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The separation of these
conductor, and the second R" for the outer.
into even and odd differential coefficients, thus,
It may, perhaps, be
of principal utility in the periodic applications.
as well pointed out that the first equation (786) should, in strictness, be cleared of fractions to obtain the rational differential equation.
is

But the advantages of the form

(786) are too great

to

be lightly

sacrificed to formal accuracy.

We have now the means of fully investigating the transmission of
disturbances along the line, including the retardation to inward transmission from the dielectric into the conductors as well as the effects of
the electrostatic charge.
The system is a practical working one ; for,
the electrical variables being J^and C, we are enabled to submit the line
to any terminal conditions arising from the attachment of apparatus,
the effect of which is fully determinable, because the differential equation of the apparatus itself is one between
and C. Both the ratio of
to C and their product are important quantities.
The first is, in
In variable states it becomes a complex
steady-flow, a mere resistance.
The second,
operator of great importance in the theoretical treatment.
F(7, is the energy-current, concerning which more in the next Section.
In the meantime I will briefly indicate the nature of the changes
made when we go further towards a complete representation of Maxwell's
electric and magnetic connections.
First, as regards the small radial
component of current in the conductors. The quantity s that appears
in the expression for R" is given by

V

V

being the inductivity and ^ the conductivity of the inner conductor,
p is, when we are dealing with a normal system of subsidence, a
constant thus, * pt is the time-factor showing how it subsides, p being
always negative in an electromagnetic problem, and also always negative
in an electrostatic problem, whilst in a combined electrostatic and
magnetic case it is either negative and real, or negative with an
imaginary part, when its term must be paired with a companion to
make a real oscillatorily subsiding system. Now the simplest form of
terminal condition possible is F=0 at both ends of the line, i.e., short-

/Xj

whilst

;

circuits.

Then

F = ^sinOVz//),

V

where j

is any integer, represents a
system, satisfying the condition
of vanishing at both ends. Let the factor of x, which is jir/l, be denoted
by m. Only the first few/s are of much importance, 1, 2, 3, etc. Now,
if we
change the connection between s l and p above-given to

s*

= - lirpfap + ra^,

we shall be able to take the radial component of current in the
conductors into account ; but the change made is usually very insignificant.
There are four other cases in which we can work similarly
viz., when the line is insulated at both ends, or (7=0; when it is
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two cases; and
insulated at either end and short-circuited at the other
when the line is closed upon itself, each conductor making a closed
In all except the last case,
circuit without interposed resistances, etc.
when the line has no ends, the quantity VG vanishes at both ends of
or C being zero at these places, so that no energy can
the line, either
Nor can this
enter or leave the line (dielectric and two conductors).

V

happen
making

But if we join on terminal apparatus, thus
one or both ends, the system breaks down, and we

in the last case.

VC

require to

finite at

fall

back upon the preceding.

we keep to the five cases mentioned, we may make a further
refinement, by taking the longitudinal current in the dielectric into
account, which we have previously considered negligible in comparison
But

if

We cannot do this in terms of F, which is
C.
inadequate to express the electric energy. But we may do it in terms
of the electric and magnetic forces, and then obtain a full representation
But even in this
of Maxwell's connections, instead of an approximate.
it is assumed that there is no magnetic disturbance outside the outer
conducting tube or inside the inner, which there must really be, for we
must have continuity of the tangential electric force, which necessitates
with the current

and therefore also electric displacement and current and
magnetic force, outside the outer tube and inside the inner, having
some minute disturbing effect on the current in the conductors.
We may, however, leave these refinements to take care of themselves,
and return to the /^and C system of representation. The advantage
of dealing with concentric tubes is due to the circularity of the lines of
magnetic force, which produces considerable mathematical simplifications, as well as physical.
Suppose, however, the tubes are not conHere, clearly,
centric, although the dielectric is still shut in by them.
to a first approximation, we have merely to give changed values to the
electric force,

S and Z, whilst R is unchanged. But to go further, the
determination of R" and R% will present great difficulties. This, howf
ever, is clear: that the full L will have for its minimum value,
= 2
approached with very rapid oscillations, Z, such that SL Q v~ where
v is the speed of propagation of undissipated disturbances through the
This follows by regarding the conductors as infinitely condielectric.
ducting, so that there is no waste in them, when the equation of
constants

,

,

V

becomes

^_,

or

=^ow
j

,

...............

/7QM
(796)

showing wave propagation with velocity v.
But if the two conductors be parallel solid wires or tubes (not
concentric), and be placed at a sufficient distance from one another, the
lines of magnetic force in and close round the conductors will be very
nearly circles, so that we may regard R" and R% as known by the preceding and we can therefore go beyond the approximate method of
Even if we bring the
representation founded upon R, S, and L only.
conductors so close that there is considerable disturbance from the
assumed state, we should still, in reckoning R" and R'l in the same way,
;
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go a long distance in the direction required, especially in the case of
iron wires, in which, by reason of the high inductivity, the magnetic
retardation

is

so great.

The effect of leakage has not been allowed for in the preceding.
The making of the necessary changes is, however, quite an elementary
matter in comparison with those connected with magnetic retardation.
If
require to change the form of the equation of continuity.
there be a leakage-fault on an otherwise perfectly insulated line, we
have the line divided into two sections, in each of which the former
equations hold good whilst at the place of the leak there is continuity
of J^and discontinuity of C, the current arriving at the leak on the one
side exceeding that leaving it on the other by the current in the leak
itself, which is the quotient of
by the resistance of the leak, if it be

We

;

V

But when the leakage is widely
representable as a resistance merely.
distributed it must be allowed for in the line-equations.
Even in the
case of leakage over the surface of the insulators of a suspended wire,
the proper and rational course is to substitute continuously distributed
leakage for the large number of separate leaks ; which amounts to the
same thing as substituting a continuous curve for a large number of
short straight lines joined together so as to closely resemble the curve.
The equation of continuity becomes

-dCjdx = Kr+Sr,

(SOb)
the conductance, or reciprocal of the
insulation resistance, per unit length of line. ^That is, the true current
leaving the line is the sum of the former SP] the condenser-current,
and of KV, the leakage-current, both of which co-operate to make the
current in the line vary along its length, although in the steady state it
is the leakage alone that thus
But as regards retardation,
operates.
their effects are opposed.
The setting up of the permanent state is
greatly facilitated by leakage, as is most easily seen by considering the
converse, viz., the subsidence of the previously set-up steady state to
zero when the impressed force is removed.
to
If, then, we wish
increase the clearness of definition of current-changes at the distant end
of a line on which electrostatic retardation is important, we can do it
by lowering the insulation-resistance as far as is practicable.

where the fresh quantity

SECTION

XXXV.

K

is

THE TRANSFER OF ENERGY AND
TO WIRES.

ITS

APPLICATION

ENERGY-CURRENT.

When the sage sits down to write an elementary work he naturally
devotes Chapter I. to his views concerning the very foundation of
It may be
things, as they present themselves to his matured intellect.
questioned whether this is to the advantage of the learner, who may be
well advised to " skip the Latin," as the old dame used to say to her
If
pupils when they came to a polysyllable, and begin at Chapter n.
"
"
this be done, Prof. Tait's
is such an excellent
Properties of Matter
scientific
is

work

metaphysics.

might be expected from its author. But Chapter i.
There are only two Things going, Matter and Energy.

as
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Nothing

else is a thing at all

;

all

the rest are Moonshine, considered as

Things.

However this be, the transfer of energy is a fact well known to all,
even when we put the statement in such a form that the energy seems
to lose its thinginess, by calling it the transfer of the power of doing
work. Thus, after transfer of energy from the sun ages ago, followed
by long storage underground and convection

we

to the stove or furnace,

set free the

imprisoned energy, to be generally diffused by the most
The transfer from place to place can be, in great
varied paths.
measure, traced so far as quantity and time are concerned ; but it does
not seem possible to definitely follow the motion of an atom of energy,
so to speak, or to give a fixed individuality to any definite quantity of
energy.
Whenever the dynamical connections are known, the transfer of
energy can be found, subject to a certain reservation. In the elementand velocity v,
ary case of a force, F, acting on a particle of mass
is measured by the rate of acceleration of momentum, or F=mv; and,
to obtain the equation of activity, we merely multiply this equation by

m

F

= T, the rate of increase of the kinetic
the velocity, getting Fv =
2
energy T, or mv which is the amount of work the particle can do
Where the energy came from is
against resistance in coming to rest.
here left unspecified. In a case of impact, we may clearly understand
that the transfer of kinetic energy is from one of the colliding bodies
to the other through the forces of elasticity brought into play, thus
making potential energy an intermediary, though what the potential
energy may be, and whether it is not itself kinetic, or partly kinetic,
we are not able to decide.

mw

,

It is much more difficult in the case of gravity.
As the stone falls
to the ground, it acquires kinetic energy truly ; and if energy moves
continuously, as its indestructibility seems to imply, it must receive its

energy from the surrounding medium ; or the energy of gravitation
must be in space generally, wholly or in part, and be transferred
through space by definite paths through stresses in the medium, by
which means Maxwell endeavoured to account for gravitation.
In
general, we have only to frame the equations of motion of a continuous
system of forces, and it stands to reason that the transfer of energy
is to be got by forming the equation of activity, not of the
system
as a whole, but of a unit volume.
Now, in the admirable electromagnetic scheme framed by Maxwell,
continuous action through space is involved, and the kinetic and
potential energies (or magnetic and electric) are definitely located, as
well as the seat and amount of dissipation of energy.
therefore
need only form the equation of activity to find the transfer-of-energy
vector. Of course impressed forces are subject to the energy definition.
No other is possible in a dynamical system.

We

But

we

take Maxwell's equations and endeavour to immediately
= T from F=mv), it will be found
(like Fv
to be impossible.
They will not work in the manner proposed. But
if

form the equation of activity
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we may consider the energy, electric and magnetic, entering and
leaving a given space, and that dissipated within it, and by laborious
transformations evolve the expression for the vector transfer.
This
was first done by Prof. Poynting for a homogeneous isotropic medium
In my independent investigation of this matter,
(Phil. Trans., 1884).
I also followed this method in the first place (The Electrician, June 21,
1884) [p. 377, vol. I.] in the case of conductors. But the roundabout
nature of the process to obtain what ought to follow immediately from
the equations of motion, led me to remodel Maxwell's equations in
some important particulars, as in the commencing Sections of this
Article (Jan., 1885) with the result of producing important simplificaand bringing to immediate view useful analogies which are in
Maxwell's equations hidden from sight by the intervention of his
This done, the equation of activity is at once derivvector-potential.
able from the two cross-connections of electric force and magnetic
tions,

and electric current, in a manner analogous to
without roundabout work, and applicable without change to
heterogeneous and heterotropic media, with distinct exhibition of what
are to be regarded as impressed forces, electric and magnetic.
(Electrician, Feb. 21, 1885) [p. 449, vol. I.]
Knowing the electric field and the magnetic field everywhere, the
The vector transfer at any place
transfer of energy becomes known.
is perpendicular to both the electric and the magnetic forces there, not
Its amount per unit area equals the
counting impressed forces.
product of the intensities of the two forces and the sine of their
included angle.
But I mentioned that there is a reservation to be made. It is like
If a person is in a room at one moment, and the door is open,
this.
and we find that he is- gone the next moment, the irresistible conBut he might have
clusion is that he has left the room by the door.
If you look there you can make sure. But if you
got under the table.
are prevented from looking there, then there is clearly a doubt whether
the person left the room by the door or got under the table hurriedly.
current, magnetic force

Fv =

f,

is a similar doubt in the electromagnetic case in question, and in
other cases.
Thus, we can unhesitatingly conclude from the properties
of the magnetic field of magnets that the mechanical force on a complete
closed circuit supporting a current is the sum of the electromagnetic
forces per unit volume (vector-product of current and induction), but
it does not follow strictly that the so-called
electromagnetic force is
the force really acting per unit volume, for any system of forces
might be superadded which cancel when summed up round a closed

There

circuit.

So, in the transfer-of-energy case, there may be any amount of
circulation of energy in closed paths going on (as pointed out in another
manner by Prof. J. J. Thomson), besides the obviously suggested

superposed closed circulation is without dissipabe the vector energy-current density, according to the above-mentioned rule, we may add to it another vector, say
have no convergence anywhere. The existence of
is
W, provided
transfer, provided this
tion of energy.
Or, if

w

W

w
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appear to be any present means of finding
and how it is to be expressed.
Its consideration may seem quite useless, in fact.
But it is forced
upon us in quite another way, by the fact that, when w = 0, we are
sometimes led to the circuital flux of energy. Let, for instance, a
magnet be placed in the field of an electrified body or, more simply,
There is no waste of energy ; hence
let a magnet be itself electrified.
the flux of energy caused by the coexistence of the two fields, electric
and magnetic, is entirely circuital. E.g,, in the case of a spherical

possible, but there does not

whether

it is real,

;

uniformly magnetised body, uniformly superficially electrified, it takes
place in circles in parallel planes perpendicular to the axis of magnetisaThis circuital flux is
tion, the circles being centred on this axis.
What is the use of it?
entirely through the air or other dielectric.
On the other hand, what harm does it do ? And if the medium is
really strained by coexistent electric and magnetic stresses, why should
there not be this circuital flux ? But, if we like, we may cancel it by
introducing the auxiliary w.
There is yet another kind of closed circulation, according to
alone,
not existing by itself, but set going by impressed forces causing a

W

useful transfer of energy, and ceasing when the useful transfer ceases.
If, for instance, we close a conductive circuit containing a battery, we
set up a useful transfer from the battery to all parts of the wire,
through the dielectric usually. Suppose there is also impressed electric
force in the dielectric, or electrification, or any stationary electric field.
But when
If the battery does not work there is no transfer of energy.
it does, there is, besides the regular first-mentioned transfer from the
battery to the wire, a closed circulation due to the coexistence of the

stationary electric field and the magnetic field of the wire-current, the
resultant transfer being got by superposing the regular flux and the
closed circulation. Here again, by introducing w, we may reduce it to
It is clear, then, in considering the
the regular undisturbed transfer.
nature of the transfer in a useful problem, that it is of advantage to
entirely ignore the useless transfer, and confine our attention to the

undisturbed.

