, and won't go.
efforts to stop it, goes on moving; nay, more, it is accumulating

momentum rapidly, and will, I imagine, never be stopped again. It is,
W. Thomson is reported to have remarked, with a happy union

as Sir

Then
of epigrammatic force and scientific precision, " in the air."
Not so long ago they were
there are the electromagnetic waves.
nowhere now they are everywhere, even in the Post Office. Mr.
Preece has been advising Prof. Lodge to read Prof. Poynting's paper
Now these waves
on the transfer of energy. This is progress, indeed
"
self-induction that keeps
are also in the air, and it is the " great bug
;

!

them

going.

On

this question of waves I take the opportunity of referring to a
That phypoint mentioned at the Bath meeting by Prof. Fitzgerald.
sicist, in directing attention to Hertz's recent experiments, considered
that they demonstrated the truth of the propagation of waves in time
through the ether ; but that, on the other hand, the waves sent along
a circuit did not do so, because they might be explained by action at a

distance.
It

seems to me, however, that the more closely we look at the matter
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the less distinction there is between the two cases, and that to an
unbiassed mind the experiments of Prof. Lodge, sending waves of short
length into a miniature telegraph circuit, with consequent "resonance"
effects, are equally conclusive to those of Hertz on the point named ; in
one respect, perhaps, more so, because their theory is simpler, and can
be more closely followed.
But, after all, has it been demonstrated that we cannot explain the
propagation of electromagnetic waves in time by action at a distance,
pure and simple ? I suggest the following as evidence to the contrary.
Take the case of Maxwell's non-conducting dielectric. Let the electriccurrent element cause magnetic force at a distance according to Ampere's
law, and let the magnetic current element cause electric force at a
distance according to the same law with sign reversed.
Then
curl

H = cE,

-

and

E = /xH

curl

and propagation of waves in time follows. That is, by instantaneous mutual action at a distance between electric-current elements,
and also between magnetic-current elements, we get propagation in
time.
Of course the currents may be oppositely moving electric or

follow,

magnetic

fluids or particles.

Whether there
to

remark that

I

any flaw here or not, it is scarcely necessary for me
do not believe in action at a distance. Not even

is

gravitational.

ELECTROMAGNETIC WAVES, THE PROPAGATION
OF POTENTIAL, AND THE ELECTROMAGNETIC EFFECTS
OF A MOVING CHARGE.

XLVII.

[The Electrician-, Part L, Nov.

9, 1888, p. 23 ; Part II., Nov. 23, 1888, p. 83
Part. III., Dec. 7, 1888, p. 147 ; Part IV., Sept. 6, 1889, p. 458.]

PART

;

I.

IN connection with the letters of Profs. Poynting and Lodge in The
Electrician, Nov. 2, 1888, I believe that the following extract from a
letter from Sir William Thomson (which I have permission to publish)
will be of interest [see Postscript, p. 483, vol. IL, to elucidate]
:

" I don't
agree that velocity of propagation of electric potential is a
merely metaphysical question. Consider an electrified globe, A, moved
to and fro, with simple harmonic motion, if you please, to fix the ideas.
Consider very quickly-acting electroscopes B, B', at different distances
If the indications of B, B' were exactly in the same phase,
from A.
however their places are changed, the velocity of propagation of electric
potential would be infinite ; but if they showed differences of phase,
they would demonstrate a velocity of propagation of electric potential.
" Neither is
metavelocity of propagation of
vector-potential
It is simply the velocity of propagation of electromagnetic
physical.
the velocity of electromagnetic waves/ in fact."
force
'

*

'
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Taking the second point first, it is, I think, clear that if by the propagation of vector-potential is to be understood that of electric and
magnetic disturbances, it is merely the mode of expression that is in
I am myself accustomed to mentally picture the electric and
question.
magnetic forces or fluxes, arid their propagation, which takes place at
the speed of light or thereabouts, because they give the most direct
representation of the state of the medium, which, I think, must be
agreed is the real physical subject of propagation. But if we regard
the vector-potential directly, then we can only get at the state of the
medium by complex operations, and we really require to know the
vector-potential both as a function of position and of time, for its spacevariation has to furnish the magnetic force, and its time-variation the
electric force ; besides which, there is sometimes the space-variation of a
scalar potential in addition to be regarded, before we can tell what the
electric force is.
Besides this roundaboutness, it implies a knowledge
of the full solution, and if we do not possess it, it is much simpler to
think of the propagation of the electric and magnetic disturbances, and
I find that this method works out much more easily in the solution of

problems.
The other question will, I believe, be found to be ultimately of preat rest, and the field
Start with the sphere
cisely the same nature.
steady, and consider two external points, P and P', at different distances.
The electric force at them has different values, and the whole field has
a potential.
But now give the sphere a displacement, and bring it to
Is the readjustment of potential instanrest again in a new position.
I should say, Certainly not, and describe what happens thus.
taneous 1
When the sphere is moved, magnetic force is generated at its boundary
(lines circles of latitude, if the axis be the line of motion), and with it

A

The two together
electromagnetic wave, which goes out from the sphere at the
= f^vH, where E
speed of light, and at the front of the wave we have
Before the front
the magnetic force intensity.
is the electric and
reaches P or P' we have the electric field represented by the potential
function, but after that it cannot be so represented until the magnetic
force has wholly disappeared, when again we have a steady field repre-

there

is

necessarily disturbance of electric force.

make an

E

H

by a potential function. It is difficult to see how to plainly
any propagation of potential per se.
If the motion is simple-harmonic, there is a train of outward waves
and no potential. I imagine that an electroscope, if infinitely sensitive
and without reactions, would register the actual state of the electric

sentable

differentiate

field,

irrespective of its steadiness.

By an

electroscope, as this

is

a

purely theoretical question, I understand the very simplest one, a very
small charge at a point ; or, say, the unit charge, the force on which is
the electric force of the field.
When these things are closely examined into, if the facts as regards
the propagation of disturbances (electric and magnetic) are agreed on,
the only subject of question is the best mode of expressing them, which
I believe to be in terms of the forces, not potentials.

But there really is

infinite

speed of propagation of potential sometimes

;

ELECTRICAL PAPERS.

492

on examination, however, it is found to be nothing more than a mathematical fiction, nothing else being propagated at the infinite speed.
It will be understood that I preach the gospel according to my interpretation of Maxwell, and that any modification his theory of the
dielectric may receive may involve a fresh kind of propagation at present not in question.
Nov.

5,

1888.

PART
The question
Nov.

raised

by

Prof.

S.

II.

P.

Thompson

(in

The

Electrician,

54) as to whether the motion of an uncharged
through a field of electric force produces magnetic effects
must, I think, be undoubtedly answered in the affirmative. As the
distribution of displacement varies, its time-variation is the electric
When the speed
current, with determinable magnetic force to match.
of motion is a small fraction of that of light, we may regard the
1888,

16,
dielectric

p.

displacement as having at every moment its proper steady distribution,
so that there is no difficulty in estimating the magnetic effects, except,
it may be, of a merely mathematical character.
For instance, the case
of a sphere moving in a field which would be uniform were the sphere
absent, may be readily attacked, and does perfectly well to illustrate
the general nature of the action.

But if the moved dielectric have the same electric permittivity as
the surrounding medium, so that there is no difference made in the
steady distribution, the question which may be now raised as to the
possible production of transient disturbances is one to which the above
I believe that the
theory does not present any immediate answer.
body will be magnetized transversely to the electric displacement and
the velocity.
[The motional magnetic force is referred to.]
Another question, somewhat connected, is contained in Prof. Poynting's suggestion (in letter to Prof. Lodge, The Electrician, p. 829, vol.
xxi.) that electric displacement may possibly be produced without
magnetic force by the agency of pyroelectricity. But, whatever the
agency, it would, I conceive, be a new fact quite outside Maxwell's
We may have subsidence of electric
theory legitimately developed.
displacement without magnetic force; but I cannot see any way to
produce

it.

But the main subject of this communication is the electromagnetic
effect of a moving charge.
That a moving charge is equivalent to an
electric current-element is undoubted, and to call it a convectioncurrent. as Prof. S. P. Thompson does, seems reasonable.
The true
current has three components, thus,

where H is the magnetic force, C the conduction-current, D the displacement, and p the volume-density of electrification moving with
The addition of the term pu is, I presume, the extension
velocity u.

made by
any

Prof. Fitzgerald to
can at present see

rate, I

which Prof.
no other.

S. P.

Thompson

refers.

At
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There are several ways of arriving at the conclusion that a moving
charge must be regarded as an electric current; but, when that is
admitted, we are very far from knowing what its magnetic effect is. No
cut-and-dried statement of it can be made, because it varies according to
circumstances.
The magnetic field, whatever it be in a given case, is
not that of a current-element (supposing the charge to be at a point),
for that is anti-Maxwellian, but is that of the actual system of electric
current,

which

is

variable.

Thus, in the case of motion at a speed which is a small fraction of
that of light, the magnetic field (as found by Prof. J. J. Thomson) is
the same as that of Ampere's current-element represented by pn that
is
is, a current-element whose direction is that of u and whose moment
;

u

the tensor of u (understanding by "moment," current-density
but the true current to correspond bears the same relation
;
to the current-element as the induction of an elementary magnet bears
to its magnetic moment.
The magnetic energy due to the motion of
a charge q upon a sphere of radius a in a medium of inductivity /*,
at a speed u which is only a very small fraction of that of light, is
2 2
But if the speed be not a small fraction of
expressed by J/^ w' /a.
that of light, the result is very different.
Increasing the speed of
pu, if

x

is

volume)

the charge causes not merely greater magnetic force but changes its
It is no
distribution altogether, and with it that of the electric field.
The magnetic field
use discussing the potential. There is not one.
tends to concentrate itself towards the equatorial plane, or plane
through the charge perpendicular to the line of motion. When the
speed equals that of light itself this process is complete, and the
is

it

simply a plane wave (electromagnetic).
Since a charge at a point gives infinite values,
is more convenient to distribute it.
Let it be,

of linear density q along a straight line AB,
in its own line at the speed of light. Then
the field is contained between the parallel planes
first,

moving

through A and B perpendicular to AB, and
completely given by

where E and
and magnetic

E

H are

is

the intensities of the electric

forces at distance r

from AB.