A general

description of the transfer along a straight wire was given
It takes place, in the vicinity of the
[vol. L, p. 434].
wire, very nearly parallel to it, with a slight slope towards the wire, as
Prof. Poynting, on the other hand (Royal Society,
there described.

in Section n.

Transactions, February 12, 1885), holds a different view, representing
the transfer as nearly perpendicular to a wire, i.e., with a slight
departure from the vertical. This difference of a quadrant can, I think,
only arise from what seems to be a misconception on his part as to the
nature of the electric field in the vicinity of a wire supporting electric

current.
The lines of electric force are nearly perpendicular to the wire. The
departure from perpendicularity is usually so small that I have sometimes spoken of them as being perpendicular to it, as they practically
are,

before I recognised the great physical importance of the slight
To
It causes the convergence of energy into the wire.

departure.
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amount of departure, we may compare the normal and
Let there be a steady current
tangential components of electric force.
in a straight wire, and the fall of potential from beginning to end be
V^-V^\ the tangential component is then (F" -^)-f/, if / be the
On the other hand, the fall of potential from the wire
length of wire.
at any distance from the
of no resistance, for simplicity
to its return
estimate the

V

beginning of the line, is F, which is Q at one end and V-^ at the other.
It is clear at once that the tangential is an exceedingly small fraction
of the normal component of electric force, if the wire be long, and that
it is only under quite exceptional circumstances anything but a small
Prof. Poynting should therefore, I think, make his tubes of
fraction.
displacement stick nearly straight up as they travel along the wire,
instead of having them nearly horizontal, unless 1 have greatly misunderstood him.
But if we distribute the impressed force uniformly throughout the
circuit, so that there shall be, in the steady state, no difference of
potential and no transfer of energy, owing to the impressed force at any
then, on startplace being just sufficient to support the current there
ing the impressed force, the transfer of energy will be perpendicular to
the wire outward, ceasing when the steady state is reached ; and, on
the other hand, on stopping the impressed force the transfer will be
perpendicular to the wire inward, the magnetic energy travelling back

again (assisted by temporary longitudinal electric force, which has no
existence in the steady state) to be dissipated in the wire.
But this
case, though imaginable, is not practically realisable.
In the vicinity of the wire the radial electric force varies inversely as
the distance, and so does the intensity of magnetic force.
The density
of the energy-current therefore varies inversely as the square of the
This does not continue indefinitely. Thus, if
distance approximately.
the return be a parallel wire the middle distance is the place of minimum density of the energy-current, in the plane of the two wires. As
regards the total energy-current, this is FU, the product of the fall of
One
potential from one wire to the other into the current in each.
factor, V, is the line-integral of the electric force across the dielectric.
The other, (7, is the line-integral ( -f 4?r) of the magnetic force round
either wire.

AB

and CD are the two wires, enormously shortened in
with
their distance apart, joined through terminal
length compared
In the figure,

E

and

R

in the former of which alone is the impressed
lt
of potential from
to C is
from B to
is V^
and at any intermediate distance is V. The total activity of the source
is eC, of which
What is left, or Q C, is the
(e
V^C is wasted in J?
at
AC, entering the line. By regular waste into the
energy-current
at BD, where the line is left, and the
wires, its strength falls to

resistances
force

e.

The

F

A

fall

.

V$

D

,

V
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terminal arrangement entered, to be wasted in frictional heat-generation Eft2 therein, or otherwise disposed of.
The curved lines and
arrows perpendicular to them show lines of electric force and the
direction of the energy-flux at a certain place, the inclination of the lines
of force to the perpendicular being greatly
exaggerated, as well as that
of the lines of flux of energy to the horizontal, in order to show the
convergence of energy upon the wires, there to be wasted. Its further
transfer belongs to another science.
The rate of decrease of VG as we travel along the line is the waste
per unit length.

Thus,

-~
R

l

and

R2 being the

in steady-flow,

resistances of the wires per unit length.

with no leakage.

But

if

there be leakage,

This

we have

is

the

equation of continuity

,VC) = K^ + (R

making
where KV'

1

is

l

+ R.2 }C\

...................

(826)

the waste-heat per second due to the leakage-resistance.
state is not steady, we have the equation of continuity

But when the

.....................

V,
ctx

and the equation of

bis.

electric force
................. (736) bis.

F,

dx
so that

(806)

= K^ + aSF^ +
L
-(FC)
dx
dt

C 2 ) + EC-FC.

ctt

......

(836)

Here we account for the leakage-heat, for the increase of electric
energy, and for the increase of magnetic energy in the dielectric by the
first, second, and third terms on the right side.
EG, the fourth term,
represents the energy entering the first wire per second,
being the
- FC, the last term,
represents the
tangential electric force; and
being the tangential
energy entering the second wire per second,
electric force at its boundary reckoned the same way as E.
The
energy-flux is now perpendicular to the current, i.e., after entering the
And,
wires, ceasing when the axes are reached.

E

F

-FC=Q

2

+ Tv

................ (846)

are the dissipativities, Tl and T2 the magnetic energies in the
two wires, per unit length of line.
If the impressed force is a S.H. function of the time, so is the
current, etc., everywhere, and
if Cj, (J2 ,

E = R(C+L{C,
where R{,

Jft, LJ(,

and

L2

-F=R' C+L
2

are constants depending

2

C,

............. (856)

upon the frequency,

ELECTROMAGNETIC INDUCTION AND

PROPAGATION.

ITS

reducing to the steady resistances and inductances
In this S.H. case
infinitely low.

when

97

the frequency

is

mean dissipativities and magnetic energies in the wires, 6'
being the amplitude of the current ; the halving arising from the mean
value of the square of a sinusoidal function being half the square of its
But in no other case is there anything of the nature of a
amplitude.
definite resistance, although, if the magnetic retardation to inward
transmission is small, we may ignore it altogether, and drop the accents
are the

in (856).

XXXVI. RESISTANCE AND SELF-INDUCTION OF A ROUND
WIRE WITH CURRENT LONGITUDINAL. DITTO, WITH INDUCTION
LONGITUDINAL. THEIR OBSERVATION AND MEASUREMENT.

SECTION

When the effective resistance to sinusoidal currents is not much
greater than the steady resistance, we may employ the formulae (445)
to estimate the effective resistance and inductance.
On the
[p. 64],
other hand, when it is a considerable multiple of the steady resistance,
we may employ the simple formulae (455). But in intermediate cases,
neither pair of formulae is suitable, and it therefore happens that in
some practically realisable cases we require the fully developed formulae
which are equivalent to (445), but are always convergent.
Let
be the steady resistance per unit length of round wire of radius
f
its effective resistance to sinuconductivity k, inductivity //, ; and
Let
also
soidal currents of frequency q
njlir.

R

R

,

(865)

Then the formula required

for

R

f

is

*
*2
z

/

(1+

4.3U4V
The law

?2
Z

(8U)

/

(1
5.42.18V

of formation of the terms is plainly shown, so that the series
as far as is necessary to ensure accuracy.
But so far

may be continued
as

is

written

is

quite sufficient

The corresponding formula
the frequency

up

to

for L',

z=

10.

what the

L

of the wire becomes at

q, is

Same denominator

(888)
as in (875).

Here L = J/x, simply. R'jR increases continuously, and
continuously, as the frequency increases.
H.E.P.

VOL. n.

a

U/L

decreases
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The following

are the values of

R'jR

for values of z

from J to 10

RjB.

............

R'IR.
1-02

z.

i

6

............

2-01

1

............

1-08

7

............

2-14

2

............

1-26

8

............

2-27

3

...........

1-48

9

............

2-39

4

............

1-68

10

............

2-51

5

............

1-85

z.

:

The curve, whose ordinate is R!\R - 1 and abscissa z, is convex to
the axis of abscissae up to about 2 = 2J, and then concave later.
Let us take the case of an iron wire of one-eighth of an inch in radius
These
(about No. 4 B.W.G.), of resistivity 10,000, and inductivity 100.
data give us z = q/5I, by (866).
Take, then, z = q/5Q. Each unit of z
Then q 50 makes R'jR = 1 -08 ;
means 50 vibrations per second.
= 500 makes 3=10 and B'/B = 2'51, or the
th
effective resistance 2J
times the steady.
To obtain similar results in copper, with /*=!, ^*~ 1 =1600, making
to be Jg- part of its former value, we require the radius to be four
fjJc
times as great, or the wire to be 1 in. in diameter. But if it be of the
same diameter, q = 5QQ will only make = y, and there will be only a
slight increase in the effective resistance.
In the present notation the very-high-frequency formulae are
R' = L'n = R(&y-t

.........................

(896)

and, by comparison with the table, we shall be able to see how large z
must be before these are sensibly true. Using (896), =4 gives R'jR
= 1*41, much less than the real value; 2 = 8 gives 2 instead of 2-274;

2=10

On the other hand, (896) makes
gives 2-234 instead of 2-507.
L' too big, but not so much as it makes Rf too small.
Thus
makes L'n]R = 2-234 instead of 2-21, which is what the correct formula

q=W

(886; gives.

Probably z = 20 would make (896)

as it nearly does the inductance
wire above mentioned, 3 = 50,

fairly well represent the resistance,
In the case of the iron
10.

when z=

or <?=2500, will make the effective
resistance five times the steady.
If the wire be exposed to sinusoidal variations of longitudinal magnetic force by insertion within a long solenoidal coil, the effect, when
small, on the coil -current, is the same as if the resistance of the coilcircuit were increased by the amount lR( given by
t

(906)

Also p. 364, equation (36).]
I., p. 369, the last equation.
the length of the core and coil, having
turns of wire per

[Reprint, vol.

Here

/

is

N

unit length, and
is

the steady inductance, due to the core only, per unit of

its

length.
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If (7 be the amplitude of the coil-current, the mean rate of generation
of heat in the core is /'C7 -, per unit of its length.
When the effect is large, use the formula

364, equation (36), and the next one.]
(I have slightly
suit present convenience, and show the law of
formation of the terms.
The old y equals the new 16^2 .)
I did not give any
separately developed expression for the L{ corresponding to LI ; being only a portion of the L of the circuit it was
merged in the expression for the tangent of the phase-difference. [Vol.
369 to 374,
i., pp.
16, 17.]
Exhibiting now L{ by itself, we have
[vol.

I.,

p.

changed the notation to

this

formula

:

L(

Same denominator

L^

Notice that the numerators in
those of (926) and (876) are the
At the frequency 500, using
have, taking z= 10 in (916) and

same.
the same iron wire above described,

^'=-188J>,
Or, with a

little

as in (916).

(916) and (886) are the same, and that

we

(926),

^ = -225^ ................ (936)

development,

^' =

622^ = 243,000

N*,

.....................

(946)

the extra resistance is 243 microhms multiplied by the length of
the core, and by the square of the number of windings per unit length.
At this particular frequency the amplitude of the magnetic force
oscillations at the axis of the core is only one-fourteenth of the
When it is the current that is longitudinal,
amplitude at the boundary.
it is the
its boundary -value.
current-density at the axis that is only
Now, as cores may be so easily taken thicker, it is also desirable to
have the high-frequency formulae corresponding to (916) and (926),
which I now give. They are
i.e.,

^

(956)

The value 2=10 is scarcely large enough for their applicability.
Thus (956) give (same iron wire),
......................... (966)
R! = L{n = "2'23L l n
instead of (936), making E{ too big, and L{ too small, although the
t

latter is nearly correct.

In one respect the reaction of metal in the magnetic field on a coilcurrent is far simpler than the reaction on itself when it contains the
If we have a sinusoidal current in
impressed force in its own circuit.
a coil, subject to

>
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being the sinusoidal impressed force, C the current, R and L the steady
and inductance of the circuit and we, by putting metal in
its magnetic field, induce currents in it, and waste energy there, we
e

resistance

know

that the

;

new

state is also sinusoidal, subject to

U

have some other values. So far is elementary. This,
where Er and
however, is also elementary, that R' must be greater than R. For the
heat in the coil per second is \RG$, and the total heat per second is
As the latter includes the heat externally generated, R f is
\R,'Gl.
But this simple reasoning, without any
necessarily greater than R.
appeal to abstrusities, breaks down when it is the wire itself in which
f
the change from R to R takes place, and we then require to use
the
based
upon
changed distribution of current.
reasoning
To observe these changes qualitatively is easy enough. But to do so
It cannot be done with
quantitatively and accurately is another matter.
convenient little machine giving a strictly sinusoidal
intermittences.
impressed force of good working strength, adjustable from zero up to
very high frequencies, is a thing to be desired. But we may employ
very rapid intermittences with an approximation to the theoretical
I have obtained the best results with a microphonic contact,
results.
without interruptions, but it was difficult to keep it going uniformly.
Slow intermittences give widely erroneous results, i.e., according to the
sinusoidal theory, which does not apply, making the changes in resistance

A

and induction much too

Here, of course, the silence the best
large.
is a loud sound.
to be got
I should observe, by the way, that a correct method of balancing is
presumed. In Prof. Hughes's researches, which led him to such re-

minimum

markable conclusions, the method of balancing was not such as to ensure,
save exceptionally, either a true resistance or a true induction balance.
Hence, the complete mixing up of resistance and induction effects, due
And hidden away in the mixture was what I termed
to false balances.
the " thick-wire effect," causing a true change in resistance and inductance

In fact, if I had not, in my experiments on cores and
[vol. II., p. 30].
similar things, been already familiar with real changes in resistance and
inductance, and had not already worked out the theory of the phenomenon of approximation to surface conduction [first general description
in vol. L, Art. 30, p. 440 ; vol. II., p. 30], on which these effects in a
wire with the current longitudinal depend, it is quite likely that I should
have put down all anomalous results to the false balances.
Of course, we should separate inductance from resistance. Perhaps
the simplest way is that I described [vol. n., p. 33, Art. xxxiv.] of
using a ratio of equality, reducing the three conditions to two, ensuring
independence of the mutual induction of sides 1 and 2, and also of
sides 3 and 4 (allowing us to wind wires 1 and 2 together, and so
remove the source of error due to temperature inequality which is so
annoying in fine work), and requiring us merely to equalise the resistances and the inductances of sides 3 and 4, varying the inductance to
the required amount by means of a coil of variable inductance, con-
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sisting of two coils joined in sequence, one of which is
respect to the other, thus varying the inductance from a

maximum
is

for the

an arrangement which

I

now

measurement of induction.