The

AB

radiate uniformly from
in all directions parallel to the planes ; those of
are everywhere perpendicular to those of E, or are circles

lines of

H

centred upon AB.
Outside this electromagnetic
wave there is no disturbance.
I should remark that the above is a
It is, of course, nothing like the
description of the exact solution.
supposed field of a current-element AB.
To still further realize, we may substitute a cylindrical distribution
for the linear, and then, again, terminate the lines of E on another
To find the resulting
cylindrical surface between the bounding planes.
distributions of E and H (always perpendicular) may be done by super-
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imposition of the elementary solutions, or by solving a bidimensional
problem in a well-known manner.

Those who are acquainted with my papers in this journal will
recognise that what we have arrived at is simply the elementary
circuit.
All roads lead
plane wave travelling along a distortionless
to

Rome

!

Returning to the case of a charge q at a point moving through a
dielectric, if the speed of motion exceeds that of light, the disturbances
are wholly left behind the charge,

and

are

A<?B.

confined

The charge

within
is

a cone,
at the apex,

moving from left to right along C^.
The semi-angle, 6, of the cone, or
the angle A$C, is given by
sin 6

= vlu,

where v is the speed of light, and u
that of the charge.
The magnetic
lines are circles round the axis, or line of motion.
The displacement
is away from q, of course, and of total amount q, but not uniformly
The electric current is towards q in the
distributed within the cone.
inner part of the cone, and away from q in the outer.
It will be seen that the electric stress tends to pull the charge back.
Therefore, applied force on q in direction Cq is required to keep up the
Its activity is accounted for by the continuous addition at
motion.
a uniform rate which is being made to the electric and magnetic
For the motion at the wave-front, at any point on
energies at q.
Whilst the cone
A.q or B<?, is perpendicularly outward, not towards q.
is thus expanding all over, the forward motion of q continually renews
the apex, and keeps the shape unchanged.
Steady motion alone is assumed.
To avoid misconception I should remark that this is not in any way
an account of what would happen if a charge were impelled to move
through the ether at a speed several times that of light, about which
I know nothing ; but an account of what would happen if Maxwell's
theory of the dielectric kept true under the circumstances, and if I have
not misinterpreted it.
[See footnote on p. 516, later.]
Nov.

18, 1888.

PART

III.

All disturbances being propagated through the dielectric ether at the
speed of light, when, therefore, a charge is in motion through the
medium, the discussion of the effects produced naturally involves the
consideration of three cases, those in which the speed u of the charge is
less than, or equal to, or greater than v, that of light.
In a previous communication [Part II. above], I gave the complete
and very simple solution of the intermediate case of equality of speeds.
formal demonstration is unnecessary, as the satisfaction of the
necessary conditions may be immediately tested.

A
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But I was not then aware that the case u < v admitted of being presented in a nearly equally-simple form.
That such is the fact is rather
surprising, for it is very exceptional to arrive at simple results, and
these now in question are sufficiently free from complexity to take a
place in text-books of electricity.
Let the axis of z be the line of motion of the charge q at speed u.
Everything is symmetrical with respect to this axis. The lines of
electric force are radial out from the charge.
Those of magnetic force
are circles about the axis.
The two forces are perpendicular. Having
thus settled the directions, it only remains to specify their intensities
at any point P distant r from the charge, the line r making an angle 6
with the axis. Let E be the intensity of the electric, and
of the
magnetic force. Then, if c is the permittivity and ^ the inductivity,
such that /Jicv 2
1, we have

H

cE =

-SH=cEusiu

0.

That (A), (B) represent the complete solution may be proved by
subjecting them to the proper tests.
Premising that the whole system
is in steady motion at speed u, we have to satisfy the two fundamental
laws of electromagnetism
:

(Faraday's law). The electromotive force of the field [or voltage]
in any circuit equals the rate of decrease of the induction through the
circuit (or the magnetic current x - 47r).
The magnetomotive force of the field [or
(2). (Maxwell's law).
gaussage] in any circuit equals the electric current x 4?r through the
(1).

circuit.

Besides these, there
to.

Thus

is

continuity of the displacement to be attended

:

The displacement outward through any surface
(3). (Maxwell).
equals the enclosed charge.
Since (A) and (B) satisfy these tests, they are correct.
And since no
unrealities are involved, there is no room for misinterpretation.

When

u/v

is

very small,

we

have, approximately,

J. J. Thomson's solution
that is, the lines of displacement radiate uniformly from the charge, and the magnetic force is
that of the corresponding displacement-currents together with the
moving charge regarded as a current-element of moment qu. Instantaneous action through the medium is involved that is, to make the

representing Prof.

solution quite correct.
That the lines of electric force should remain straight as the speed of
the charge is increased is itself a rather remarkable result.
Examining

ELECTRICAL PAPERS.

496
(A),

we

see that the effect of increasing u
= j7r.
equatorial plane

ment about the

is

to concentrate the displaceIn
Self-induction does it.

when u = v, the numerator vanishes, making E = Q,
everywhere except at the plane mentioned, where, by reason of the
denominator becoming infinitely small in comparison with the numerator, the displacement is all concentrated in a sheet, and with it the
induction, forming a plane electromagnetic wave, as described (and
realized) in my previous communication.
If we terminate the field described in
(A) and (B) on a spherical

H=0

the limit,

surface of radius

instead of continuing it up to the charge q at the
case of a perfectly conducting sphere of radius a
possessing a total charge <?, moving steadily at speed u through the
dielectric ether.
As the speed is increased to v, the charge all accumulates at the equator of the sphere.
[See footnote on p. 514, later.]
But after that 1 This brings us to the third case of u v, and here
I have so-far failed to find any solution which will satisfy all the necesThe description at the close of
sary conditions without unreality.
Part II. must therefore be received as a suggestion, at present unconI hope to consider the matter in a future communication.
firmed.
P.S.
In a recent number Mr. W. P. Granville raised the question of
action through a medium being only action at a short distance instead
of a long one, and asked for instruction.
His inquiry has elicited no
This is not, however, because there is nothing to be said
response.
about it. The matter did not escape the notice of the " anti-distanceaction sage."
own opinion is that the question involved is, if not
metaphysical, dangerously near to being so ; consequently, whole books
might be devoted to it. At present, however, I think it is more useful
to try to find out what happens, and to construct a medium to make it
happen ; after that, perhaps, the matter referred to may be more
advantageously discussed. The well of truth is bottomless.
origin,

a,

we have the

>

My

PART

IV.

In previous communications [above] I have discussed this matter.
Referring to the case of steady rectilinear motion, I gave a description
of the result when the speed of the charge exceeds that of light, obtained
mainly by general reasoning, and stated my inability to find a solution
to represent it.
The displacement cannot be outside a certain cone of
semi-vertical angle whose sine equals the ratio v/u of the speed of light
to that of the charge, which is at the apex.
In the Phil. Mag. for July, 1889, Prof. J. J.

Thomson has examined

Like myself, he fails to find a solution within the cone
but concludes that the displacement is confined to its surface. If so, it
must form, along with the magnetic induction, an electromagnetic wave.
But it may be readily seen that such a wave is impossible, having no
this question.

stability.

;

For as the charge moves from A to B, a given surface-element, C,
In doing so its area would vary directly as its
would move to D.
distance from the apex, and the energy in the element would therefore
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vary inversely as its distance from the apex, and the forces, electric
and magnetic, would therefore vary inversely as the square root of the
distance from the apex, instead of inversely as the distance, which is
obviously necessary in order that the
displacement may be confined to the
This conflict of conditions
surface.
In the Phil.
constitutes instability.
for April, 1889, I suggested
that whilst there must be a solution
of some kind, one representing a
This
stead)/ state was impossible.
conclusion is confirmed by the failure of Prof. Thomson's proposed
surface- wave to keep itself going.
Prof. Thomson, who otherwise confirms my results, has also extended
the matter by supposing that the medium itself is set in motion, as well
as the electrification.
This is somewhat beyond me. I do not yet
know certainly that the ether can move, or its laws of motion if it can.
Fresnel thought the earth could move through the ether without disturbing it Stokes, that it carried the ether along with it, by giving
irrotational motion to it.
Perhaps the truth is between the two. Then
there is the possibility of holes in the ether, as suggested by a German
When we get into one of these holes, we go out of
philosopher.
It is a splendid idea, but experimental evidence is much
existence.

Mag.

;

wanting.

But if we consider that the medium supporting the electric and
magnetic fluxes is really set moving when a body moves, and assume a
particular kind of motion, it is certainly an interesting scientific question to ask what influence the motion exerts on the electromagnetic
phenomena. I do not, however, think that any new principles are
involved.

The general connections of
conductivity, being

E

and H, referred

curl(e-E)

= /^H,

curl(H-h)=cpE,

to fixed space without

.............................. (1)

.............................. (2)

H

for d/dt and e and h are the impressed parts of E and
;
there is also motion of electrification, we have to consider it to constitute a convection-current, a part of the true current, and so make (2)

where p stands
if

become
........................ (3)

where p

the density of electrification, whose velocity is u.
[See Part
to specify e and h.
They are zero when the
medium supporting the fluxes is at rest. But if it moves, and its
velocity is w, there is, first, the electric force due to motion in a
It

II.]

is

now remains

e-fVwH,
which

is

well

known

electric field,
H.E.P.

VOL.

:

h
II.

................................ (4)

and next the magnetic force due to motion in an

= oVEw,
2

I

............................... (5)
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is not so well known.
(First, I believe, given by me in the third
Section of "Electromagnetic Induction and its Propagation," The
Electrician, January 24, 1885 [vol. I., p. 446] ; again, obtained in a
different way in Section XXIL, January 15, 1886 [vol. I., p. 546]; see
also Phil. Mag., August, 1886 [vol. II., Art. L.], and an example of the
use of (4) and (5) in The Electrician, April 12, 1889, p. 683 [vol. II.,
Art. LI.].)
The mechanical force called by Maxwell the "electromagnetic force"
is VCB, where C is the true current and B the induction.
It is the
is
force on the matter
Let it move. If
supporting electric current.
its velocity, the activity of the force is

which

w

wVCB = CVBw= -eC

(6)

Similarly, as I obtained in Section xxn. above referred to, there is a
mechanical force (the magneto-electric) on matter supporting magnetic

current

G = /xpH/47r,

expressed by 4?rVDG, and

47TWVDG = 47rGVwD = -hG
Of course

and

its activity is

(7)

are reckoned as impressed forces, which is the reason
of the change of sign.
Their activities are eC and hG.
It should be remarked further, that the above expressions for e
and h are not certain.
For I have shown that the sources of all
disturbances are the lines of curl of the impressed forces (Phil. Mag.,
Dec., 1887) [vol. n., p. 362], and that the fluxes produced depend
solely upon the curls of e and h, both as regards the steady fluxes
and the variable ones leading to them.
may, therefore, use any
other expressions for e and h which have the same curls as the
above.
And, in fact, we see that equations (1) and (2) only contain
e

h.

We

their curls.

Equations (1) and (3), with e and h defined by (4) and (5), therefore
Prof.
enable us to determine the effect of the moving medium.
Thomson also arrives at (4) and (5), and at the " magneto-electric

paper to which

I have referred, by an entirely different
show how well things fit together, he concludes, from
the consideration of the moving medium, that a moving electrified

force," in his

method.

And

to

surface is a current-sheet, which is another way of saying that a convecI must,
tion current is a part of the true current, as expressed in (3).
however, disagree with Prof. Thomson's assumption that the motion
must be irrotational. It would appear, by the above, that this limitation

is

unnecessary.

As an example, and to introduce a new point, take the case of a charge
q moving at speed u along the axis of z. It will come to the same thing
if we keep the charge at rest, and move the medium the other way.
We then use the equations (1) and (2), and in them use (4) and (5)
Now when the steady state is arrived at, we have p = 0,
with w = - u.
so (1)

and

(2)

become

= 0,
curl(H-cVuE) =

curl(/>iVHu-E)

(8)

(9)
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In addition, the divergence of D must be q at the origin, and the
The latter gives, applied to (9),
divergence of B must be zero.

H = cVuE,
which gives H fully
(10), and we get

in

terms of E.

(10)

Eliminate

H

from

(8)

by means of

= 0,

(11)

k )-En=0,

(12)

curl(/xcVuVEu-E)
>

or

curl

nC(E-

s

where E$ is the ^-component of E and k a unit vector along z
and writing the three components,

;

or, inte-

grating,

dP

P

dP

u*\dP

/,

Here is the new point. There is a
a scalar potential.
The
kind.
a
of
displacement due to the moving
peculiar
potential,
charge is distributed in precisely the same way as if it were at rest in an
eolotropic medium, whose permittivity is c in all directions transverse to
2
the line of motion, but is smaller, viz., c(l -v?/v ), along that line and

where

is

parallel to

it.

The

potential

P

is

given by

(H)
It is a particular case of eolotropy.

cipal permittivities, are all unequal.

potential

c , c , the princ
3
lt
2
q at the origin, the

In general,

Then, with

is
.....

(15)

Observe that although the electric force in the substituted problem
of a charge at rest in an eolotropic medium is the slope of a potential ;
yet it is not so when the medium is isotropic, and moves past the fixed
charge, or vice versa, although the distributions of displacement are the
same.

When u = v, we abolish the permittivity along the 2-axis in the
substituted case, so that the displacement must be wholly transverse.
then have the plane electromagnetic wave. When u is greater than
v it makes the permittivity negative along z ; this is an impossible
electrical problem, and furnishes another reason for supposing that

We

there can be no steady state in

the corresponding electromagnetic

problem.
It now remains to find what would happen if electrification were conveyed through a medium faster than the natural speed of propagation
There is the cone ; but what takes place within it ?
of disturbances.

Aug.

25, 1889.
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THE MUTUAL ACTION OF A PAIR OF RATIONAL

XLVIII.

CURRENT-ELEMENTS.
[The Electrician, Dec. 28, 1888,

p. 229.]

STRICTLY speaking, there is no such thing, from the Maxwellian
point
of view, as mutual action between current elements.
Suppose, however,
we have the well-known Amperian field of magnetic force usually
ascribed to a current-element at one place, and a similar one centred at
another place, it is clear that the forces concerned are
quite definite,
The electric current of such an arrangeaccording to Maxwell's theory.
ment is closed. It is related to the nominal current, viz., in the
element, in the same way as the induction of an elementary magnet is
related to

We

its

magnetic moment, as regards the space-distribution.
the arrangement a rational current-element.
If we take any
of equal rational current-elements and
them in line, with

may term
number

put

opposite poles in contact, only the terminal poles are left free, so that
the current consists of a straight or curved line or tube of
current,
joining two points, A and B, with external continuity produced by
means of an equal current diverging
from the positive pole B in all directions
uniformly, and converging to the negative pole
in a similar manner.
Of
course the tubes of current from B join
on to those at A, and are curved ; but
it would only confuse matters to
superimpose the two systems of polar current,
which are much better kept separate.
The rational current-element itself is
to be regarded as an infinitely small
volume with a uniform current distributed in it, and of the complementary currents from and to the poles. The moment is currentdensity multiplied by volume, ignoring the complementary currents
What the actual current in the element
altogether for the moment.
It depends on the shape of the element.
does
not
matter
much.
be
may
Thus, if spherical, the nominal strength of current, reckoned by its
moment, is half as great again as the real, owing to the back action of
need only consider the moment, which is fully
the polar current.
representative of the external magnetic field, which, it should be
remembered, is that due to the moment, according to Ampere's rule.
To further illustrate, take the case of a charge, q, moving at speed u,
small compared with that of light [p. 495, vol. II.], through a dielectric.
The moment is qu ; the magnetic force is qu/r 2 at distance r in the
equatorial plane, and elsewhere proportional to the cosine of the
The actual state of things in the element may require very
latitude.
complex calculations to discover, but is of little importance.
The mutual action of two German or irrational current-elements is
indeterminate, and so we get a large number of so-called theories of
But the mutual action of a pair of rational currentelectrodynamics.

A

We
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a legitimate subject of inquiry, is determinate, and does not
at a distance.
The quantity from which, by
dynamical methods, we derive the forces (mechanical) on the elements,
is the mutual
magnetic energy (leaving out of consideration the electrostatic force, if any), that part of the magnetic energy due to both rational
current-elements.
If I have correctly calculated it, the mutual energy
of elements whose distance apart is r, in the medium of inductivity

involve

is

any action

M
/*,

is

expressed by

where u^ u2 u 3 are the components of G v the moment of the first
element, and vv v 2 v3 those of the second, C 2 on the understanding
that the axis of x is the line
joining the elements, whilst
the y and z axes are, as usual,
perpendicular to it and to each
,

,

,

In another form,

other.

/ COS
\ r

KT

i

i
2

cPr

ds l ds^

where

e is the inclination of
the elements Cj and C 2 parallel
,

to 8 l
If
differential

coefficient,

and

we

S2

.

substitute for

r,

in the

an arbitrary function R, we obtain the most

general formula which will lead to Neumann's result for closed circuits.
It is this
that is, by German methods, indeterminate,
nationalize
= 0, I believe. It
the elements, and we fix it to be r.
Clausius took
does not matter at all, so far as closed circuits are concerned, what

R

R

we use, provided Neumann's result is complied with ; but it is
interesting to observe that the problem as stated by me has no uncertainty about it (except any possible working errors) and makes
definite, whilst it is not a mere mathematical abstraction (i.e., the

formula

M

problem), but representative of (under certain circumstances) a reality.
It is for these reasons that I mention the matter.
For, as a matter of
fact, I believe the whole method is fundamentally wrong, and of little
practical service in the investigation of electromagnetism from the
What
physical side, i.e., with propagation in time through a medium.
does it matter about the current-elements ? They are not in it. Still,
such formulas are sometimes of service, as, for instance, in the calculation of inductances.
It has been stated, on no less authority than that of the great
Maxwell, that Ampere's law of force between a pair of current-elements
is the cardinal formula of
If so, should we not be
electrodynamics.
always using it ? Do we ever use it ? Did Maxwell, in his treatise ?
Surely there is some mistake. I do not in the least mean to rob
Ampere of the credit of being the father of electrodynamics ; I would
only transfer the nameTof cardinal formula to another due to him,

ELECTRICAL PAPERS.

502

expressing the mechanical force on an element of a conductor supporting current in any magnetic field ; the vector product of current and
There is something real about it ; it is not like his force
induction.
between a pair of unclosed elements it is fundamental ; and, as everybody knows, it is in continual use, either actually or virtually (through
electromotive force) both by theorists and practicians.
;

Nov.

25, 1888.

XLIX.

THE INDUCTANCE OF UNCLOSED CONDUCTIVE
CIRCUITS.

IN my communication on "The Mutual Action of Rational CurrentElements" [the last Art. XLVIIL] I described 'the meaning of, and gave
the formula for, the mutual energy
of a pair of rational current-

M

elements.