call
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movable with

minimum

to a

an Inductometer, since

it

The oddly-named Sonometer

will do just as well, if of suitable size, and its coils be joined in
The only essential peculiarity of the inductometer is the
sequence.
way it is joined and used. This method of equal ratio was adopted by
Prof. Hughes in his later researches (Royal Society, May 27, 1886) ; he,
however, varies his induction by a flexible coil, which I hardly like.
Lord Rayleigh has also adopted this method of separating induction
from resistance, and of varying the inductance. (Phil. Mag., Dec.,
I found that the calibration could be expeditiously effected
1886.)
with a condenser, dividing the scale into intervals representing equal
amounts of inductance. Lord Kayleigh does, indeed, seem to approve
somewhat of Prof. Hughes's method, with its extraordinary complications in theoretical interpretation (very dubious at the best, owing to
intermittences not being sinusoidal).
But if it be wished to employ
mutual induction between two branches to obtain a balance, there is
the
or
63
M method I described [vol. IL, Art. xxxiv.], which is,
like the method of equal ratio, exact in its separation of resistance and
I have since found that there
inductance, with simple interpretation.
are no other ways than these, except the duplications which arise from
the exchange of the source of electricity and the current indicator.
Using any of these methods, we completely eliminate the false balances ;
now we shall have perfect silences, independent of the manner of
variation of the currents, whenever the side 4 [in figure, p. 33, vol.
the experimental arrangement, is equivalent to a coil,
II.], containing
with the two constants
and L, and can therefore equalise a coil in side
3 (presuming that the equal-ratio method is employed).
But if in the
of the experimental wire, Z is not reducible to the
equation
form of
+ L(d/dt), it is not possible to make the currents vary in the
same manner in the sides 3 and 4, and so secure a balance. That is,
we cannot balance merely by resistance and self-induction, the departure
of the nearest approach to a balance from a true balance being little or
great, as the manner of variation of the current in side 4 differs little
or much from that of the current in its ought-to-be equivalent side 3.
The difference is great when a coil with a big core is compared with a
coil without a core ; and, as in all similar cases, as before remarked, at a
moderate rate of intermittence, we must not apply the sinusoidal theory
to the interpretation.
If we want to have true balances when there is
departure from coil-equivalence, we must specialise the currents, making

M

M

R

V=ZG
R

them

sinusoidal.

We

Then we can have

silences,

and correctly interpret

But they are quite difappear to have false balances.
ferent from the before-mentioned false balances, as they indicate true
results.

of Z to
changes in resistance and inductance, owing to the reduction
"
the required form, in which, however, the two "constants are functions
of the frequency.
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SECTION XXXVII. GENERAL THEORY OF THE CHRISTIE BALANCE.
DIFFERENTIAL EQUATION OF A BRANCH. BALANCING BY MEANS
OF REDUCED COPIES.
It is

not easy to find a good

name

for

Mr.

S.

H. Christie's

differential

the names bridge, balance,
lozenge, parallelogram, quadrangle, quadrilateral, and pans asinorum,
which have been used. It seems to be a nearly universal rule for
words, used correctly in the first place, to gradually change their
meaning, and finally cause us to talk nonsense, according to their
Thus the Bridge is the conductor which bridges
original signification.
across two others.
But it has become usual to speak of the differential
arrangement as a whole as the Bridge ; and then we have the four
sides of the bridge, which is absurd.
Quadrilateral is the latest fashion.
It has four sides, truly.
But there are six conductors concerned so
we should not call the differential arrangement itself the quadrilateral.
I propose to simply call it the Christie, without any addition, just as
telegraphers speak of the Morse, or the Wheatstone, meaning the
Thus we can refer to the Christie, the
apparatus taken as a whole.
quadrilateral, and the bridge, the latter two being parts of the former.
This will suppress the farrago.
In the usual form of the Christie we have four points, A, Bj, B 2 C,
united by six conductors, numbered from 1 to 6 in the figure.
The
has the four sides, 1, 2, 3, 4.
The bridge-wire is 5,
Quadrilateral
The battery-current goes
joining B x to B 2 and 6 is the battery-wire.
from
to C by the two distinct routes ABjC and AB 2 C.
Some of it
crosses the bridge, up or down ; except under special circumstances,
when the bridge-wire is free from current, which is the useful property.

arrangement.

There are objections to

all

;

,

,

A

Let us generalise the Christie thus
Let the sole characteristics of
a branch be that the current entering it at one end equals that leaving
it at the other, with the additional
property that the electromagnetic
conditions prevailing in it are stationary, so that the branch becomes
quite definite, independent of the time.
Thus, all six branches may be any complex combinations of conductors and condensers satisfying these conditions.
The communication between the two ends of a branch need not be conductive at all ;
for example, a condenser may be inserted.
As an example of a complex
combination, let branch 3 consist of a long telegraphic circuit, symbolised
by the two parallel lines starting from 3 and ending at Y3 where they
are connected through terminal apparatus.
This branch then consists
of a long series of small condensers, whose + poles are all connected
:

,
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- poles by the other wire. There is
together by one wire, and the
also conductive connection (by leakage) between the two wires.
There
is also
But, as the
electromagnetic induction all along the line.

current entering the line from B x to 3, and that leaving it, from 3 to
C, are equal, the telegraphic line comes under our definition, provided
it be
Observe that this does not exclude
stationary in its properties.
the presence of other conductors, between which and the line in branch
3 there is mutual induction, providing this does not disturb our

fundamental property of a branch.
We may, indeed, remove the
original restriction, but then it will no longer be the Christie, for more
than four points will be in question. Suppose, for example, there is
mutual induction of the electrostatic kind between branches 1 and 2,
which is most simply got by connecting the middles of 1 and 2, taken
as resistances,

Then there are six points, or
through a condenser.
and a slight enlargement of the theory is required.

junctions, concerned,

Let us now inquire into the general condition of a balance, or of no
current in the bridge-wire due to current in 6, which, therefore, enters
the quadrilateral at
and leaves at C, and which may arise from
impressed force in 6 itself, or be induced in it by external causes.
First, as regards the self-induction balance in the extended sense.
This does not mean that each side of the quadrilateral must be
equivalent to a coil, but merely that the four sides are independent of

A

one another in every respect, except in being connected at A, B I} B 2 C.
Thus we can have electrostatic and electromagnetic induction in all six
branches, but independently of one another. Under these circumstances
it is
always possible to write the differential equation of a branch in the
form V=ZC, where C is the current (at the ends),
the fall of
potential from end to end, and Z a differential operator in which time
is the independent variable.
When the branch is a mere resistance R,
then Z=R, simply.
When it is a coil, independent of all other conductors, then
,

V

L is the inductance of the coil, and p stands for d/dt. When it is
a condenser, then Z=(Sp)~ l where Sis the capacity.
If the condenser
have also conductance K, or be shunted by a mere resistance, then
where

,

Z=(K+Sp)-\
These are merely the simplest cases.
2
etc., and electrical constants.
p, p

In general,

Z

is

a,

function of

,

Now

sides

let

the positive direction of current be from left to right in
and suppose we know their differential equations

1, 2, 3, 4,

V^

=

Zv

V^Zfiy

etc.

To have a

balance, so far as the current from 6 is concerned, the
potentials at Bj and B 2 must be always equal, except as regards
inequalities arising from impressed forces in other branches than 6,
with which we are not concerned. Therefore

Fi

or,

= F2

,

ZCZV

and
and

K =F
3

Z, = Z

4,
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c^Cy

But,

So, using these in (Ic),

we

a2 =c4

.

get

Eliminate the currents by cross-multiplication, and we get

ZJ^Z^,

.............................. (3c)

which is the condition required. It has to be identically satisfied, so
that, on expansion, the coefficient of every power of p must vanish.
If

one),

we take Z=E + Lp (as when each side
we obtain the three conditions given

is

a

in

my

coil,

or equivalent to
" On the Use

paper

of the Bridge as an Induction Balance, equations (1),
Art. xxxiv., p. 33].

(2), (3) [vol. IL,

As another example, take Z = (K + Sp) ~ l (shunted condensers), and
we obtain three similar conditions. But it is needless to multiply
examples here.
equation

(3c),

We have only to find the forms of the four Z*s, expand
and equate to zero separately the coefficient of every

It does not follow that a balance is possible in a particular
but our results will always tell us how to make it possible, as by
giving zero values to some of the constants concerned, when one branch
is too complex to be balanced
by simpler arrangements in other

power of p.
case,

branches.

The theory of a balance of self and mutual electromagnetic induction
propose to give by a different and very simple method in the next
Section.
At present, in connection with the above generalised selfinduction balance, let us inquire how to balance telegraph lines of
different types, or when they can be simply balanced.
It is clear, in
the first place, that if we choose sides 1 and 3 quite arbitrarily, we
have merely to make side 2 an exact copy of side 1, and 4 an exact
copy of side 3, in order to ensure a perfect balance. Imagine the
and C joined by
bridge- wire to be removed ; then we have points
two identical arrangements. The disturbances produced in these by
the current from 6 must be equal in similar parts hence, if B l and B 2
be corresponding points, their potentials will be always equal, so that
no current will pass in the bridge-wire when they are connected. But
we can also get a true balance when the " line " AB 2 C is not a fullIt is not the most general
sized, but a reduced copy of the line AB 1 C.
balance, of course, but is still a great extension upon the balance by
I

A

means of

full-sized copies.

The general

principle is this
arbitrary, make 2 and 4 copies of them,
first simply
qualitatively, as it were ; thus, a resistance for a resistance,
a condenser for a condenser, and so on.
This is like constructing an

Starting with sides

1

:

and 3

man with all organs complete, but in no particular proportion.
Then, make every resistance in sides 2 and 4 any multiple, say s times
the corresponding resistance in sides 1 and 3.
Make every condenser
in sides 2 and 4 have, not s times, but s~ l times the capacity of the
And, lastly, make every
corresponding condenser in sides 1 and 3.
inductance in sides 2 and 4 be s times the corresponding inductance in
artificial
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1 and 3.
This done, s being any numeric, AB 2 C is made a
reduced (or enlarged) copy of AB T C, and there will be a true balance.
That is, the potentials at corresponding points will be equal, so that
the bridge-wire may connect any pair of them, without causing any

sides

disturbance.

Now

a telegraph line be defined by its length I, and by four
the resistance, S the electrostatic capacity, L the
the leakage-conductance, all per unit length.
It is
inductance, and
not by any means the most general way of representation of a telegraph
Let C be the current, and /^the
line, but is sufficient for our purpose.
potential-difference at distance x from its beginning.
require the
form of
in
at its beginning.
This will depend somewhat
upon the terminal conditions at the distant end, so, in the first place
let

electrical constants

K

R

We

V=ZC

Z

let

V=

Take

there.

(4e)

-

cosmx.B),

............ (5c)

(6c)

These are general, subject to no imstanding for djdt as before.
and
are arbitrary so far.
But at the
pressed forces in the line.
end x = l we have V= imposed, which gives, by (5c),

p

B

A

t

B/A=tznml,
so that at the x

=Q

m

C

end,

we

have, by

.............................. (7c)

(4c), (5c),

and

(7c),

.

A

ml

m

Z

...(8.)

This is the
From the form of 2 we see that if the total
required.
resistance El and total inductance LI in one line be, say, s times those
in a second, whilst the total capacity SI and total leakage-conductance
Kl in the second line are s times those in the first, then the values of

ml are identical for the two
4, we therefore have

so that

we may

ratio jRj/jRj is s

;

lines.

,

and

If these lines be in branches 3

balance by making sides 1 and 2 resistances whose
be used, by having, additionally, LJL 2 = s ;

or, if coils

condensers are used, (K2 + S2p)/(K1 + Sl p)=s; and so on.
if there be apparatus at the distant end of the line, it must also
be allowed for. Let V YC\)e the equation of the terminal apparatus;
that is, this equation connects (4c) and (5c) when x = L
Using it,
instead of the former V= 0, we shall arrive at
or, if

But

tan ml + mYj(R + Lp)

/

m
instead of (8c).
and 4, so that

Now, just
/ = w /
3 3
4 4

w

,

10

,

as before, adjust the constants of lines 3
= s. Then,
and, in addition, make
4

YJY
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supposing each side of the quadrilateral to be a telegraph
conditions of balance by this kind of reduced copies are

O

'o

"~ -**2 2

~

~v'T

Z,

The

/

4 4

$3/3

from the former case

3/3

is

that

full

1

*

Y

J-

difference

the

~v~ 9

1

r/,

line,

("")

\

Q

F4
we now have

and 4 reduced copies of the terminal apparatus of

lines 1

in sides 2

and

3.

It

observed that the equalities in the first line of (lie) make side
2 a reduced copy of side 1, and that those in the second line make side
4 a reduced copy of 3, whilst the equalisation of the two lines of (He)
makes the scale of reduction the same, so that AB 2 C is made a reduced
will be

copy of ABjC.
If one of the four sides, say side 3, of the quadrilateral be a telegraph
line, we must have at least one other telegraph line, or imitation
But, of course, sides 1 and 2 may be electrical
line, namely, in side 4.

arrangements of a quite different type. Further, notice that only two
of the sides, either 1 and 2, or 3 and 4, can be single wires with return
through earth, so that if the other two are also to be telegraph lines
they must be looped, or double wires. In certain cases precisely the
same form of Z as that above used will be valid, but this is quite
immaterial as regards balancing by means of a reduced copy.
The balance expressed by equation (3c) is exact- -that is, it is inde-

pendent of the manner of variation of the current. The balance by
means of reduced copies is also exact, but is only a special case of the
former.
But there is always, in addition, the periodic or S.H. balance,
when the currents are undulatory. Then merely two conditions are
2 =
-n 2 where n/'2ir is the frequency,
required, to be got by putting p
in Z^Z - 2 Z3 which will reduce it to the form a + bp, in which a and b
contain the frequency.
Now, a = and b - specify this peculiar kind
of balance, which is, generally speaking, useless.
Whilst, however, the
C and
balance of
C by making the latter a reduced copy of the
2
X
former is, when applied to the Christie, only a special case of (3c), it is,
in another respect, far more general ; for it will be observed that any
pair of corresponding points may be joined by the bridge-wire, although
the result may be an arrangement which is not the Christie.
,

Z

AB

.