Thus, let G^ and C2 be their moments, r their distance apart, e the
angle between their directions Sj and S 2 ^ the magnetic inductivity of
the mutual energy.
the medium (uniform), and
Then,

M

,

(1)

It follows

two

immediately from this that the mutual inductance of any

linear circuits

is

M

being now the mutual inductance. If the circuits are closed the
second part contributes nothing, and we have
(3)

common form of Neumann's equation, with the /x prefixed to adapt
to Maxwell's theory.
But if the lines are unclosed, then, according to my description of the
nature of a rational current-element, the linear currents become closed
by means of currents uniformly diverging from their positive ends, and
uniformly converging to their negative ends. The second part of (2) is

the
it

N

Let P t and P 2 be the positive poles, Nj and 2 the negative
finite.
poles of the linear currents, and let the value of the second part of (2)

now
be

Mv

It is given

by

P^VN^),
N

................. (4)

N

P X 2 means the length of the straight line joining P T to 2, and
may, therefore, calculate
by Neumann's
similarly for the rest.
formula, applied to the linear circuits, and then add the correction (4)
to obtain the complete expression.
where

We

M
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is to the theory of a Hertzian oscillator, at
Let a straight wire join two conducting spheres,
or discs, etc.
Imagine an impressed force to act in the wire, and to
vary in any not too rapid manner. The current will leak out (or in)
from (or to) the wire as well as the terminal conductors, but if they are
relatively large nearly all the current will go across the air from one
terminal conductor to the other, and we may ignore the wire-leakage.
The permittance S is then that of the dielectric between the two spheres
Also, if the changes of current are not too
(say), and is quite definite.
rapid, as mentioned, the current in the air will follow the lines or tubes
of displacement.
The inductance L is therefore also quite definite, in
accordance with Maxwellian principles, so that the natural frequency of
oscillation of the condenser-conductor circuit can be calculated with
considerable precision from the dimensions.
If, as an illustrative approximation, we suppose the current to come
from the centre of one sphere and go to that of the other, and then
diverge or converge uniformly, we have to find the inductance L of &
straight wire or tube of length / and radius a, with terminal continuaIn the Phil. Mag., July, 1888, Prof. Lodge
tions as before specified.
calculates L without any allowance for the current in the dielectric, viz.,
by Neumann's formula (3). We have therefore only to examine what

practical application

least of a certain kind.

the correction (4) amounts to.
In the case of two very close parallel lines,

PjPa^ = ]^,
so that the correction

is

and

we may put

P^, = P^ =

/,

simply

M

That is, if the dielectric current
//A.
by the amount pi. The same applies

ignored, (3) overestimates
it is the inductance of a straight tube or solid wire that is in
Deduct its length in centimetres from the uncorrected to
question.
obtain the true value, in c.g.s. electromagnetic units, i.e., centimetres.
Prof. Lodge (loc. cit.) also gives the formula which Hertz says Maxwell's theory gives.
On making the comparison, I find it is equivalent
to adding, instead of deducting I, from the result of Neumann's formula.
It should be remarked, as an essential condition of the validity of the
process described above, when practically applied, that the changes of
current must not be too rapid.
When the changes are slow the immense speed of propagation of disturbances through the air causes the
electric displacement at any moment in the neighbourhood of the
vibrator to be very nearly that which would obtain according to electrostatic principles, and the current to follow the tubes of displacement.
But go to the other extreme, and imagine the changes to be so rapid
that waves, whose length is a fractional part of the length of the
It is then clear that the theory would not
vibrator, are produced.
apply at all, either as regards the inductance or the permittance. Now
Hertz, in that series of brilliant experiments which have gone far
towards practically establishing the truth of Maxwell's inimitable
theory of the ether considered as a dielectric, sometimes employs waves
which are not very much longer than the vibrator itself. Only close to
the vibrator, therefore, do we have the electrostatic field (approximately)
is

when
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predominant, and we

may expect a sensible error in applying the electrohowever, quite easy in fact, easier to use longer
waves. But in any case, the exact calculation of the permittance and
inductance of a vibrator involves a good deal of mathematics to find
static theory.

It

is,

relatively small corrections.

July 21, 1889.

ON THE ELECTROMAGNETIC EFFECTS DUE TO THE
MOTION OF ELECTRIFICATION THROUGH A DIELECTRIC.

L.

[Phil.

Mag., April, 1889,

p. 324.]

Theory of the Slow Motion of a Charge.

THE

following paper consists of, First, a short discussion of the
theory of the slow motion of an electric charge through a dielectric,
having for object the possible correction of previously published results.
Secondly, a discussion of the theory of the electromagnetic effects due
to motion of a charge at any speed, with the development of the complete solution in finite form when the motion is steady and rectilinear.
Thirdly, a few simple illustrations of the last when the charge is
1.

distributed.

Given a steady

electric field in a dielectric,

due to

electrification.

It

to consider a charge q at a point, as we may readily extend
If this charge be shifted from one position to another,
results later.
In accordance, therefore, with Maxwell's
the displacement varies.
is sufficient

Its
inimitable theory of a dielectric, there is electric current produced.
time-integral, which is the total change in the displacement, admits of

no question

;

but

it is

by no means an elementary matter

to settle its

But should the speed
rate of change in general, or the electric current.
of the moving charge be only a very small fraction of that of the propagation of disturbances, or that of light, it is clear that the accommodation of the displacement to the new positions which are assumed by
the charge during its motion is practically instantaneous in its neighbour-

we may imagine

the charge to carry about its stationary
attached to it. This fixation of the displacement
at once
at any moment definitely fixes the displacement-current.
find, however, that to close the current requires us to regard the moving
charge itself as a current-element, of moment equal to the charge
multiplied by its velocity ; understanding by moment, in the case of a
The
distributed current, the product of current-density and volume.
necessity of regarding the moving charge as an element of the "true
current" may be also concluded by simply considering that when a
charge q is conveyed into any region, an equal displacement simul-

hood, so that

field of force rigidly

taneously leaves
Knowing the

becomes

it

through

electric

definitely

We

known

its

boundary.

current, the magnetic force to correspond
if the distribution of inductivity be given ;
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this is constant everywhere, as we shall suppose now and
the magnetic force is simply the circuital vector whose curl
is 4 TT times the electric current; or the vector-potential of the curl of
the current; or the curl of the vector-potential of the current, etc., etc.
Thus, as found by J. J. Thomson,* the magnetic field of a charge
moving at a speed which is a small fraction of that of light is that
which is commonly ascribed to a current-element itself. I think it,
however, preferable to regard the magnetic field as the primary object
of attention ; or else to regard the complete system of closed current
derived from it by taking its curl as the unit, forming what we may
term a rational current-element, inasmuch as it is not a mere mathematical abstraction, but is a complete dynamical system involving

and when
later,

definite forces

and energy.

Let the axis of z be the line of motion of the charge q at the speed
u then the lines of magnetic force H are circles centred upon the axis,
in planes perpendicular to it, and its tensor
at distance r from the
charge, the line r making an angle 6 with the axis, is given by
2.

;

H

........................... (1)

= sin

0, E the intensity of the radial electric force, c the persuch
that /x cv 2 = l, if /x is the other specific quality of the
mittivity
its
medium,
inductivity, and v is the speed of propagation.
Since, under the circumstance supposed of u/v being very small, the
alteration in the electric field is insensible, and the lines of E are radial,
we may terminate the fields represented by (1) at any distance r = a
from the origin. We then obtain the solution in the case of a charge q
upon the surface of a conducting sphere of radius a, moving at speed u.
This realization of the problem makes the electric and magnetic energies
finite.
Whilst, however, agreeing with J. J. Thomson in the fundamentals, I have been unable to corroborate some of his details; and
since some of his results have been recently repeated by him in another
place,! it may be desirable to state the changes I propose, before proceeding to the case of a charge moving at any speed.

where

v

The Energy and Forces in
3.

First, as regards the

summation 2/x JT2 /87r;

The

or,

magnetic

the Case of

Slow Motion.

energy, say T.

This

the space-

is

by

limits are such as include all space outside the sphere r

coefficient

= a.

The

2

| replaces T
of the moving
4. Next, as regards the mutual magnetic energy
charge and any external magnetic field. This is the space-summation
*

Phil.

.

M

Mag., April, 1881.

t " Applications of Dynamics to Physics and Chemistry," chap,
J The Electrician, Jan. 24, 1885, p. 220 [vol. i., p. 446].

iv.,

pp. 31 to 37.
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2 /A H H/47r, if H is the external field ; and, by a well-known transis any vector whose curl is
formation, it is equivalent to
F, if
F is the current-density of the moving system. Further,
^ H whilst
if we choose
to be circuital, the polar part of T will contribute
nothing to the summation, so that we are reduced to the volumeof the one system
integral of the scalar product of the circuital
and the density of the convection- current in the other. Or, in the
present case, with a single moving charge at a point, we have simply
the scalar product
u<? to represent the mutual magnetic energy ; or

2A

A

,

A

A

A

^~=A
which
5.

is

double

When,

J. J.

Thomson's

................................. (3)

u?,

result.

therefore, we derive from (3) the mechanical force on the
to the external magnetic field, we obtain simply

moving charge due

Maxwell's "electromagnetic force" on a current-element, the vector
product of the moment of the current and the induction of the external
field ; or if F is this mechanical force,

F=

MVuH

,

.............................. (4)

which is also double J. J. Thomson's result. Notice that in the application of the "electromagnetic force" formula, it is the moment of the
This is not the same as the moment of
convection-current that occurs.
the true current, which varies according to circumstances ; for instance,
in the case of a small dielectric sphere uniformly electrified throughout
its volume, the moment of the true current would be
only f of that of
the convection-current.
The application of Lagrange's equation of motion to (3) also gives
the force on q due to the electric field so far as it can depend on
;
that is, a force
_

M

^

where the time-variation due to all causes must be reckoned, except
that due to the motion of q itself, which is allowed for in (4).
And
besides this, there may be electric force not derivable from A viz.
,

where

^

A

the scalar potential companion to
the external field be that of another moving charge, we
shall obtain the mutual magnetic energy from (3) by letting
be the
vector-potential of the current in the second moving system, constructed
Now the vector-potential of the convectionso as to be circuital.
current qu is simply qu/r ; this is sufficient to obtain the magnetic force
by curling; but if used to calculate the mutual energy, the spacesummation would have to include every element of current in the other
To make the vector-potential circuital, and so be able to
system.
abolish this work, we must add on to qu/r the vector-potential of the
displacement current to correspond. Now the complete current may be
considered to consist of a linear element qu having two poles ; a radial
current outward from the + pole in which the current-density is qu/4:irr?;
and a radial current inward to the - pole, in which the current-density
is qu/^Trrj ; where rl and r z are the distances of any point from the
6.

Now

is

.

if

A

MOTION OF ELECTRIFICATION THROUGH A DIELECTRIC.

507

The vector-potentials of these currents are also radial, and their
poles.
tensors are \qu and - \qu.
have now merely to find their resultant
when the linear element is indefinitely shortened, add on to the former
to obtain the complete circuital vector<?u/r, and multiply by /x
potential of qu, viz.

We

,

:

........................... (5)

A

r is the distance from q to the point P when
is reckoned, and
the differentiation is to s, the axis of the convection-current.
Both it
and the space-variation are taken at P. The tensor of u is u. Though
different and simpler in form (apart from the use of vectors) this vectorpotential is, I believe, really the same as the one used by J. J. Thomson.
From it we at once find, by the method described in 4, the mutual
energy of a pair of point-charges q l and <? 2 moving at velocities Uj and U 2

where

,

,

to be

()
when

at distance r apart.
end of the line r.

Both

axial differentiations are to be effected

at one

As an alternative form, let e be the angle between Uj and U 2 and let
the differentiation to s l be at ds v that to s 2 at ds 2 as in the German
*
investigations relating to current-elements ; then
,

,

to render its meaning plainer.
Let A p v v1 and
be the direction-cosines of the elements referred to rectangular
axes, with the z-axis, to which A x and A 2 refer, chosen as the line

Another form,

A2

,

/A 2 ,

fj,

v2

joining the elements.

Thenf
2

J. J.

Thomson's estimate

2

) ................

(8)

is \

K-lHMW*^

................................ (9)

Comparing this with (8), we see that there is a notable difference.
7. The mutual energy being
different, the forces on the charges, as
derived by J. J. Thomson by the use of Lagrange's equations, will be

different.
When the speeds are constant, we shall have simply the
before-described vector product (4) for the "electromagnetic force"; or
.............. (10)

Fj is the electromagnetic force on the first, and F 2 that on the second
Similar changes are
element, whilst Hj and H 2 are the magnetic forces.
needed in the other parts of the complete mechanical forces.

if

*

The

f

The Electrician, Jan. 24, 1885,

Electrician, Dec. 28, 1888, p. 230 [p. 501, vol. u.].
p. 221 [vol.

I.,

p. 446].

"Applications of Dynamics to Physics and Chemistry," chap.

Mag., April, 1881.

iv.

;

and

Phil.
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It may be remarked that (if my calculations are correct) equation
(7)
or its equivalents expresses the mutual energy of any two rational
current-elements (see
1) in a medium of uniform inductivity, of
and q 2 u2 whether the currents be of displacement, or
moments
conduction, or convection, or all mixed, it being in fact the mutual
energy of a pair of definite magnetic fields. But, since the hypothesis
of instantaneous action is expressly involved in the above, the application
of (7) is of a limited nature.

q^

,

General Theory of Convection Currents.
8. Now leaving behind altogether the subject of current-elements, in
the investigation of which one is liable to be led away from physical
considerations and become involved in mere exercises in differential
coefficients, and coming to the question of the electromagnetic effects of
a charge moving in any way, I have been agreeably surprised to find
that my solution in the case of steady rectilinear motion, originally an
infinite series of corrections, easily reduces to a very simple and interest-

Only when u > v is
ing finite form, provided u be not greater than v.
must first settle upon what basis to work.
there any difficulty.
First the Faraday-law (p standing for d/dt),

We

-curlE = /v?H,

(11)

no change when there is moving electrification. But the
analogous law of Maxwell, which I understand to be really a definition
of electric current in terms of magnetic force, (or a doctrine), requires
modification if the true current is to be
requires

,

C+pD + /ou;

(12)

the sum of conduction-current, displacement-current, and convecThe
tion-current pu, where p is the volume-density of electrification.
addition of the term />u was, I believe, proposed by G. F. Fitzgerald.*
(This was not meant exactly for a new proposal, being in fact after
Rowland's experiments; besides which, Maxwell was well acquainted
with the idea of a convection-current. But what is very strange is that
Maxwell, who insisted so strongly upon his doctrine of the quasiincompressibility of electricity, never formulated the convection-current
Now Prof. Fitzgerald pointed out that if Maxwell, in
in his treatise.
his equation of mechanical force,
viz.,

F = VCB - eW - raVft,

- V*P,

as it is obvious he should have done, then the
had written E for
inclusion of convection-current in the true current would have followed
naturally.
(Here C is the true current, B the induction, e the density
that of imaginary magnetic matter, "*" the electroof electrification,
static and ft the magnetic potential, and E the real electric force.)
Now to this remark I have to add that it is as unjustifiable to derive
from ft as E from * ; that is, in general, the magnetic force is not
the slope of a scalar potential ; so, for - Vft we should write H, the real

m

H

magnetic force.
*

Brit. Assoc., Southport, 1883.
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But this is not all. There is possibly a fourth term in F, expressed
by 47rVDG, where D is the displacement and G the magnetic current
I have termed this force the "
magneto-electric force," because it is the
;

analogue of Maxwell's "electromagnetic force," VCB.
Perhaps the
simplest way of deriving it is from Maxwell's electric stress, which was
the method I followed.*
Thus, in a homogeneous nonconducting dielectric free from electrification and magnetization, the mechanical force is the sum of the
"electromagnetic" and the "magnetoelectric," and is given by

F_
where

W = VEH/4?r

1 dW
?~3P

the transfer-of-energy vector.

is

however, be confessed that the real distribution of the
And when
stresses, and therefore of the forces, is open to question.
ether is the medium, the mechanical force in it, as for instance in a
light-wave, or in a wave sent along a telegraph-circuit, is not easily to
be interpreted.)
It must,

The companion

to (11) in a

nonconducting dielectric

is

now

curlH = cpE + 47rpu ...................
Eliminate E between (11) and (13), remembering that
because /x is constant, and we get

Q?>2 -V 2 )H = curl4izy>u,
Here

the characteristic of H.

V = d /dx
2

2

2

+

...,

(14) with the characteristic of
force e instead of electrification />, which is

Comparing

.

H

........ (13)

is circuital,

........................ (14)

as usual.

H when

there

is

impressed

We

we see that />u becomes cpe/47r.
may therefore regard convectioncurrent as impressed electric current.
From this comparison also, we
may see that an infinite plane sheet of electrification of uniform density
cannot produce magnetic force by motion perpendicular to its plane.
Also, we see that the sources of disturbances when p is moved are the
for example, a dielectric sphere uniformly
places where /ou has curl
filled with electrification (which is
imaginable), when moved, starts the
;

magnetic force solely upon its boundary.
The presence of "curl" on the right side tells us, as a matter of
mathematical simplicity, to make H/curl the variable. Let

H = curlA,

................................. (15)

and calculate A, which may be any

vector

satisfying

(15).

Its

characteristic is

Q?

The divergence

2

2
/*>

-V

2

)A = 47r/>u ............................ (16)

A

is of no moment, and it is only vexatious compliof
cation to introduce ^F.
is not the real
The time-rate of decrease of

*"E1. Mag.
[vol.

i.,

p. 545].

Ind. and

A

its

Prop."

xxn.

The

Electrician, Jan. 15, 1886, p. 187
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which has to be found by the additional

distribution of electric force,

datum
divcE = 47i7>,

E

where
"

9.

............................... (17)

the real force.

is

"

Symbolically

expressed, the solution of (16)
47TP U

is

_-47T/)U/V

2

Here the numerator of the fraction to the right is the vector-potential of
we have
the convection-current.
Calling it

A

,

for many
charges
Inserting in (18) and expanding,

we have
.................. (20)

Given then /ou as a function of position and time,
and (20) finds A, whilst (15) finds H.

A

is

known by

Complete Solution in the Case of Steady Rectilinear Motion.
Inanity of "*&.

(19),

Physical

When

the motion of the electrification is all in one direction, say
and
are all parallel to this axis, so that
the
to
s-axis, u,
parallel
we need only consider their tensors. When there is simply one charge
q at a point, we have
10.

A

A

,

A = ur

and (20) becomes
(21)

When the motion is steady, and the whole electroq.
ultimately steady with respect to the moving charge,
shall have, taking it as origin,

at distance r

magnetic

we

from

field is

p=
for brevity

Now

;

W

the property

brings (22) to

and the property
where

v

-u(d/dz)

= -uD,

so that

= sin 6,

^=

(22)
+a

= (n + 2)(w + 3)r"

^i + g^ +
D

Zn 2n ~ l

r

^

........................

+
...};

= l*.3 2 .5*...(2w- l)V/r,

(23)

................. (24)

...............

(25)

being the angle between r and the axis, brings (24) to
'

....... < 26 >
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which, by the Binomial Theorem,

is

the same as

A = (qulr){l-u*v*l<#Y\

.......................

the required solution.
11. To derive //, the tensor of the circular H, let rv
from the axis. Then, by (15),
.-

dh

dr

r

dp

51 1

T

r2 \

r

= h,

the distance

v2

dp) V

(27)

(28)

)

by (27), if /z = cos#. Performing the differentiation, and also getting
out E, the tensor of the electric force, we have the final result that the
*
electromagnetic field is fully given by

l-*/**

cE =*.
2

H=cEuv,

t>

r'

-**/*)*
additional information that E

............... (29)

(1

with the

we bring

is

radial

and

H

circular.

we have only got

to take it out
the speed is very slow we may regard the electric field as
- VM*
plus a small correcting vector, which we may call the
given by
But to show the physical inanity of "*P, go to
electric force of inertia.
It is now the electric force
the other extreme, and let u nearly equal v.
of inertia (supposed) that equals +
nearly (except about the equatorial plane), and its sole utility or function is to cancel the other It is surely impossible to attach
of the (supposed) electrostatic field.

as regards

Now,

again.