AB

SECTION XXXVIII. THEORY OF THE CHRISTIE AS A BALANCE OF
SELF AND MUTUAL ELECTROMAGNETIC INDUCTION.
FELICI'S
INDUCTION BALANCE.

As promised in the last Section, I now give a simple, and, I
believe, the very simplest, investigation of the conditions of balance
when all six branches of the Christie have self and mutual induction.
Referring to the same figure (in which we may ignore the extensions
of branches 3 and 4 to Y 3 and Y 4 ), we see that as there are six branches
there are twenty -one inductances, viz., six self and fifteen mutual.
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But since there are only three independent
currents possible there can really be only six independent inductances
concerned, viz., three self and three mutual, each of which is a combination of those of the branches separately.
Thus, let Gj, C3 and C6 be the currents that are taken as independent,
and let them exist in the three circuits
B 2 A, CB 2 B 1 C, and AB 2
X
Then the
(via branch 6), with right-handed circulation when positive.
Y
other three real currents G 2 G 4 and C5 are given by
This looks formidable.

,

AB

CA

y

,

if

,

the positive direction be from

from right to

left in

6,

1, 2, 3, and 4,
which harmonises with the
currents C\, G 3 and G'6

left to

and down

positive directions of the cyclical

right in sides

in 5,

Y

.

,

B,

m

m

m6 and 13 w 36 61 be the inductances, self and
Next, let m v
3
mutual, of the three circuits. Thus, m 1 induction through ABjB 2 A
= the induction through
due to unit current in this circuit; and
13
CBgBjC due to the same, etc. We have to find what relations must
exist amongst the resistances and the inductances in order that there
may never be any current in the bridge-wire, provided there be no
,

,

,

,

m

m

impressed forces in

We

circuits

ABjB 2 A

current in

1, 2, 3,

4 or

5.

them by writing down the equations of

E.M.F. in the two
on the assumption that there is no
the bridge-wire, which requires Cl = C3
and this we do

obtain

and

CB^C

;

E.M.F. of induction in a circuit, or the rate of decrease
of the induction through the circuit, to the E.M.F supporting current,
which is the sum of the products of the real currents into the resistances,

by equating the

taken round the

Thus,

circuit.

-pim^ + ml5 C3 + m1Q C6 = E C - R (C6 - C' ),|
-p(m 3 C3 + ro 81 Ci + m 63 <7 = R3 C3 - R4 (C6 - CB )J'
]

1

l

2

,

1

'

(1

g

6)

where p stands

for d/dt.

But Cl =

Cg,

which, substituted, makes

+ m lB )p} C'1 = (5a - m l6 p)C6 ^
m l3 )p} C, = (R, - m36 p}CJ'
{ (E 3 + E,) + (m, +
x

'

which have to be identically satisfied. Eliminate the currents by crossmultiplication, and then equate to zero separately the coefficients of
the powers of p.

(m,

This gives us

+ m l3 + m l6 )fi4 -

m^ = (m + m
3

3l
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which are the conditions required.

First the resistance balance ; next
the vanishing of integral extra-current due to putting on a steady
impressed force in branch 6 ; and the third condition to wipe out all
trace of current, and make branches 5 arid 6 perfectly conjugate under
all circumstances.
If the Christie consists of short wires, which are not nearly closed in
themselves, then, as I pointed out before [vol. IL, Art. 34, p. 37], the
theory of the balance expressed in terms of the self and mutual inductances of the different branches becomes meaningless, because the
inductances themselves are meaningless.
Under these circumstances,
equations (14c) are the conditions of a balance, from which alone can
Even if we have the full equations in
accurate deductions be made.
terms of the twenty-one inductances of the branches, they will express
could not, for instance, generally assume
no more than ( 1 4c) do.
any one of the inductances to vanish, as it would produce an absurdity,
viz., the consideration of the amount of induction passing through an
open circuit. Hence it is quite possible that (14c) may be useful in
certain experiments, in which such short wires are used that terminal
connections become not insignificant.
At the same time it is to be remarked that such cases are quite
I would not think, for example, of measuring the inexceptional.
ductance of a wire a few inches long, in which case (14c) would,
at least in part, be applicable, if I could get a long wire and swamp the
terminal connections.
Still, however, equations ( 1 4c) and the way they
In general, I have not
are established are useful in another respect.
found any particular advantage in Maxwell's method of cycles.* It has
seemed to me to often lead to very roundabout ways of doing simple
work, from what I have seen of it. This applies both when the steady
distribution of current in a network of conductors is considered, due to
steady impressed forces, as in the original application ; and also when
the branches are not treated as mere resistances, but transient states
are considered, provided the branches be independent, so that, as I
remarked before, the equation of a branch may be represented by
V=ZC, where Z takes the place of R, the resistance in the
But in our present problem there is such a large
elementary case.
number of inductances that there is a real advantage in using the
above method, an advantage which is non-existent in a problem
greatly simplify the preliminary
relating to steady states.
work by reducing the number of inductances from 21 to 6.
But,
of course, on ultimate expansion of results we shall come to the

We

We

same end.
If

we

use the

first

and third of

and, as either of these factors
entirely distinct solutions.

* [Not given in

his treatise,

(14c) in the second,

may

If the

it

becomes

vanish, we have in general two
second factor vanish, the whole

but described by Dr. Fleming in the Phil. Mag. ]
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be written

may

-Lv-t

whilst, if

ITS

shall

\

^

have

W8

"V.l

Both

conditions.

/IS*
(

and (17 c) are included

(16c)

in (14f).

Suppose now that we make the branches long wires, or coils of wire,
many coils in sequence, etc., and can therefore localise inductances
in and between the branches.
We require to expand the six wi's.
or

When

Their

full expressions will vary according to circumstances.
the twenty-one inductances are counted, they are given by
//<!

Z 5 + L 2 + 2(Jtfu - M25 - M12
Zrj +
L3 + L4 + Lr + 2(M45 M34 - M^),
L6 + L2 + L + 2(Jf62 + ^64 + ^34)1

=

\

),

ms =
=
///,.,

m !3 =

all

/i

"

^5

+ (^13 ~ -^14 " ^15 " ^23 + ^24 + ^25 + ^53

~

-^54)

M

Here L stands for the inductance of a branch, and
for the mutual
inductance of two branches.
These are got by inspection of the figure,
with careful attention to the assumed positive directions of both the
cyclical and the real currents.
In the use of these, for insertion in (14c), we shall of course equate
to zero all negligible inductances.
As an example of a very simple
case, let coils be put in branches 4 and 6, between which there is
mutual induction, and let the other four branches be double-wound or
of negligible inductance.
Then all except L4 LQ and
46 are zero,
,

giving

=Z4
m16 = 0,

m =0,
ml3 = 0,

ra 3

l

w6 =
mm =

,

Insert these in the second of (14c), and

R^L + M^)=-M^R
The third condition

is

Z4 + 2M64
-Z 4

,

M^.

get

-L, = (l +JKJS )M4A

or

nugatory.

we

M

,

l

Hence

(19c),

.

...(19c)

with a resistance

balance, but without the need of measuring 7? 3 (or, equivalently, 7?4 ),
of two coils to the L of one of them in terms
gives us the ratio of the
of the ratio of two resistances.
As another example, let all the M' s be zero except
and
12
3
shall then have, besides the resistance
whilst all the Z's are finite.
balances, the two conditions

M

M

M

,

We

= (L,L, - L2 L3 + (L, - LJMu + (LB - Lt)Mw
)

-

=
If

we now

take R^

-

= A2

,

-

-

J

L^

= L2

;

that

is,

let sides 1

and

\

^

2 be equal,
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= R, Z 3 = Z4 This is
conditions (14c) to
Z
absence of mutual induction ; but we also see
sides 1 and 2, and between 3 and 4, does not in
the self-induction balance
Whilst remarkable,
of great utility.
For it allows us to have the equal

R

we reduce the three
obvious enough in the
that induction between
the least interfere with

.

this property is
wires 1 and 2 close together, preferably twisted, and then this double
wire may be doubled on itself, and the result wound on a bobbin.
ensure the equality of the wires at all times, doing away with the
troublesome source of error arising from the disturbance of the resistance balance from temperature changes, which occur when 1 and 2 are

We

and also doing away with interferences from induction
and 2 and the rest. We also do away with the necessity of
keeping coils 3 and 4 widely separated from one another.
Passing to a connected matter, Maxwell, Vol. II., Art. 536, describes
the well-known mutual induction balance with which Felici made such
instructive experiments, that may be made the basis of the science of
It is very simple and obvious.
The figure
electromagnetic induction.
If the
of the two circuits is nil, there is no current
explains itself.
in the secondary on making or breaking the primary.
This is secured
of coils 1 and 2 is cancelled by the
when the
of coils 3 and 4, presuming that the pair 1, 2 is well-removed from the pair 3, 4.
separated,

between

1

M

M

The balance

M

independent of the self-inductions of the four coils,
two circuits, and may be made very
In fact, Felici's balance is unique, and should be used whensensitive.
To exhibit its merits fully, we should use a telephone
ever possible.
and automatic intermitter, giving a steady tone. It is then doubly
unique, and it is difficult to imagine anything better.
Compared with

and

is

also of the resistance of the

the galvanometer, the use of the telephone

made amusing.
But if we want not merely to balance

science

value of the

Mu of a given pair of

coils,

is

a real pleasure.

It is

M against M but to know the
Mu should be both variable and
lz

34 ,

Coils 3 and 4 may be the coils of an inductometer [vol. II., p.
101] calibrated once for all. There are many ways of doing it, in terms of
the capacity of a condenser, or in terms of the inductance of a coil, etc.,
none of which methods has the merits of Felici's balance. Suppose it
done by Maxwell's condenser method (using a telephone, of course).
It is, perhaps, as good as any (certainly better than many) for the particular purpose, as we have only to give particular values to the timeconstant of the condenser a series of values with a common difference
and get silence at once by moving the pointer to a series of particular
places, which is very different from dodging about to find the value of
should also
of the coils is fixed.
the time-constant when the

known.

M

We
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measure the L of each coil by itself, and it is well to previously adjust
But the present use of the inductothe coils to have equal L and R.
meter is not to measure self induction, but mutual induction. Thereis wanted, 3 and 4 the coils of the
fore make 1 and 2 the coils whose
If within range (it is well to have inductometers of
inductometer.
different sizes, for various purposes), we immediately measure
and
12
have the full advantages of Felici's balance.
But if there is metal about the coils 1 and 2 (of course there should
be none, or very little, about the inductometer, or it should be carefully
If the departure from
divided), we cannot get telephone balances.
balance is serious, and it is not practicable to remove the metal, we may
give up the telephone and use a suitable galvanometer, one whose
needle will not move till all the current due to a make has passed, and
then move if it can. But if the metal be iron, and we want to measure
in presence of the iron (not finely divided), of course we
the steady
must not remove the iron and measure something else than what we
want to know. Then the galvanometer is indispensable.
lose the
advantage of the telephone, but Felici's balance has still its peculiar
merits left, in a very great measure.
Apart from the question of measurement, Felici's balance is highly
instructive, as to which see Maxwell's treatise, to which we should add
that the telephone should always be used if possible.
Besides the
experiments referred to, the balance is useful for studying the influence
of two coils, increasing or decreasing it,
of iron in the field on the
Use
to
position.
according
non-conducting iron [vol. II., Art. 36, later].
Here we have another proof to that there mentioned, that there is no
appreciable waste of energy in finely divided iron when the range of
the magnetic force is moderate, although very perfect silences, like those
when there are no F. currents, and no iron, are not always obtainable.
As regards Felici's balance when employed for observing differential

M

M

,

M

We

M

e.g., Prof. Hughes's magical experiments with coins, and so
The theory is comforth, I cannot recommend it, for several reasons.
plex, in the first place, so that scientific interpretation of results is

effects,

difficult.

two equal

Next, considerable accuracy in adjustment of the coils, in
Lastly, the independence
pairs, similarly placed, is required.

of resistance, etc., ceases when there are F. currents to disturb ; and as
we are not able to trace the variations of resistance, we may, in
sensitive arrangements, when balancing one set of F. currents and
reactions against another set, be interfered with by unknown temperature variations.

Perhaps the easiest way is to take a long wire, double it on itself and
Wind two side by side to
then double again, giving four equal wires.
make one pair of coils (1 and 2), and the others in the same manner, to
make the other pair. Of course we have increased sensitiveness by
the closeness of the wires.
But it is far better not to use four coils, but only two, viz., coils 3
and 4 in the equal-sided se//-induction balance, with 1 and 2 made permanently equal, as before described. The temperature error is then
under constant observation, and we know at once when the resistance
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balance of coils 3 and 4 (apart from F. currents) is upset.
Interpretation is also an easier matter, both in general reasoning and in
calculations.

SECTION XXXIXa.

FELICI'S BALANCE DISTURBED, AND THE
DISTURBANCE EQUILIBRATED.

Referring to the last figure, in which imagine the galvanometer to be
replaced by a telephone, and the key by an automatic intermitter, let
of one pair of coils beingus start with a perfect balance due to the
of the other pair, and consider the nature of the
cancelled by the
effects produced by the presence of metal in or near either pair of coils.

M

M

First, let 3 and 4 be the coils of an inductometer, and 1, 2 other
The simplest action is
coils of any kind, separate from one another.
It acts to increase or decrease
that caused by non-conducting iron.

M

of either or both pairs of coils according to its position with
respect to them, and its effect can be perfectly balanced by a suitable
increase or decrease of the
(mutual inductance) of the inductometer
coils.
Suppose, for example, the disturber is a non-conducting iron
If it be inserted
bullet, and is brought into the field of the coils 1, 2.
This is mainly because it increases
in either coil, it increases their M.
If the two coils have their
the L of the coil in which it is inserted.
to be
axes coincident, as in the figure, the bullet will cause their
But if the
increased by placing it anywhere on the axis, or near it.
bullet be brought between the coils laterally, so as to be, for instance,
between the numerals 1 and 2 in the figure, the result is a decreased M.
results
Here the L of each coil is little altered, and the decrease of
from the lateral diversion of the magnetic induction by the bullet from
its normal distribution.
By pushing it in towards the axis a position
is reached, after which further approach to the axis
of minimum
to increase, ending finally on the axis with being greater than
causes

the

M

M

M

M

M

the normal amount.
If the disturber be a non-conducting core (round cylinder), the
is, of course, when it is pushed through both
greatest increase of
are
themselves
which
brought as close together as possible, and
coils,
when the core itself is several times as long as the depth of the coils.
is then multiplied about four times when the coils are about of the
shape shown, with internal aperture about J the diameter of the coils.
If the coils be wound parallel on the same bobbin, the increase is much
If the whole space surrounding the coils be embedded in iron
greater.
to a considerable distance, we shall approach the maximum
possible.
The effective inductivity of the non-conducting iron is considerably

M

M

M
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than that of solid iron, which counterbalances the freedom from

F. currents.

Using

solid iron,

no silence

is possible,

owing to the

F. currents,

although there is a more or less distinctly marked minimum sound
for a particular value of M.
The substitution of a bundle of iron
wires reduces this minimum sound, and when the wires are very
fine, it is brought to comparative insignificance ; but only by very fine
division of iron are the F. currents rendered of insensible effect.
It

remembered that the range of the magnetic force
must be moderate, so as to render the variations in the
magnetic induction strictly proportional to them, otherwise no perfect
will be, of course,

variations

balance is possible with non-conducting iron.
On the other hand, non-conducting (i.e., very finely divided) brass
Dia(or presumably any other non-magnetic metal) does nothing.
magnetic effects are insensible. The above remarks apply, for the most
part, equally well to the self-induction balance, except that iron always
increases the L of a coil.
So far is very simple. It is the effect of the conductivity (in mass)
of the disturbing matter that makes the interpretation of results
troublesome.
If the disturber be non-magnetic, we have a secondary
current due to the action on the secondary circuit of the current induced
in the disturber by the primary current ; at least I suppose that this is
the way it might be popularly explained.
If the disturber be not too
of the inductometer which gives the least sound (instead of
big, the
silence) is sensibly the old value which gave silence before its introduction. If it be magnetic, there is usually increased
also. Changing
the
of the inductometer to suit this, the minimum sound is still far
louder than with an equally large non-magnetic disturbing mass
To
(metallic) because the F. currents are so much stronger in iron.
this an exception is Prof. Bottomley's manganese-steel of nearly unit
inductivity, in which the F. currents should be, and no doubt are, far
weaker than in copper, on account of the comparatively low conducIf this be not so, then it must be found out why not.
tivity.
Again,
if the iron be
independently magnetised so intensely as to reduce the
effective inductivity sufficiently, then, as I pointed out in 1884, the F.
currents should be made less than in copper.
To obtain an idea of the disturbance in the secondary circuit due to
a conducting mass, let it be a simple linear circuit, and call it the
Let the suffixes l and 2 refer to the primary and secondary
tertiary.
Then the equations of E.M.F. are
circuits, and 3 to the tertiary.

M

M

M

Z2 C2 + M23pC3

0=
where

M

12

is

From

Z=R + Lp,
missing,

it

,

V

(21c)

and e is the impressed force in the primary. Here
being supposed to be properly adjusted to be zero.

these,
6

alVJ.-tnlVJ.nnp
"
2==
Z Z
(Z

H.E.P.

VOL.
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H
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The secondary current therefore
the secondary current's equation.
of the tertiary and primary into the
varies as the product of the
It is therefore made greatest by making
of the tertiary and secondary.
coils 1 and 2 in the figure coincident (practically) by double-winding,
and L be
and putting the disturber in their centre. In this case, let
the resistance and inductance of the primary and also of the secondary

is

M

M

R

circuit, r

and

/

Then

equal.

m is

But

those of the tertiary, and
= r + Ip,
(22c) becomes, if z

m the

former

M

IB

or 3f23

,

now

m

v

very small compared with L, so

C*-^
Let the impressed force be sinusoidal

Let

R = Ln,

which condition

;

then p 2 = - w 2 making
,

readily reached approximately.

is

Then
/9A

v

(2<
2
2 2
gives the secondary current in amplitude, (m*n/2EL)(r + I n )~^ per unit
and
If
the
could
have
no resistance,
force,
phase.
tertiary
impressed
the secondary current would be of amplitude 2 /2RLl per unit impressed
force, and in the same phase with it.
Now seek the conditions of balance by means of a fourth linear
circuit placed between coils 3 and 4 in the figure, supposed to be
Let the suffix 4 relate to this fourth
exactly like coils 1 and 2.

m

Then

circuit.

(21c)

M

Here, besides
lv
the two disturbers.

become

M^ is also missing,
From

because of the distance between

these,
(28c)

the euation
coefficients in
equation of (72 where ^ is the determinant of the coef
For a balance, the coefficient of e must vanish. This gives
(27c).

is

,

/9Q/.\

tlt
" transformer" are
coincident
If the coils of each

and

M

where

41

= - 3f42

Z is

;

and, the

M' s

and equal,

being small, (28c) becomes

that of either the primary or secondary circuit.

M

3l
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do not need to balance the disturber in one pair of coils by means

of a precise copy of

it

in the other pair, similarly placed.

reduced copy, according to

It

may

be a

(29c).

SECTION XXXIX6.

THEORY OF THE BALANCE or THICK WIRES,
BOTH IN THE CHRISTIE AND FELICI ARRANGEMENTS.
TRANSFORMER WITH CONDUCTING CORE.

This brings

me

to the subject of balancing rods against one another,

either in the Christie or in the Felici differential arrangements, when
placed in long solenoids ; and to the similar question of balancing thick

wires in the Christie, when the current in them is longitudinal.
As I
pointed out before [vol. II., p. 37], if a wire be so thick that the effect of
diffusion is sensible, it cannot be balanced in the Christie against a fine
wire, but requires another thick wire in which the diffusion effect also
I refer to true balances, independent of the manner of variation
occurs.
of the current, in which, therefore, the resistance of the one wire,
though different at every moment, is yet precisely that of the other
wire (or any constant multiple of it).
Perhaps the best way to define
the resistance is by Joule's EC'2
In the sinusoidal case a mean value
is taken.
According to this heat-generation formula, there always is a
definite resistance at a particular moment, but what it may be will
This definition of the resistance
require elaborate calculation to find.
to suit the instantaneous value of the dissipativity does not agree precisely with the sinusoidal R', which represents a mean value ; but the
sinusoidal R' has important recommendations which outweigh this
.

disadvantage.
B.

Suppose, now, we want to balance an iron wire against a copper wire,
the wires being straight and long, though not so long as to require the
For simplicity, first let the
consideration of electrostatic capacity.
ratio be one of equality, so that sides 1 and 2 in the Christie are any
precisely equal admissible arrangements, which may be mere resistances.
Let the iron wire be in side 3, the copper wire in side 4.
have to
make side 3 an electrical full -sized copy of side 4. For definiteness,
and
to be short-circuits, that one of the two parallel
imagine
3
4
lines leading to either is the wire under test, whilst the other is a
return tube, thin and concentric.
First, in accordance with the description of how to make copies
Next,
[vol. ii., p. 104], make the resistances of the two returns equal.
make the inductances due to the magnetic field in the space between
wires and returns equal, by proper distance of returns, or by inducto-

We

F

F
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meters in sequence with sides 3 and 4. There is now left only the
wires themselves to be equalised.
First, their steady resistances
Next, their steady inductances (|yx, x length).
require to be equal.
These two conditions will give balance to infinitely slow variations of
current, and can be satisfied with wires of all sorts of sizes and lengths.
But we require to make them balance during rapid variations of any
For instance, a very short impulse will cause a mere surface
kind.
current in the wires, that is, in appreciable strength, if they be thick ;
The full balance is secured by a
and still the wires must balance.
third condition, viz., that the time-constants of diffusion shall be equal.
This time-constant is /xforc 2 where p is the inductivity, k the conOr, fd/R, the quotient of the
ductivity, and c the radius of a wire.
,

by the resistance per unit length (or any multiple that we
find convenient of this quotient).
Thus, if the iron has inductivity 100, that of copper being 1, whilst
Jc for
copper is about six times the value for iron, the copper wire must
This is indishave a radius of about four times that of the iron.
inductivity

may

Fixing thus the relative diameters, the rest is easy, by
properly choosing the lengths. In a similar manner, we may have the
resistances in any proportion ; as, for instance, to obviate the necessity
of having wires of very different lengths, keeping, however, the proper
pensable.

ratio of diameters.

The following will be more satisfactory as a demonstration. If Z is
V\C operator, then Z^Z^ Z^Z^ is the condition of balance [vol. n.,
So we have merely to examine the form of the Z of a straight
104].

the
p.

wire.

This

is

[vol. n., p. 63].

Z=L p + Rf,

............................ (31c)

Q

where /

is

the operator given by

\(

L

SC )

R

is its
the inductance other than that due to the wire itself, and
in our general equation of
steady resistance.
Using this form of
= s4 c4 that is, make the diffusion
balance, we see that if we take S3 c3
time-constants equal, we make /3 =/4 so that the balance is given by

is

Z
,

,

^3

...(33c)
V
*

'

and r4 are

r3

resistances that

be in sides 3 and

R

l

and

R2

may

two return-sheaths, or other
Of course Zl and Z% may be
and 2, when they are mere

for the

where the additional

4.

the resistances of sides 1
In virtue of the equality of the diffusion time-constants,
express the full conditions by adding to (33c) this
,

resistances.

we may

:

=

3
-

,

................................ (34c)

where / 3 and 14 are the lengths of the two wires.
Although this balance is true, yet there will be one practical difficulty
As is very easily shown by sliding a coil along an iron
in the way.
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But if
wire or rod, the inductivity often varies from place to place.
the wire be made homogeneous, the evil is cured.
Next, let it be required to balance a long iron against a long copper
rod in long magnetising solenoids forming sides 3 and 4. Here the
form of Z for the circuit of the solenoid is

Z=R + L p + Lpf~\

........................ (35c)

Q

where

R is

the total resistance (as ordinarily understood) of the circuit
of the solenoid, L the total inductance ditto, due to the magnetic field
everywhere except in the core, L that due to the core itself when the
field is steady,

and /as

before, in (32c).

To

balance the iron against the copper we therefore require, first,
the equality of time-constants of diffusion, or the iron rod should be
one-fourth the radius of the copper ; this being done,

= ^3 = ^3 = ^3
^
L
Z
L
^4

2

will

N

The value

complete the balance.

.......................... (36 C )

0i

of

L

(i.e.,

L3

or

4)

is

........................... (37c)

number of turns per unit length, and I the length of the
As for Z that is adjustible ad lib. nearly. The only
failure will be due to want of homogeneity.
Lastly, balance two rods, one of iron, the other of copper, against one
if

is

the

solenoid.

,

another in Felici's arrangement, when each pair of coils consists of long
making two primaries and two secondaries, properly
connected together. Let Rv R2 be the total resistances of the primary
and the secondary circuits ; L QV L 02 the total inductances, not counting
the parts due to cores ;
the total mutual inductance, not counting
the parts due to cores ; L v L v and
those parts of the inductances,
self and mutual, of the first pair of coils, due to the cores ; and l lt 1%
the same for the second pair.
The equations of E.M.F. in the primary
and secondary are then, if
and / are the two core-operators, as per
(32c), and Clt C2 the primary and secondary currents,
coaxial solenoids,

,

M

M

m

F

e

= R^ + LolpC1 +
= R2 C2 + L02pC2 +
The

M pC + F^L^ + MC
Q

2

M^

l

+f~ p(l1
+ F~ p(L2 C2 + MCJ +f~ 1p(l 2 C2
2)

l

terms on the right are the KM.F.'S used in the solenoid
circuits
against their resistance; the two following terms taken negatively the KM.F.'S of induction not counting cores; and the last two
taken negatively those due to the cores.
To have a balance, C2 must
vanish.
The second equation then gives
first

M + MF-

M

= Q,

l

+ mf- l =

..................... (39c)

So
or the mutual inductance of the circuits due
causes than the cores, must vanish.
Then, further,

F=f,

and

to

other

M= -m.................... (40c)

So the diffusion time-constants of the cores must be equal, and the
steady mutual inductance of one pair be cancelled by that of the other
pair of coils, so far as depends on the cores, as well, as before said, as
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depends on the rest of the system.
(When not counting cores is
spoken of, it is not meant that air must be substituted. Nothing must
be substituted.) The latter part is capable of external balancing. The
balancing of the former part requires the value of
.......................... (41c)

where

N N

are the turns per unit length in the two coils of a transthe same for the two transformers.
/, to be
condition (39c) of course makes the primary equation independent
lt

2

former of length

The

It is then the same as if the secondary coils were
removed.
This leads us to show the modification made in the equation of a
transformer by the conductivity of its core.
In (38c) we have merely
to ignore the /terms, thus confining ourselves to one transformer, when
the equations are given by the first lines.
Now if the solenoids be of
small depth, and there be no L externally, L ol and L02 become insignithe cores fill the coils.
We have then
ficant, and also
Q provided

of the secondary.

M

,

2 )>1

= K2 C2 + F~ lp(L 2 C2 + MCJ, ]

(toti

' '

which only differ from the equations when cores are non-conducting by
the introduction of F.
The first approximation to
is unity (when
very slow variations take place). It may be written thus

F

:

F~ l = A-Bp,

............................ (43c)

A and B are positive functions of p whose initial
A = l, B = Q. When the impressed force is sinusoidal, p
A and B are constants. Then (42c) become
e = R& + (L& + MC )Bn +
Ap^C, + MC \\
= R C + (L C + MCJBn* + Ap(L C + MCJ.
when

2

values are

,

- n 2 and

2

,

2

2

2

'

2

From

these,

2

2

2

2

2

'

J

by elimination, we have
e

-S +L S
~
l
LI

showing the effective resistance and inductance of the primary as
modified by the secondary and conducting core.
But it is very easy with iron cores, without excessive frequency, to
make simpler formulae suit. Let z = 7rc 2 kfjin; then, if this is 10 or over
[see vol. IL, p. 99],

we have

A=Bn = (2z)-l

.......................... (46c)

approximately, which may be used in (44c), (45c) at once.
In an iron rod of only 1 cm. radius, and /i=100,
=1/10,000, the
If of 10 cm. radius, it equals
value of z is one-fifth of the frequency.
twenty times the frequency. With large values of z we have

+ I 2 n) 2
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lt

/

2,

and m.