^,

if

it in,

When

V^

V^

and to propagate it, for we require two TF's,
to
one to cancel the other, and both propagated infinitely rapidly.
As the speed increases, the electromagnetic field concentrates itself
more and more about the equatorial plane, 6 = \TC. To give an idea of
Then cE is -01 of the normal value
the accumulation, let tt 2 /0 2 = -99.
2
The
q/r at the pole, and 10 times the normal value at the equator.
latitude where the value is normal is given by

any physical meaning

~

(30)

Limiting Case of Motion at the Speed of Light.
Telegraph Circuit.

Whentt =

Application

to

a

the solution (29) becomes a plane electromagnetic
and
wave,
being zero everywhere except in the equatorial plane.
are infinite, distribute the charge
As, however, the values of E and
in
its
line
own
a
line, and let the linear-density
straight
moving
along
be q. The solution is then f
12.

H

E

fl,

H

H=Ecv = 2qv/r

............................. (31)

between the two planes through the ends of
perpendicular to it, and zero elsewhere.

at distance r

from the

line,

the line
To further realize, let the field terminate internally at r = a, giving a
cylindrical-surface distribution of electrification, and terminate the tubes
*

The Electrician, Dec. 7, 1888, p. 148 [p. 495, vol. n.].
tlbid., Nov. 23, 1888, p. 84 [p. 493, vol. 11.].
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of displacement externally upon a coaxial cylindrical surface we then
produce a real electromagnetic plane wave with electrification, and of
finite energy.
have supposed the electrification to be carried through
the dielectric at speed v, to keep up with the wave, which would of course
break up if the charge were stopped. But if perfectly-conducting
surfaces be given on which to terminate the displacement, the natural
motion of the wave will itself carry the electrification along them. In
fact, we now have the rudimentary telegraph-circuit, with no allowance
made for absorption of energy in the wires, and the consequent
distortion.
If the conductors be not coaxial, we only alter the distribution of the displacement and induction, without affecting the
;

We

propagation without distortion.*
If we now make the medium conduct electrically, and likewise
magnetically, with equal rates of subsidence, we shall have the same
solutions, with a time-factor e~^ producing ultimate subsidence to zero ;
and, with only the real electric conductivity in the medium the wave is
running through, it will approximately cancel the distortion produced
by the resistance of the wires the wave is passing over when this resistance has a certain value. f
We should notice, however, that it could
not do so perfectly, even if the magnetic retardation in the wires due to
diffusion were zero ; because in the case of the unreal magnetic conductivity its correcting influence is where it is wanted to be, in the
body of the wave ; whereas in the case of the wires, their resistance,
correcting the distortion due to the external conductivity, is outside the
wave ; so that we virtually assume instantaneous propagation laterally
from the wires of their correcting influence, in the elementary theory of
propagation along a telegraph-circuit which
equations

is

symbolized

by the
(32)

where R, L, K, and S are the resistance, inductance, leakage-conductance, and permittance per unit length of circuit, C the current, and V
what I, for convenience, term the potential-difference, but which I have
expressly

disclaimed^:

to

represent

the

electrostatic

difference

of

and have shown to represent the transverse voltage or lineintegral of the electric force across the circuit from wire to wire,

potential,

Now in case of great distortion,
including the electric force of inertia.
as in a long submarine cable, this /^approximates towards the electroW.

static potential-difference, which it is in Sir
Thomson's diffusion
as
in
but
in
case
of
little
distortion,
;
theory
telephony through circuits

of low resistance and large inductance, there may be a wide difference
between my V and that of the electrostatic force. Consider, for
instance, the extreme case of an isolated plane-wave disturbance with no

spreading-out of the tubes of displacement.
*

At

the boundaries of the

The Electrician, Jan. 10, 1885 [p. 440, vol. i.]. Also "Self-Induction of
Wires," Part IV. Phil. Mag., Nov. 1886 [p. 221, vol. n.].
The
t " Electromagnetic Waves," 6, Phil. Mag., Feb. 1888 [p. 379, vol. n.].
Electrician, June, 1887 [p. 123, vol. n.].
" Self-induction of
Wires," Part. II., Phil. Mag., Sept. 1886 [vol. n., p. 189].
t
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V and

disturbance the difference between
potential

is

But it
when we

is

the electrostatic difference of

great.

worth noticing, as a rather remarkable circumstance, that
derive the system (32) by elementary considerations, viz., by
extending the diffusion-system by the addition of the E.M.F. of inertia
and leakage-current, we apparently as a matter of course take
to
mean the same as in the' diffusion-system. The resulting equations are
The true way
correct, and yet the assumption is certainly wrong.
appears to be that given by me in the paper last referred to, by considering the line-integral of electric force in a closed curve [vol. II.,
Also p. 87].
p. 187.
cannot, indeed, make a separation of the
electric force of inertia from - VP" without some assumption, though
the former is quite definite when the latter is suitably defined,
But,
and this is the really important matter, it would be in the highest
degree inconvenient, and lead to much complication and some confusion,
to split
into two components, in other words, to bring in "^f and A.
In thus running down Mf, I am by no means forgetful of its utility in
other cases.
But it has perhaps been greatly misused. The clearest
course to pursue appears to me to invariably make E and
the primary
objects of attention, and only use potentials when they naturally suggest

V

We

V

H

themselves as labour-saving appliances.
Special Tests.

The Connecting Equations.

Returning to the solutions (29), the following are the special tests
of their accuracy.
Let
and JE 2 be the z and h components of E.
l
13.

E

Then, by (11) and

(13),

with the special meaning assumed by^?, we have
-==-

r
hdh

7,77
tin.

- CU/

_^L-cA
az

or

dz

dEl

dE
---

dH

,(33)

-=-

r

In addition to satisfying these equations, the displacement outward
through any spherical surface centred at the charge may be verified to
be q ; this completes the test of the accuracy of (29).
But (33) are not limited to the case of a single point-charge, being
true outside the electrification when there is symmetry with respect to
the z-axis, and the electrification is all moving parallel to it at speed u.
= Q, and 2 = E = [j.vH, so that we reduce to
When u =
1
,

E

E

Aff
outside the electrification.

Thus,

if

='

...........................

the electrification

is

- (34)

on the axis of z,

we have
E/nv = H=2qv/r,
differing from (31) only in that

function of
H.E.P.

q,

z.

VOL.

II.

2K

........................... (35)

the linear density,

may

be any
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The Motion of a Charged Sphere.

The Condition

at

a Surface of

Equilibrium (Footnote).
If, in the solutions (29), we terminate the fields internally at
the perpendicularity of E and the tangentiality of H to the surface
show that (29) represents the solutions in the case of a perfectly conducting sphere of radius a, moving steadily along the 2-axis at the speed
The energy is now finite. Let
u, and possessing a total charge q.
be the total electric and T the total magnetic energy. By spaceand
we find that they are given by
integration of the squares of

14.

r

= a,

U

E

H

Z7=JL.

(36)

2ca

2ca

which %<#.

in

When

equator of the sphere,
only possible to have

ii

= v,

with accumulation of the charge at the
infinite values, and it appears to be
values by making a zone at the equator

we have
finite

The expression for T in (37) looks
correctly reduces to that of equation (2) when u/v

cylindrical instead of spherical.

quite

wrong

is infinitely

*

;

but

it

small.*

am

indebted to Mr. G. F. C. Searle, of Cambridge, for the opportunity of
to press.
In a private
communication (August 19, 1892) he informed me that he had verified the accuracy
of the solution for a point-charge, which he had also obtained in another way,
from equations equivalent to (33), without the use of the function A of
8 to 10 ;
but he cast doubt upon the validity of the extension made in 14, from a pointcharge to a charged conducting sphere, and asked the plain question (in effect),
What justification is there for terminating the displacement perpendicularly, to
make a surface of equilibrium ?
On examination, I find that there is no justification whatever, exceptions
The true boundary condition may, however, be found without a fresh
excepted.
On p. 499 the problem of uniform motion of electrification through
investigation.
a dielectric medium, or conversely, of the uniform motion of. the whole medium
past stationary electrification, is reduced to a case of eolotropy in electrostatics.
The eS'ect of the motion of the isotropic medium on the displacement emanating
from stationary electrification is there shown to be identical with the effect of
keeping the medium stationary and reducing its permittivity in lines parallel to
the (abolished) motion from c to c(l -w2 /^2 ), whilst keeping the transverse permitThe transverse concentration of the displacement is obvious.
tivity the same.
Now the function P (equation (14), p. 499) is the electrostatic potential in the
- VP, which call F, is the electric
stationary eolotropic problem, so that its slope
force, and the displacement D is a linear function thereof, say D = XF, where X is
the permittivity operator. The condition of equilibrium is that F is perpendicular
to the surface where it terminates, this being required to make curl F = 0, or the
Now, in the corresponding problem of the same
voltage zero in every circuit.
electrification in a moving isotropic medium, we have the same function
(no
longer the electrostatic potential) and the same derived vector F, whilst the
displacement D is also derived from F in the same way. But whilst the meaning
In the eolotropic case, F is the
of D is the same in both cases, that of F is not.
[I

making a somewhat important correction before going

P
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The State when
15.

when

the

Speed of Light

The question now suggests

u>v1

itself,

is exceeded.