This

And

gives the secondary current.
can predict beforehand what these should lead to ultimately,
from the general property that a secondary circuit, at sufficiently high
frequencies, shuts out induction, or tends to bring L 2 C2 + MC\ to zero,
The coefficients of p
giving the ratio of the currents at every moment.
in (47c) and (48c) tend to zero, and the current in the primary to be
the same as if its resistance were increased by the amount
The core need not be solid.
cylinder will do as well, since the

We

A

It should, however, be remagnetisation does not penetrate deep.
membered that although at low frequencies it is the core that contributes the greater part of the inductance, so that the rest is then
negligible, yet when that due to the core actually becomes negligible,
the rest becomes relatively important, and should therefore be allowed
for.

SECTION XL. PRELIMINARY TO INVESTIGATIONS CONCERNING LONGDISTANCE TELEPHONY AND CONNECTED MATTERS.
Although there

is

more

to be said

on the subject of induction-

balances, I put the matter on the shelf now, on account of the pressure
of a load of matter that has come back to me under rather curious
circumstances. In the present Section I shall take a brief survey of the
its prospects, and of signalling
an account of some of the investigations to

question of long-distance telephony and
in general.

In a sense,

it is

follow.

Sir W. Thomson's theory of the submarine cable is a splendid thing.
His paper on the subject marks a distinct step in the development of
electrical theory.
Mr. Preece is much to be congratulated upon having
assisted at the experiments upon which (so he tells us) Sir W. Thomson
based his theory; he should therefore have an unusually complete
knowledge of it. But the theory of the eminent scientist does not
resemble very closely that of the eminent practician.
But all telegraph circuits are not submarine cables, for one thing
and, even if they were, they would behave very differently according
to the way they were worked, and especially as regards the rapidity
with which electrical waves were sent into them.
It is, I believe, a
generally admitted fact that the laws of Nature are immutable, and
everywhere the same. A consequence of this fact, if it be granted, is
that all circuits whatsoever always behave in exactly the same manner.
This conclusion, which is perfectly correct when suitably interpreted,
appears to contradict a former statement ; but further examination will
show that they may be reconciled. The mistake made by Mr. Preece
was in arguing from the particular to the general. If we wish to be
accurate, we must go the other way to work, and branch out from the
;
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It is true, to answer a possible objection,
general to the particular.
that the want of omniscience prevents the literal carrying out of this
process ; we shall never know the most general theory of anything in
Nature ; but we may at least take the general theor}7 so far as it is
known, and work with that, finding out in special cases whether a more
limited theory will not be sufficient, and keeping within bounds
In any case, the boundaries of the general theory are not
accordingly.
unlimited themselves, as our knowledge of Nature only extends through
a limited part of a much greater possible range.
Now a telegraph circuit, when reduced to its simplest elements,
ignoring all interferences, and some corrections due to the diffusion of
current in the wires in time, still has no less than four electrical constants, which may be most conveniently reckoned per unit length of
circuit
viz., its resistance, inductance, permittance, or electrostatic
These connect together the two
capacity, and leakage-conductance.
electric variables, the potential-difference and the current, in a certain
way, so as to constitute a complete dynamical system, which is, be it
remembered, not the real but a simpler one, copying the essential
features of the real. The potential-difference and the permittance settle
the electric field, the current and the inductance settle the magnetic
field, the current and resistance settle the dissipation of energy in, and
the leakage-conductance and potential-difference that without the wires.
Now, according to the relative values of these four constants it is conceivable, I should think, by the eminent engineer, that the results of
the theory, taking all these things into account, will, under different
The greater includes the lesser,
circumstances, take different forms.
but the lesser does not include the greater.
In the case of an Atlantic cable it is only possible (at present) to get
a small number of waves through per second, because, first, the attenuation is so great, and next it increases so fast with the frequency, thus
leading to a most prodigious distortion in the shape of irregular waves
Of course we may send as many waves as we
as they travel along.
please per second, but they will not be utilisable at the distant end.
This distortion is a rather important matter. Mere attenuation, if not
carried too far, would not do any harm.
Now the distortion and the
The
attenuation, though different things, are intimately connected.
more rapidly the attenuation varies with the frequency, the greater is
the distortion of arbitrary waves ; and if the attenuation could be the
same for all frequencies, there would be no distortion. This can be

very nearly, as will appear later.
there are only a very few waves per second, the influence
of inertia in altering the shape of received signals becomes small, and
this is why the cable-theory of Sir W. Thomson, which wholly ignores
But suppose we
inertia, works as a substituted approximate theory.
shorten the cable continuously, and at the same time raise the frequency. Inertia becomes more and more important the theory which
ignores it will not suffice ; and carrying this further, we at length arrive
at a state of things in which the old cable-theory gives results which
have no resemblance whatever to the real. This is usually the case in

realised,

Now when

;
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It is always partly the case, viz.,
telephony, as I have before proved.
for the very high frequencies, and it may be true, and practically is
I have shown that the
sometimes, down to the low frequencies also.
attenuation tends to constancy as the frequency is raised, except in so
far as the resistance of the wire increases, and that at the same time the
speed of the waves tends to approximate to the speed of light, or to a
speed of the same order of magnitude, which is the only speed which
"
can, I think, be said, even in a restricted sense, to be the
speed of
if
the
dielectric
be
But
there
must
be
some unsolid,
electricity."
certainty about what this speed is, for obvious reasons, with very high
The speed of the current is never proportional to the
frequencies.
square of the length of the line.
Within the limits of approximately constant attenuation the dis-

This is what is wanted in telephony, to be good.
is small.
Lowering the resistance is perhaps the most important thing of all.
Other means I will mention later. What the limiting distance of long-

tortion

We

distance telephony may be, who can tell 1
must find out by trial.
know that human speech admits of an extraordinary amount of
distortion (never mind the attenuation) before it becomes quite unThe "perfect articulation," "even different voices could
recognisable.
be distinguished," etc., etc., mean really a large amount of distortion,
of which little may be due to the circuit. There is the transmitter, the
receiver, and several transformations between the speaker and the
What additional amount of dislistener, besides the telephone line.
tortion is permissible clearly must depend upon what is already
Even if that be fixed, I see no legitimate
existent due to other causes.
way of fixing its amount by theoretical principles ; the matter is too
"
involved, and includes too many unknown data, including
personal
this
is
in
But
that
certain,
my opinion
equation."
good telephony is
possible through a circuit whose electrostatic time-constant, the product
of the total resistance into the total permittance, is several times as big
as the recent estimate of Mr. W. H. Preece, and I shall give my
reasons for this conclusion.
Increasing the inductance is another way of improving things. Hang
your wires wider apart. The longer the circuit, the wider apart they
should be ; besides this, they may be advantageously raised higher.
You can then telephone further, with similar attenuation and distortion.
There is a critical value of the inductance for minimum attenuationratio.
It is from L = Rlftv to L = Rljv, according to circumstances to
be later explained L being the inductance and
the resistance per
unit length, I the length, and v the speed of waves which are not, or
are only slightly dissipated, which is (LS)~t, if S be the permittance per
unit length.
The resulting attenuation may be an enlargement, as I
This is to be
have before explained, due to to-and-fro reflections.
avoided.
I shall explain its laws, and how to prevent it.
By this
method, carrying it out to an impracticable extent, however, we could
make the amplitude of sinusoidal currents received at the distant end of
an Atlantic cable greater than the greatest possible steady current from
the same impressed force
an unbelievable result. And, without alter-

We

;

R
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ing the permittance or the resistance, we could make the distortion
quite small.
There is some experimental evidence in favour of increasing the
inductance (apart from lessening the permittance) ; though, owing to
want of sufficient information, I do not wish to magnify its importance.
I refer to the statement that excellent results have been obtained in
Here the
long-distance telephony with copper-covered steel wires.
copper covering practically decides the greatest resistance of the wire ;
what current penetrates into the steel lowers the resistance and increases
the inductance. Clearly, we should magnify this effect, and, electrically
speaking, it would seem that a bundle of soft-iron wires with a covering
of copper is the thing, as this will allow the current to penetrate more
readily, lower the resistance the most, and increase the inductance the
But it is too complex a matter for hasty decision.
also see
most.
that the iron sheathing of a cable may be beneficial.
When we have little distortion, we get into the regions of radiation.
The dielectric should be the central object of attention, the wires
The waves are waves
subsidiary, determining the rate of attenuation.
of light, in all save wave-length, which is great, and gradual attenuation
There is the
as they travel, by dissipation of energy in the wires.
electric disturbance and the magnetic disturbance keeping time with it,
and perpendicular to it, and both perpendicular to the transfer of
tube of energyenergy, which is parallel to the wire, very nearly.
current may be regarded as a ray of light (dark, of course).
It is to such long waves that I attribute the magnetic disturbances
that come from the sun occasionally, and simultaneously show themselves all over the world ; arising from violent motions of large
quantities of matter, giving shocks to the ether, and causing the
On such a wave
passage from the sun of waves of enormous length.
passing the earth, there are immediately induced currents in the sea,

We

A

earth's crust, telegraph lines, etc.
But to return to the circuit. The attenuation-ratio per unit length
2
this being the ratio of the transmitted to the
is represented by e-^/

^

original intensity of the wave.
These waves are subject to

This

is

when

reflection,

the insulation

refraction,

is

perfect.

absorption, etc.,
according to laws I shall give. Of these the simplest cases are reflection
by short-circuiting, when the potential-difference is reversed by reflection, but not the current, and in the act of reflection the former is
Also reflection by insulation, when it is
annulled, the latter doubled.
the current that is reversed, and potential-difference unchanged ; or, in
But there
the act of reflection, the first cancelled, the second doubled.
are many other cases I have investigated.
This is an old subject with me.
An
I have also examined leakage.
Atlantic cable is worked under the worst conditions (electrical) possible
with high insulation; there is the greatest possible distortion. One
would vastly
megohm per mile or less instead of hundreds or thousands
The attenuation-factor is now t- K Lv -zi**>t if ]
accelerate signalling.
be the leakage-conductance, and 8 the permittance per unit length.
The attenuation is increased, but the distortion is reduced. This has
<"*

.
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Make E/L = K/S, and
led me to a theoretically perfect arrangement.
the distortion is annihilated (save corrections for increased resistances,
and
The solution is so simple I may as well give it now. Let
etc.).
C be the potential-difference and current at distance x, subject to

V

-~
ax
then, with equality of time-constants as described, the complete solution consists of two oppositely travelling trains of waves, of which we
need only write one ; thus,
atlL

7=f(x-vt)ewhen / = 0. The current
,

where f(x)

is

the state

is

C=F/Lv.

The

half electric, half magnetic; the dissipation is half in the
wire, half outside.
Change the sign of v in a negative wave. There is
a perfect correspondence of properties, when this unique state of things
solutions with
is not satisfied, between
0, and C solutions with

energy

is

V

K=

= 0.

This perfect system would require very great leakage in an
Atlantic cable, and cause too much attenuation but this perfect state
may be aimed at, and partly reached. Are there really any hopes for
Without any desire to be over sanguine, I think
Atlantic telegraphy ?
we may expect great advances in the future. Thus, without reducing

jR

;

the resistance or reducing the permittance (obvious ways of increasing
speed), increase the leakage as far as is consistent with other things,
and increase the inductance greatly. One way is with my non-conducting iron, which I have referred to more than once, an insulator impregnated with plenty of iron-dust.
Use this to cover the conductor. It
will raise the inductance greatly, and so greatly diminish the attenuawhilst the insulation-resistance will be lowered, somewhat increastion
ing the attenuation, but assisting to diminish the distortion, which the
increased inductance does.
The change in the permittance must also
But I shall show that we can have practical approxibe allowed for.
;

mations to almost negligible distortion in telephony, and that
reduction of
I

RjL

that

is

most important.

have also examined the question of apparatus.

We

it is

the

must stop the

In the perfect system
reflection, if possible, to prevent interference.
this is also quite easy.
The receiver must have resistance Lv and zero
All waves arriving are then wholly absorbed.
inductance.
Similarly,
to make the transmitted waves agree with the impressed force, Lv
should be the resistance there, (or else zero).
Another remarkable
property is that if the receiving coil be fixed in size and shape, whilst
its resistance varies, then this same Lv is the resistance that makes the
cannot imagine anything
magnetic force of the coil a maximum.

We

No

and maximum effect. I shall show that
these things may be fairly approximated to in telephonj'.
It should be
understood that in the perfect system we have nothing to do with
what the frequency may be, whilst in telephony it is the high frequency
more

perfect.

distortion,

that allows us to approximate to the ideal state.
Then there is the matter of bridges, and the nature of the reflected,
The phenomena formally resemble
transmitted, and absorbed waves.
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those due to the insertion of resistance in the main circuit, except that
the potential-difference and the current change places.
Thus if R^ be
an inserted resistance, when there is no leakage and no resistance in
the line (l+RJSLv)' 1 is the ratio of transmitted to incident wave.
Now let there be no resistance inserted, but a bridge of conductance K^ ;
then the substitution of t for Jff 1 and S for L gives us the correspondIn the first case the reflected current is reversed, in the
ing formula.
second case it is the potential-difference of the reflected wave that is
Now let there be both a resistance inserted and a conducting
reversed.
and
choose R^L = KJS then the reflected wave is abolished.
bridge,
Part of the original wave is absorbed in the bridge, and the rest is
This explains the perfect system above
transmitted unchanged.

K

,

;

described.

have also examined the changes made when the state is not perfect.
result is that a wave throws out a long slender tail behind it ; and
whilst the nucleus goes forward at speed v, the tail goes backwards at
In time, if the line be long enough, the nucleus, which
this speed.
changes shape as it progresses, diminishes so as to come to be a part of
I

The

I will give the equation of the
It is then all tail.
the tail itself.
nucleus and tail. It is the mixing up of these tails that causes arbitrary
waves to be distorted as they travel from beginning to end of the line.
(But I have, in the above, usually referred to distortion as the change
There is residual
in the shape of the curve of current at a single spot.)
reflection due to the self-induction of the receiver, even when the
The effect of diffusion in the wires
resistance is of the proper amount.
is to make a wave with an abrupt front, which would continue abrupt,
have a curved front, and thus mitigate that perfection which only
I shall also describe graphical methods of following
exists on paper.
the progress of waves, and of calculating arrival-curves of various kinds,
the submarine cable and oscillatory ; approximate only, but very easy
to follow.
Other matters, perhaps more practical, but certainly duller,

will find their place, if space allow.

SIMPLE PROPERTIES OF
NOMENCLATURE SCHEME.
THE IDEALLY PERFECT TELEGRAPH CIRCUIT.

SECTION XLI.

"
To explain the word " permittance
I

that I used in the last Section,

may remark that in stating my views in 1885

in several

communications

to this journal on the subject of a systematic and convenient electrical
nomenclature based upon the explicit recognition of the three fluxes,
conduction-current, magnetic induction, and electric displacement, proposing several new words, some of which have found partial acceptance,

remarked upon the unadaptable character of the word "capacity."
must be the capacity of something or other, as of permitting disI did not then go further in connection with the flux
placement.
I

It

"
displacement than to use elastance," for the reciprocal of electrostatic
shows
the scheme so far as it is at present
The
following
capacity.
developed
:

ELECTROMAGNETIC INDUCTION AND
FLUX.
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FORCE.

FLUX/FORCE.

IntS

...........

{

ITS PROPAGATION.

Electric.
}

(Magnetic.
Electric -

Why elastivity ? Maxwell called the reciprocal of the permittance of a
unit cube "the electric elasticity."
By making it simply elastivity, we
first get rid of the qualifying adjective ; next, we avoid confusion with
any other sort of elasticity ; and, thirdly, we produce harmony with the
There are now only two gaps. " Resistance to
rest of the scheme.
lines of force," or "magnetic resistance," now used, will not do for
Besides the above, there is Impedance, to
permanent employment.
express the ratio of force to flux in the very important case of sinusoidal
current.
Impedance is at present known by various names that seem
The impedance (which, derived
to be founded upon entirely false ideas.
from impede, need not be mispronounced) of a coil is the ratio of the
coil used
amplitude of the impressed force to that of the current.

A

impeding may be called an impeder. The same definition obviously
applies in any case that admits of reduction to one circuit (even though
parts of it may be multiple), e.g., any number of coils in sequence, in
sequence with any number in parallel (to be regarded as one), in sequence
with a condenser, or arrangement reducible to a condenser. The im2
2 2
pedance is always reducible to (R + L n )l, where R is the effective
resistance, which is real, and L the effective inductance, or sometimes
It is not necessary to exclude inductive action on
gmtse-inductance.
other circuits, although the heat corresponding to R may be partly in
for

them.

As

established

for resistance, it is very desirable to confine its use to the
meaning in connection with Joule's law.

K

be the resistance, inductance, permittance
Now let R, L, S and
and leakage-conductance per unit length of a circuit and let V and C
be the potential-difference (an awkward term) and current at distance
x.
We have the following fundamental equations of connection
;

:

,

............

(U)

Observe that the space-variation of C is related to
standing for d/dt.
is related
the same manner (formally) as the space-variation of
to (7, so that we can translate solutions in an obvious manner by ex-

p

V

V in

changing V and
a manner.

(7,

R

and K,

L

and

S,

which are reciprocally

related, in

the circuit may be the common pair of parallel wires.
one case in which the four constants are all finite that is
characterised by such extreme simplicity that it is desirable to begin

To

There

*

fix ideas,
is

[The two blanks were

or Reluctancy.]

filled

up

later

by the words Reluctance and Reluctivity
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with

it,

which

it casts a flood of light upon all the other cases,
be simpler in appearance, and yet are immensely more com-

especially as

may

Let

plex in results.

s.

The number

of circuit-constants

fixing of the fourth constant.

or,

which

is

and
is

LStf

now

=

l ...................

virtually three,
of
is now

The equation

V

(2d)

owing to the

equivalent,

r

st
if J/ =u~
Since (4e?) is the equation of undissipated waves, with
constant speed v, whose solution consists of two oppositely travelling
arbitrary waves, the complete solution of (3d) consists of such waves
attenuated as they progress at the rate s (logarithmic).
Thus,
.

t

r=f(x-vt)c-'

(5d)

the complete expression of the positive wave, if/() be the state when
Shift the wave bodily a distance vt to the right, and attenuate it
t = 0.
from 1 to ~", and we obtain the state at time t. The corresponding
current is

is

r

C=P /Lv = SvF',

(Qd)

To express a negative wave, change the
in every part of the wave.
The second form of (6d) says that a charge
sign of v in (5d) and (6d).
Q moving at speed v is equivalent to a current Qv.
it is convenient to reckon Lv in ohms, as was
30 ohms, in air, when it has its greatest value (speed
of light, 30 earth-quadrants per second) and L is a convenient numeric.
L = 20 is a common value (copper suspended wires) in this case our
"resistance" is 600 ohms. But it is not "ohmic" or "joulic" resistV is the line-integral
ance the current and E.M.F. are perpendicular.
of the electric force across the dielectric from wire to wire, and (7 is the

Since F"is an E.M.F.,

done before

v is

;

;

;

of the magnetic force round either wire.
The
forces are perpendicular, and so are
and
are perpendicular].
regarded as vectors, [i.e., their elements E and
The product VG is the energy-current; their ratio is the important
line-integral
electric

(

-r

4?r)

V

and magnetic

H

quantity Lv, the impedance.
and
In a positive wave

V

G are similarly signed, and in a negative
are oppositely signed.
Thus, if the electrification be positive, the
direction of the current is the direction of motion of the wave ; whilst
if it be negative, the current is against the motion of the wave.
When oppositely travelling waves meet, the resultant Vis the sum
wave

of the two Fs, and the resultant C the sum of the two C"s.
is
Thus, if the waves be so shaped as to fit, then, on coincidence,
doubled and C is annulled. The energy is then all electric. But if the
electrifications be opposite, Fis annulled and G is doubled, on coincidence.

V
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On emergence, however, the two
is then all magnetic.
waves are unaltered, save in the attenuation that is always going on.
The electric energy is \SV'2 per unit length of circuit, and the magnetic energy is %LC'2
From this, by (Qd) and the second of (2d), we
see that the electric and magnetic energies are equal in a solitary wave,
either positive or negative.
The dissipativity in the wires is EC 2 and
2
These are also equal, for
outside them
per unit length of circuit.
the same reason.
Should the disturbance be given arbitrarily, i.e., V and C any
functions of x, the division into the positive wave V^ and the negative
The energy

.

,

KF

wave

F

2

effected thus

is

Notice that
is

,

:

T^^F+LvC),
SV^V^ - LC^^

F = ^(F-LvC) .............
2

(Id)

so that the total energy per unit length

always

S(F-?+F*)=L(C? +
Similarly, the total dissipativity

is

Similarly the total energy-current

C*) ...................... (Sd)

always

is

always

snce

V F

If,

no

C

t

at a given moment,
through unit distance anywhere, with
this immediately breaks into two equally big waves, one positive,

If initially there be no F,
the other negative, which at once separate.
but only C, the same is true for the current-waves i.e., the result is two
waves, which at once separate.
equal but oppositely signed
What happens when disturbances reach the end of the circuit depends
upon the nature of the terminal connections there. At present only
one case the simplest will be noticed. Let there be a resistance of
amount Lv at the distant end B of the circuit. The terminal condition
But this is the property of a positive wave. Hence
is then V=LvC.
all waves travelling towards B are immediately absorbed on reaching B.
;

V

The electricity is all gobbled up at once, so to speak. Similarly, if
=
there be a resistance Lv at the end
(where z 0) it imposes the
- LvC, which is the
condition
property of a negative wave, so that
are absorbed immediately. Thus, given
all disturbances on arrival at
the circuit in any state of electrification and current, without impressed
force, it is wholly cleared in the time l/v at the most, I being the length
of the circuit.
Now, let the circuit be short-circuited at A, and have a resistance Lv

A

V

A

Insert an impressed force e at A momentarily, producing V= e
This will travel towards B at speed v,
through unit distance, say.
and
on
arrival at B, what is left will be at onceas
it
goes,
attenuating
This being true for every momentary impressed force, we
absorbed.
see that if it be put on at time t = 0, and kept steadily on thereafter, the

at B.

full

solution

is
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from x =

to x = vt, and zero beyond.
Thus the steady state at a given
instantly assumed the moment the wave-front reaches it. After
that, there is still transfer of energy going on there, viz., to supply the
waste in the part of the wave that has passed the spot under consideraThe current
tion, and to increase the energy at the front of the wave.
On reaching B, the current is
is F/Lv, as before.

point

is

r
V

^

p-

^

e -MlLv

Lv

--W>lLv
v
TM * T"~*

Rl

/I 9/7\
\L*JU>I

Lv

If we let El, the resistance of the circuit, be 3,000 ohms, which
times the before-assumed value of Lv, then the received current is

is

5

150 Lv 90,000 30 Rt
such that the current is one-thirtieth part of the
full steady current with perfect insulation.
The electrostatic time-constant of the circuit is

The attenuation

is

RSPJ-*-,
1

v

or, in

our example,

may have any

value

five

we

..(Ud)

.

Lv

times the time of a journey from A to B.
It
If we want it to be *1 second, l/v must

please.

be '02 second, and therefore = 6,000 kilometres, which requires R = '5
ohm per kilom. This is lower than that of any telephone line yet erected.
But to make the electrostatic time-constant *05 second, with the same
attenuation, it must be 3,000 kilom. at 1 ohm per kilom.
If e

vary in any manner at A, the current at B
varies in the same way at a time l/v later.

is

given by (I2d), in

As

there is no disbecomes a question of suitable instruments. With proper
instruments, no doubt the permissible attenuation could be much greater,
and the circuit much longer. Again, if we raise the insulation we lessen
We bring on distortion, but a good deal is allowable,
the attenuation.
The insulation-resistance should be
so that again we can work further.

which

e

tortion, it

per kilom. in the 3,000 kilom. example ; the product of the
any portion of the circuit (wires) into the insulation2
In the 6,000 kilom.
resistance of the corresponding part is (Lv)
But if it be not arbitrary
it should be '72 megohm per kilom.
example
waves, but only waves of high frequency that are in question, then we
may approximate to the distortionless transmission without attending
to the exactly-required leakage.
36

megohm

resistance of

.

SPEED OF THE CURRENT. EFFECT OF RESISTANCE
SECTION XLII.
AT THE SENDING END OF THE LINE. OSCILLATORY ESTABLISHMENT OF THE STEADY STATE WHEN BOTH ENDS ARE SHORTCIRCUITED.

Although the speed of the current is not quite so fast as the square of
the length of the line, yet, on the other hand, it is not quite so slow as
the inverse-square of the length, as a writer in a contemporary (Electrical Review, June 17, 1887, p. 569) assures us has been proved by recent
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researches.
However, if we strike a sort of mean, not an arithmetic
mean, nor yet a harmonic mean, but what we may call a scienticulistic
mean (whatever that may mean), and make the speed of the current
altogether independent of the length of the line, we shall probably come
as near to the truth as the present state of electromagnetic science will
allow us to go.
But, apart from this, there is some & priori evidence to

be submitted. Is it possible to conceive that the current, when it first
sets out to go, say, to Edinburgh, knows where it is going, how long
a journey it has to make, and where it has to stop, so that it can
Of course not;
adjust its speed (scienticulistic speed) accordingly?
it is infinitely more
probable that the current has no choice at all in the
matter, that it goes just as fast as the laws of Nature, preordained from
time immemorial, will let it ; and if the circuit be so constructed that the
conditions prevailing are constant, there is every reason to expect that
the speed will be constant, whether the line be long or short.
Q.E.D.
Now, a great and striking thing about the distortionless system,
whose elementary properties were discussed in the last Section, is the

manner in which it brings the speed of the current into full
Another and very important thing is this. When the leakage
is not so adjusted as to remove the distortion altogether, solutions
become difficult of interpretation, owing to the almost necessary employment of Fourier or other transcendental series to express results.
But by a proper adjustment of the leakage so as to abolish the tailing,
which is the cause of the mathematical difficulties, we are enabled to
follow with ease the whole course of events, say, in the setting up of
the final state, due to a steady impressed force, without laborious caldistinct

view.

Arid, although the state of things supposed to exist in the
distortionless system is rather an ideal one, yet it allows us to obtain a
very fair idea of what happens when there is distortion, e.g., in the
circuit.
oscillatory establishment of the steady state in a well-insulated

culations.

When we speak of a charge travelling along a wire at speed v, it
There are two conshould be always remembered what this implies.
is
ductors, parallel to one another, and the positive charge on the one
accompanied by its complementary negative charge on the other (correc-

The two charges
parallel wires, etc., are ignored here).
More comprehensively, the whole electromagnetic field,
together.
of which the charges are a feature only, is moving along at speed v, in
the space between the wires, into which it also penetrates to a greater
tions

due to

move

In the distortionless system this penetration is assumed
and instantaneous, so that the resistance and the inductance
are strictly constants
and, by the ratio RjL being made equal to K/S,
we make any isolated disturbance travel on without spreading out behind.
In travelling it attenuates by loss of energy in the conductors and by
to 900 in the first 50
leakage in such a way that if it attenuate from 1,000
to
729 in the third,
the
in
810
to
it
will
attenuate
second,
kilometres,
and so on; multiplying by 9/10 in every 50 kilometres.
In the last Section was considered the uniquely simple case of a shortcircuit at A, the beginning of the circuit, where any impressed force is
placed, sending any-shaped waves into the circuit, travelling undistorted,

or less extent.
to be perfect

;

H.E.P.

VOL.

II.