What

is

the state of things
can be no dis-

It is clear, in the first place, that there

turbance at all in front of the moving charge (at a point, for simplicity).
Next, considering that the spherical waves emitted by the charge in its
motion along the -axis travel at speed v, the locus of their fronts is a

whose apex is at the charge
and whose semiangle
is
given by

conical surface
z,

smO = v/u

itself,

whose axis

is

that of

(38)

The whole displacement, of amount q, should therefore lie within this
cone.
And since the moving charge is a convection-current qu, the
displacement-current should be towards the apex in the axial portion of
the cone, and change sign at some unknown distance, so as to be away
from the apex either in the outer part of the cone or else upon its
boundary. The pulling back of the charge by the electric stress would
require the continued application of impressed force to keep up the
motion, and its activity would be accounted for by the continuous addition made to the energy in the cone for the transfer of energy on its
boundary is perpendicularly outward, and the field at the apex is being
;

continuously renewed.
The above general reasoning seems plausible enough, but I cannot
find any solution to correspond that will satisfy all the necessary conditions.
It is clear that (29) will not do when u > v.
Nor is it of any
use to change the sign of the quantity under the radical, when needed,
to make real.
It is suggested that whilst there should be a definite
solution, there cannot be one representing a steady condition of E
and H with respect to the moving charge.
As regards physical
In the moving isotropic medium, on the
electric force, and is not parallel to D.
other hand, F is not the electric force, which is E, parallel to D. Nevertheless,
the same condition formally obtains, for we have curlF = in the moving medium,
requiring that F shall be perpendicular to a surface of equilibrium, not the
= constant is therefore the equation to a
electric force or displacement.
surface of equilibrium.
That is, in the case of a point-charge, the surfaces of
equilibrium are not spheres, but are concentric oblate spheroids, whose principal
axes are proportional to the square roots of c, c, and c(l-w2/v2 ), the principal
In the extreme case of u = v, the
permittivities in the eolotropic problem.
spheroid reduces to a flat circular disc, with a single circular line of electrification
It would seem, however, to be a matter of indifference, in this
on its edge.
extreme case, whether the conductor be a disc or a solid sphere.. Bearing in
mind the conditions assumed to prevail in the problem of motion of sources of
displacement in a uniform medium, we see that if we introduce conductors, say by
filling up spaces void of electric force with conducting matter, this should not
"
interfere with the assumed motions. (See also
Electromagnetic Theory," 164.)
Equations (36), (37) express the electric and magnetic energy outside a sphere
of radius a, within which is either a point-source at the origin, or any equivalent
spheroidal electrified surface.
In the corresponding bidimensional problem of
17 in the text, with the
solution (43), it is clear from the above that the surface of equilibrium is an
axis
in
the
direction
of motion, and the axes
the
shorter
being
elliptic cylinder,
themselves in the ratio 1 to ( 1 - M2/^2 )*. This surface degenerates to a flat strip

P

when u = v. ]
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possibility, in

connexion with the structure of the ether, that

not

is

in question.*

A
16.

Charged Straight Line moving in

Let us now derive from

own

its

Line.

some

(29), or from (27), the results in

cases of distributed electrification, in steady rectilinear motion.
integrations to be effected being all of an elementary character,

The
it is

not necessary to give the working.

First, let a straight line AB be
charged to linear density q, and be in
motion at speed u in its own line

from

left

shall

have

to

right.

Then

a-t

P we

...

2

from which

H^gufl

-

H=

-

/x 2

+

-v2

(39)

)

dAjdh gives

_T -same f n of r

Vl

^f

= cos 0, v = sin 0.
/x
When P is vertically over

2 , /* 2 ,

v 2"l, (40

where

B, and

A is

at

an

infinite distance,

we

shall

................................ (41)
is one half the value due to an infinitely
long (both ways) straight
The notable thing is the independence of the
current of strength qu.

which

ratio u/v.
*

about the above method and solution (29) is that it is not
> v, and does not indicate the limits of application. It
gives a real solution for the hinder cone, a real solution for the forward cone, and
an unreal solution in the rest of space, but we have no instruction to reject the
part for the forward cone and the unreal part, nor have we any means of testing
that the remainder, confined to the hinder cone, is the proper solution, viz., by
the test of divergence, to give the right amount of electrification. The integral
- GO
Now this may require to be supplemented by
displacement comes to
+ oo + q on the boundary of the cone, but we have no way of testing it.

[The

explicit

difficulty

enough when u

.

But certain considerations led me to the conclusion that the problem of u>v
was really quite as definite a one as that of u < v, and that a correct method of
a general character (independent of the magnitude of u) would show this explicitly.
I therefore (in 1890) attacked the problem from a different point of view, employForm the
ing the method of resistance-operators (or an equivalent method).
complete differential equation D = 0u, connecting the displacement D associated
with a moving point-charge with its velocity u, which is any function of the
time t. Here <f> is a differential operator, a function of p or djdt. The solution of
this equation gives D explicitly in terms of u, whether steady or variable, and its
structure indicates the limits of application.
Taking u = constant, we obtain the result (29) when u v. But when u v, the
formula tells us to exclude all space except the hinder cone, and that in it, the
That is, double the right member of the
solution is not (29), but double as much.
The boundary of the cone is also a displacement sheet.
v.
first of (29) when u
The displacement is to the charge in the cone, and from the charge on its surface.
Being so near the end of the second volume, I regret that there is no space
here for the mathematical investigation, which cannot be given in a few words,

<

>

and must be reserved.]

>
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But if u = v in (40), the result is zero, unless ^ = 1, when we have
the result (41).
But if P be still further to the left, we shall have to
add to (41) the solution due to the electrification which is ahead of P.
So when the line is infinitely long both ways, we have double the result
in (41), with independence of u/v again.
But should q be a function of z, we do not have independence of u/v
except in the already-considered case of u = v, with plane waves, and no
component of electric force parallel to the line of motion.

A

Charged Straight Line moving Transversely.

17. Next, let the electrified line be in
steady motion perpendicularly to its length.
Let q be the linear density (constant), the
2-axis that of the motion, the z-axis coincident with the electrified line, and that of
Then the
at
y upward on the paper.

A

P

will

be
.

(1

-

U*lv*)

X2 + {Xl + yS + 38(1 -

'

(42)

tf/rlp

where y and z belong to P, and x v x 2 are the limiting values of x in the
charged line. From this derive the solution in the case of an infinitely
long line. It is

where

v

= sin

and

9

H

;

E

understanding that

rectilinear, parallel to the
Terminating the fields internally at r

figure,

is

radial, or
line.

along qP in the

charged

= a, we

have the case of a per-

charged with q per unit of length,
=
is disappearance of E and
u
there
When
v
moving transversely.
everywhere except in the plane 6 = JTT, as in the case of the sphere, with
consequent infinite values. It is the curvature that permits this to
fectly

conducting cylinder of radius

a,

H

i.e.
producing infinite values ; of course it is the self-induction
that is the cause of the conversion to a plane wave, here and in the
other cases.
There is some similarity be-

occur,

tween (43) and

In fact, (43)
(29).
bidimensional equivalent of (29).

A

is

the

Charged Plane moving Transversely.

Coming next to a plane distribution
of electrification, let q be the surface-density,
and the plane be moving perpendicularly
to itself.
Let it be of finite breadth and
of infinite length, so that we may calculate
18.

at

-y*

H from

(43).

The

result

Pis

H

a

1

**;

,(44)
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When P

H

is zero.
There is therefore
equidistant from the edges,
due to the motion of an infinitely large uniformly
charged plane perpendicularly to itself. The displacement-current is
the negative of the convection-current and at the same place, viz. the
moving plane, so there is no true current.
Calculating
v the ^-component of E, z being measured from left to

no

is

H anywhere

E

right,

we

find
(45)

The component
infinite, this

the same as

parallel to the plane is H/cu.

Thus,

when

the plane

is

component vanishes with H, and we are left with
cE 1 = cE = 2Trq, ............................. (46)
if the plane were at rest.

A

Charged Plane moving in

its

own Plane.

charged plane be moving in its own plane. Refer
figure, in which let AB now be the trace of the plane when

19. Lastly, let the

to the first

of finite breadth.

We

shall find that

(47)

and z2 being the extreme values of z, which is measured parallel to
the breadth of the plane.
Therefore, when the plane extends infinitely both ways, we have

zl

H=2Trqu
above the plane, and

.

................................ (48)

negative below it. This differs from the previous
case of vanishing displacement-current.
There is H, and the convectioncurrent is not now cancelled by coexistent displacement-current.
The existence of displacement-current, or changing displacement, was
the basis of the conclusion that moving electrification constitutes a part
of the true current.
Now in the problem (48) the displacement-current
has gone, so that the existence of
appears to rest merely upon the
assumption that moving electrification is true current. But if the plane
be not infinite, though large, we shall have (48) nearly true near it, and
away from the edges ; whilst the displacement-current will be strong
near the edges, and almost nil where (48) is nearly true.
But in some cases of rotating electrification, there need be no displacement anywhere, except during the setting up of the final state.
This brings us to the rather curious question whether there is any
difference between the magnetic field of a convection-current produced
by the rotation of electrification upon a good nonconductor and upon a
good conductor respectively, other than that due to diffusion in the
conductor.
For in the case of a perfect conductor, it is easy to imagine
that the electrification could be at rest, and the moved conductor merely
slip past it.
Perhaps Professor Rowland's forthcoming experiments on
convection-currents may cast -some light upon this matter.
its

H

December

27, 1888.

DEFLECTION OF AN ELECTROMAGNETIC WAVE.

LI.

WAVE BY

DEFLECTION OF AN ELECTROMAGNETIC
MOTION OF THE MEDIUM.
[The

519

Electrician, April 12, 1889, p. 663.]

THIS subject is of interest in connection with theories of Aberration,
which requires to be explained electromagnetically. A plane wave in
a nonconducting dielectric is carried on at speed v = (/*c)~*, where p is
the inductivity and c the permittivity, and is not altered in any way,
according to the rudimentary theory, that is to say, which overlooks
But if the medium be moving through the ether, it is
dispersion.
altered in a manner depending upon the speed of motion and the angle
it makes with the undisturbed direction of propagation.
Thus, let EQ = ^vH^ specify a plane wave in a medium at rest,
E being the tensor of the electric and Q of the magnetic force.
Next set the medium in motion with velocity u, changing E to E and

H

H

to H, thus

where

e

E=e+E

and h are the auxiliary

motion.
To find them,
of matter in a magnetic

we

H=h+H

,

electric

have,
or

first,

(A)

,

due to the
force due to motion

and magnetic

the electric

forces

field,

e

= /*VuH,

(B)

well known, and is included in Maxwell's treatise.
Next, the magnetic force due to motion in an electric field, or

which formula

is

h = cVEu

(C)

This equation, which is as necessary as (B), was, so far as I am at
"
present aware, first given by me in Section III. of Electromagnetic Induction and its Propagation," January 24, 1885 [vol. I., p. 446], and was
"
magneto-electric
again considered later on in connection with the
"
force," which is as necessary as Maxwell's
electromagnetic force."
We require one more relation, viz., between E and H viz.,
,

H = cVvE

(D)

,

the property of a plane wave, due to Maxwell ; and we can now fully
Here
find the auxiliaries e and h in terms of the originals E and H
v is the vectorized v of the wave when undisturbed.
In the above
is the
symbol of vector product. Thus VuH is the
vector perpendicular to u and to H, whose tensor equals the product of
their tensors, u and H, into the sine of the angle between their directions.
But this is merely used to state the general relations in a compact and
intelligible form, instead of with Cartesian circumlocutions.
Instead of taking the general case, it is convenient to divide into
three, viz., (1), u parallel to v ; (2), u parallel to E ; (3), u parallel to
H By putting the results together we shall obtain the mixed-up
.

V

.

general case.

Here the medium
(1). u parallel to v.
tion as that of undisturbed propagation,

is moving
and there

same direcno alteration of

in the
is
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H

so that it is only necessary to specify the
E or
Thus
tensors of the auxiliaries e and h.

direction of either

,

:

e=-

'

fc=-_^

u+v En

u+v

c

H ................... (1)
Q
(

for example, the medium be moving at half the speed v, and with
the displacement and induction in a given length are spread over a
space half as great again as
if the medium were at rest,
so that their intensities are
reduced to two-thirds of the
There
undisturbed values.

If,
it,

no discontinuity when u is
equal to or greater than v.
But if the medium move
the other way there is compression into half the space,
so that the intensities are
doubled. As it is increased
up to i\ the compression inthere is reversal of sign of E

is

After that, with
creases infinitely.
and
as compared with E and

H

H

(2).

V.

u and

E

parallel.

Here h

Their tensors are given by

(3).

Lastly,

parallel to v.

u and

H

u>v,

.

is

parallel to

H

,

but e

is

parallel to

.

parallel.

Now

e is parallel to

E

,

whilst h

is

Their tensors are

In either case, (2) or

(3),

the angle of deflection 6
UV
n

consequently the deflection

is

is

given by

wholly independent of the plane of

polarization.

Thus, let a slab of (say) glass move in its own plane at speed u, and
The transa plane-wave from the upper medium strike the glass flush.
mitted rays are deflected as shown in Fig. 1, the deflection being given
by the above formula, where, observe, v is the speed in the glass when
at rest, and u the speed of the glass with respect to the external medium.
The above working out of the effect of moving matter on a plane
electromagnetic wave is (if done properly) strictly in accordance with
electromagnetic principles. But it will be observed that Fresnel's result,
relating to the alteration in the speed of light produced by moving a
transparent medium through which it is passing, is not accounted for.
I should
It is said to have been thoroughly confirmed by Michelson.
like to direct the attention of electromagneticians to this question, with
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a view to the discovery of a modification of the above data, or correction
of the working, in order to explain Fresnel arid Michelson, which must
be done electromagnetically.
Mr. Glazebrook has made Sir W. Thomson's extraordinary contractile ether do it by an auxiliary hypothesis
surely, then, Maxwell's ether equations could be appropriately modified.

;

LII.

ON THE FORCES, STRESSES, AND FLUXES OF ENERGY
IN THE ELECTROMAGNETIC FIELD.

[Royal Society.

Received June
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1891.*

in Transactions,

(ABSTRACT.)

THE

abstract nature of this paper renders its adequate abstraction
difficult.
The principle of conservation of energy, when applied to a
theory such as Maxwell's, which postulates the definite localization of
energy, takes a more special form, viz., that of the continuity of energy.
Its general nature is discussed.
The relativity of motion forbids us to
go so far as to assume the objectivity of energy, and to identify energy,
like matter ; hence the expression of the principle is less precise than
that of the continuity of matter (as in hydrodynamics), for all we can
say in general is that the convergence of the flux of energy equals the
rate of increase of the density of the energy ; the flux of the energy
being made up partly of the mere convection of energy by motion of
the matter (or other medium) with which it is associated localizably, and
partly of energy which is transferred through the medium in other
ways, as by the activity of a stress, for example, not obviously (if at
Gravitational energy is
all) representable as the convection of energy.
the chief difficulty in the way of the carrying out of the principle.
It
must come from the ether (for where else can it come from ?), when it
goes to matter but we are entirely ignorant of the manner of its distribution and transference.
But, whenever energy can be localized, the
principle of continuity of energy is (in spite of certain drawbacks connected with the circuital flux of energy) a valuable principle which
should be utilized to the uttermost. Practical forms are considered.
In the electromagnetic application the flux of energy has a four-fold
make-up, viz., the Poynting flux of energy, which occurs whether the
medium be stationary or moving; the flux of energy due to the
activity of the electromagnetic stress when the medium is moving ; the
convection of electric and magnetic energy ; and the convection of other
energy associated with the working of the translational force due to the
;

stress.

As Electromagnetism swarms with
its
*

expression and investigation

is

vectors, the proper language for
the Algebra of Vectors. An account

Typographical troubles have delayed the publication of this paper.

notes are of date

May

11, 1892.

The

foot-
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therefore given of the method employed by the author for some
years past. The quaternionic basis is rejected, and the algebra is based
upon a few definitions of notation merely. It may be regarded "as
Quaternions without quaternions, and simplified to the uttermost ; or
else as being merely a conveniently condensed expression of the Cartesian
mathematics, understandable by all who are acquainted with Cartesian
methods, and with which the vectorial algebra is made to harmonize.
It is confidently recommended as a practical working system.
In continuation thereof, and preliminary to the examination of
electromagnetic stresses, the theory of stresses of the general type, that
is, rotational, is considered ; and also the stress activity, and flux of
is

energy, and its convergence and division into translational, rotational,
and distortional parts; all of which, it is pointed out, maybe associated
with stored potential, kinetic, and wasted energy, at least so far as the
mathematics is concerned.
The electromagnetic equations are then introduced, using them in
the author's general forms, i.e., an extended form of Maxwell's circuital
law, defining electric current in terms of magnetic force, and a companion equation expressing the second circuital law this method
replacing Maxwell's in terms of the vector-potential and the electrostatic potential, Maxwell's equations of propagation being found imThe equation of activity
possible to work and not sufficiently general.
is then derived in as general a form as possible, including the effects of
impressed forces and intrinsic magnetization, for a stationary medium
which may be eolotropic or not. Application of the principle of continuity of energy then immediately indicates that the flux of energy in
the field is represented by the formula first discovered by Poynting.
Next, the equation of activity for a moving medium is considered. It
;

does not immediately indicate the flux of energy, and, in fact, several
transformations are required before it is brought to a fully significant
form, indicating (1), the Poynting flux, the form of which is settled ;
of electric and magnetic energy; (3), a flux of energy
(2), the convection
which, from the form in which the velocity of the medium enters,
Like the
represents the flux of energy due to a working stress.
Poynting flux, it contains vector products. From this flux the stress
itself is derived, and the form of translational force, previously tentatively
It is assumed that the medium in its motion
developed, is verified.
carries its properties with it unchanged.
side matter which is discussed is the proper measure of "true"
It has a
electric current, in accordance with the continuity of energy.

A

four-fold make-up, viz., the conduction-current, displacement-current,
convection-current (or moving electrification), and the curl of the

motional magnetic

force.

and a magnetic stress. These
They do not agree with
Maxwell's general stresses, though they work down to them in an
isotropic homogeneous stationary medium not intrinsically magnetized
or electrized, being then the well-known tensions in certain lines with

The

stress is divisible into

an

electric

are of the rotational type in eolotropic media.

equal lateral pressures.
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Another and shorter derivation of the stress is then given, guided by
the previous, without developing the expression for the flux of energy.
Variations of the properties permittivity and inductivity with the strain
can be allowed for. An investigation by Professor H. Hertz is referred
His stress is not agreed with, and it is pointed out that the
to.
assumption by which it is obtained is equivalent to the existence of
The obvious validity of
isotropy, so that its generality is destroyed.
the assumption on which the distortional activity of the stress is
calculated

is

also questioned.
stress-vector is

Another form of the

examined, showing its relation
and magnetic current, magnetification
and electric current, produced on the boundary of a region by terminating the stress thereupon and its relation to the theory of action at
a distance between the respective matters and currents.
to the fictitious electrification

;

The stress-subject is then considered statically. The problem is now
perfectly indeterminate, in the absence of a complete experimental
knowledge of the strains set up in bodies under electric and magnetic
Only the stress in the air outside magnets and conductors
can be considered known. Any stress within them may be superadded,
without any difference being made in the resultant forces and torques.
Several stress-formulae are given, showing a transition from one extreme
form to another. A simple example is worked out to illustrate the
different ways in which Maxwell's stress and others explain the
mechanical actions. Maxwell's stress, which involves a translational
force on magnetized niatter (even when only inductively magnetized),
merely because it is magnetized, leads to a very complicated and uninfluence.

way of explanation. It is argued, independently, that no stressformula should be allowed which indicates a translational force of the
kind just mentioned.
Still the matter is left indeterminate from the statical standpoint.

natural

From

the dynamical standpoint, however,

we

are

led

to

a certain

which is also, fortunately, free from the
above objection, and is harmonized with the flux of energy. A pecuIt
liarity is the way the force on an intrinsic magnet is represented.
is not by force on its poles, nor on its interior, but on its sides, referring
to a simple case of uniform longitudinal magnetization
i.e., it is done
by a ^wasi-electromagnetic force on the fictitious electric current which
would produce the same distribution of induction as the magnet does.
There is also a force where the inductivity varies. This force on
fictitious current harmonizes with the conclusion previously arrived at
by the author, that when impressed forces set up disturbances, such
disturbances are determined by the curl of the impressed forces, and
proceed from their localities.
definite stress-distribution,

;

pointed out that the determinateness of the stress
localization of the energy and the two laws of
circuitation, so that with other distributions of the energy (of the same
proper total amounts) other results would follow ; but the author has
been unable to produce full harmony in any other way than that

In conclusion

rests

it is

upon the assumed

followed.