I
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with uniform attenuation, and completely absorbed on arrival at the

B by a terminal resistance of amount Lv. Of course this
complete absorption at B of all waves arriving there is independent of
But these will materially
the nature of the terminal arrangements at A.
influence the magnitude of the waves leaving A.
Keeping at present
entirely to simple cases, if we insert a resistance Lv at A we can make a
safe guess that the current will be just halved, because when there is a
short-circuit there, the line itself behaves just as if it were a resistance
That is, the current at A is then e/Lv, however e may vary, proLv.
vided there be a resistance Lv at B or, which is equivalent, the circuit
This
be continued indefinitely beyond B unchanged in its properties.
That the current is zero when we insulate,
guess may be easily justified.
In general, the
or insert an infinite resistance at A, is also evident.
at A causes the potential-difference
insertion of a resistance
there,
Q
due to an impressed force e, to be
distant end

;

F

and the current to match to be V^ILv. The transmission to the distant
end, and the attenuation are as before.
But if the place of e be shifted along the circuit from A, interferences
will result whenever the resistance at A has not the value Lv.
Imagine
f to be at distance x
from A. When put on, the result is to send a
l
positive wave ^e to the right, and a negative wave
\e to the left, both
at
and
Thus the circuit
speed
travelling
attenuating similarly.
behaves towards e as a resistance 2Lv, half to the right, half to the
left.
Now, when the negative wave arrives at A, if there be a resistance
Lv there to absorb it, there will be no interference with the positive
wave, which will go on to B and be absorbed there. The current at B
-y,

will therefore be

CB = i(e/Lv)-w-*^, ........................ (IQd)
taken at a given moment being that at x v at the

the value of e to be
time (I - x-^/v earlier. But if there be a resistance at A of any other
amount than Lv, there will be a reflected wave from A, which will run
after the original positive wave, and so make every signal at B have a
double or familiar following it after an interval of time 2^/v, which is
that required to go from x l to A, and back again.
Now the closer the
seat of e is shifted towards A, the more closely will the familiar follow the
and when e is at A itself, they will be coincident
original positive wave
;

in front.

Now, the current

at

A

corresponding to

(16rf) is

and (as will be explained in the Section on Reflections) the
wave is got by multiplying by /> where

reflected

,

Now make ^ = 0,

and we shall verif} (15^), and, by the union of the
positive and the reflected (also positive) wave, show that J^at x at time
t due to e
=f(t) any function of t, at A, is
T

t

and the current there

is

V/Lv.
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The most simple case after these of complete absorption at B, with
complete absorption, or short-circuit, or any resistance at A, is perhaps
If a charge be then
that in which we short-circuit at both A and B.
moving towards B, it is wholly reflected with reversal of electrification.
We must have V= at B, and this requires every disturbance arriving
The same thing hapat B to be at once reversed and sent back again.
pens at the short-circuit at A. Perhaps, however, the easiest way to
follow events is to imagine the two charges, positive and negative, which
always travel together, to pass through one another when they come to
Thus one charge goes round
the short-circuit, so as to exchange wires.
and round the circuit one way, whilst the other, just opposite, goes
round and round the other way. There is the usual attenuation. On
this view of the matter, we may imagine the effect of a terminal resistance Lv to be simply to bring the charges to rest against friction. It
need scarcely be said, however, that the day has gone by for any such
fanciful explanation to be taken seriously.
Since the current in a negative wave (from B to A) is of the opposite
sign to the electrification, there is no reversal of current by reflection at
a short-circuit.
As, therefore, the reflected wave is to be superimposed
upon the incident wave, we see that the current is doubled at B from
what it would be were the circuit to be continued beyond B, or the
Lv were inserted in place of the continuation.
process of setting up the permanent state due to a steady
this
First the positive wave

critical resistance

The
is

now

e

at

A

:

the complete solution were there no reflection
at B
reached by F"x in the time l/v, and the value of
= e~ Ji 11 ", which is the attenuation in the circuit.
just on arrival is ep, if p
The reflected wave F"2 now begins. This is
if

x<vt which would be
t

Now B

at B.

K

is

3

'

A

In the meantime the first wave V^
at speed v.
going on, for the battery at A does not know what is going on at
B.
Thus, from t = l/v to t = 2l/v, the state of the circuit is given by the
sum of J7! and 2 so far as 2 has reached, and by F\ alone in the rest.
On arrival of F"2 at A it is attenuated to - ep 2 and reflection then produces a positive wave

which travels towards

is still

F

P

,

is a copy of F"T
only smaller to the extent produced by the
2
This wave reaches B when t - 31 /v, and then there
multiplication by p
commences the reflected wave, F"4 given by

which

,

.

,

F4 =

IL

-ep*.e** ;

F

...........................

(23d)

And so on. Thus we have
a copy of 2
going from B to A. This
an infinite series of reflected waves, coming into existence one after the
other the state at any moment is expressed by the sum of the waves
Since the sizes
already existent ; the final state is the sum of them all.
of the
waves form a geometrical series, and also those of the
is

;

positive

.
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negative waves, they are easily summed.
etc.,

come

The

positive

waves

V

lt

to

and the negative come to

sum of (24c?) and (256?) expresses the final J-^of the circuit.
And, since the current is got by dividing bv Lv in a positive wave and
- Lv in a
negative, the final current is the excess of (24d) over (25d),
by
so that the

divided by Lv.
Notice that whilst it is a process of settling down to
the final state of electrification, it is a process of rising up to the final
state of current.
More strictly, whilst the potential-difference .at any
spot oscillates about its final value, being alternately above and below
it, the excursions getting smaller and smaller as time goes on, the
current-increments are all positive, though they get smaller and smaller.
Now if the time l/v of a journey be exceedingly small, so that there may
be thousands of journeys performed in getting up to say 99 per cent, of
the final current, the current will appear to rise continuously, and the
potential-difference to have its final value from the first moment, which
is in reality its mean value
during the oscillatory period. This is the
explanation I have before given of how it comes about that there is no
sign of oscillation in any purely electromagnetic formulae, such as are
universally employed when such short circuits are in question that the
current seems to have the same strength (when no leakage) everywhere.

by little jumps, and differently timed at different
but the jumps are too small to be perceived, and too rapidly

It is really rising

places,

executed.
And the electrification at any spot is really (unless the
vibrations are specially checked) vibrating about its mean value, which
is its final value, though this mean value is assumed (in electromagnetic
But if the resistance in circuit be
formulae) to be the actual value.
great, so that the final current is small, we have an oscillatory settling
down of the current, instead of a rise.
The solution (24d), (25d) is what we may at once get by considering
the differential equation of the steady state and its solution to satisfy
the terminal conditions.
But our solution gives us the whole history
of the establishment of this final state, and allows us to readily follow
the oscillatory phenomenon into minute detail.
When there is distortion there is difference in detail, which is then difficult to follow ; but
cannot
there is no substantial difference in the general results.
make or break a circuit without a similar action in general. But we
cannot expect to be able to formularise the results simply when the
circuit is of an irregular type, e.g., a laboratory circuit.

We

REFLECTION DUE TO ANY TERMINAL RESISTANCE,
AND ESTABLISHMENT OF THE STEADY STATE.
INSULATION.

SECTION XLIII.

RESERVATIONAL REMARKS.
EFFECT
MAXIMUM CURRENT.
DUCTANCE.

OF

VARYING

THE

IN-

If there be a resistance 7? x at the end B of a distortionless circuit, its
r
C at B permanently. If, then,
presence imposes the condition P
l

=B
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wave travelling towards B, we find the nature of the reflected
wave from B by applying the above terminal condition to the actual V
and C, which are the sum of V^ V^ the potential-differences in corresponding portions of the incident and reflected waves, and of Clf C2 the
Thus we have
currents in these portions.
there be a

From these we find
=
rzI^ (R l -Lv)(R l + LvY^ Pl say,

to represent the full connections.

......

(26d)

This ratio is posigiving the reflected in terms of the incident wave.
In
tive if K l be greater, and negative if it be less than the critical Lv.
the former case there is reversal of current, in the latter of electrificaThe three most striking cases are
tion, produced by the reflection.
when JK l = 0, oo or Lv, i.e. short-circuit, insulation, and the critical
resistance of complete absorption, making p l = - 1, + 1, or zero. There
is finite, but none
is partial absorption and loss of energy whenever
l
whatever in the two extreme cases. The loss of energy is accounted
for by the Joule-heat in the terminal resistance.
at the near end A,
In a similar manner, if there be a resistance
the transforming factor is
,

E

E

B

at a certain
If there be given an isolated charge moving towards
it will, after reflection at B, be replaced by another
charge moving

time,

may be of the same or of the opposite kind, according
as the reflecting resistance is greater or less than the critical.
On
it is transformed into a third charge moving towards
arrival at
B,
and so on. There is the usual attenuation p in each journey, where
towards A, which

A

a IL
If there be complete insulation at both ends, there is no
".
p = e~
other attenuation than this due to the circuit and, similarly, if the
ends be short-circuited ; but in all other cases it has to be remembered
that the act of reflection attenuates, besides causing a reversal of either
the electrification or the current.
The complete history of the establishment of the steady state due to
is now expressible in terms of the three
a steady impressed force at
constants
p, and p l ; with, of course, x the distance, t the time, and
There is first the positive wave
e the impressed force.
'

;

A

/t>

,

due, as mentioned in the last Section, to the union of the initial posiwave of half strength and of the positive wave which is the reflection of the initial negative wave of half strength, which latter is
rendered visible by shifting the seat of e towards B.
The solution
(2Sd) applies to all values of x less than vt, which is the extreme
distance reached by the wave at time t after starting.
On arrival at B
tive

we have
reflected

to introduce the transforming factor p v

wave

is

therefore

above defined.

The
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which is to be superimposed on the former wave to obtain the real
state during the second journey, from
to A.
The region over which
On
FO extends grows at a uniform rate with the time, from B to A.

B

A

F

arrival of
at
we must introduce the transforming factor
2
obtain the third wave, which is

/>

to

This reaches B at time t = 31 /v when th^ fourth wave commences,
which is to be found by introducing the transforming factor p 1 thus
t

;

It is

unnecessary to proceed further, as

tions.

The

positive

and are otherwise

Similarly the

sum

waves

similar.

it

Fv

would only produce

V& etc., have the common
Their sum is therefore

of the negative waves

repetiratio p 2p l p ,

is

Wl-^Wl-pVo)- -^'................. (33d)
1

Fis therefore expressed by the sum of (32d) and
In all the positive waves the current is from
to B, and in the
hence the excess of (32d) over (33d), divided by
;
negative from B to

The

final state of

A

(33d).

A

Lv, expresses the final state of current.
The solution of the above problem

by means of Fourier-series is
expresses the whole history of the variable
But this exceedingly remarkable property
period by a single formula.
of comprehensiveness, which is also possessed by an infinite number of
other kinds of series, has its disadvantages.
The analysis of the formula into its finite representatives, so that during one period of time
it shall represent (28d), then in another period represent the sum of
And the getting
(28d) and (29d), and so on, ad inf., is trying work.
of the formula itself is not child's play.
Considering this, and also the
fact that a large number of other cases besides the above can be fully
solved by common algebra (with a little common-sense added), the
importance of a full study of the distortionless system will, I think, be
readily admitted by all who are dissatisfied with official views on the
The important thing is to let in
subject of the speed of the current.
the daylight on a subject which it was difficult to believe could ever be
freed from mathematical complications.
There is a rather important remark to be made concerning the two
and ll l = co at the end of the line, in the above
extremes, 7^ =
solution.
Although described as short-circuiting and insulation, they
do not really represent the state of things existent when we actually
terminate a long circuit of two parallel wires by a thick cross-wire (the
short-circuit) or leave the ends disconnected in the air.
Every theory
that ever was made is more or less a paper theory ; we must simplify
Now a theory may
the real conditions to make a theory workable.
extremely

difficult.

It

,

very closely represent reality (when pursued into numerical detail)
through a wide range, and yet go quite wrong at extremes. The
justification for making the constants of the circuit independent of its
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an enormous multiple of the distance
the circuit somewhere, it is no
longer true that the permittance and the inductance per unit length
are constants, near and at the termination.
The theory, to be correct,
must wholly change its nature, as may be seen at once on thinking of
length

is

that the length

between the wires.

But

if

is

we terminate

the changed nature of the electromagnetic field as the termination is
reached.
Now our theory says that when the circuit is insulated at B,
every charge arriving there is at once sent back again unchanged and
that during the period of reflection, the potential-difference is doubled
and the current annulled. The doubling of the potential-difference is
obviously due to there being a double charge with the same assumed
But the permittance is not the same, nor anything like
permittance.
the same, at the termination as it is far away from it.
The theory
therefore wholly fails to represent the case of insulation, so far as the
potential-difference at the termination is concerned, though there does
not seem to be any reason to suppose that this will affect matters elsewhere ; for when the reflected wave gets away from the termination,
the old state of things is restored.
There is a similar want of correspondence between the theory and reality when we make a real short- 0.
circuit, which we have supposed to be represented by
l
Now the question may suggest itself Since this failure is due to the
assumption that the permittance and inductance continue constants
right up to the termination, and this assumption being made in all
is finite 1
The following
cases, may there not also be a failure when
l
For if the terminal
reasoning will show that this is not to be expected.
resistance (although it may be small) be equal to that of a considerable
length of the circuit, the influence of this resistance on the course of
events must be much greater than that due to the changed nature of
the circuit near its end.
therefore swamp the terminal corrections,
which become so important themselves when the terminal resistance is
;

R

:

R

We

quite negligible.
The general principle that may be recognised is this. If the transfer
of energy between the circuit and the terminal apparatus (of any kind)
be of sensible amount, we may wholly disregard the fact that the circuit

changes

its

nature as the termination is approached. But should it be
we fail to represent matters correctly at and near the

insensible, then

termination.

Again, if the ends of the circuit, supposed insulated, be brought
sufficiently close together, there may be a spark or disruptive discharge
there when a charge arrives, involving a loss of energy and attenuation.
It is scarcely

necessary to remark that effects of this kind have no place

in the theory.

In the same connection it may be remarked that when we are
following the history of an isolated charge, which may, in the theory,
be confined to the shortest piece of the circuit imaginable, we should
really spread it over a length which is several times as big as the
distance between the two wires. This is to make the element of length
have the same properties as a great length. Similar assumptions are
made (though seldom, if ever, mentioned) in most theories in mathe-
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matical physics.
An element of volume, for instance, must be large
enough to contain such an immense number of molecules as to impart
to it the properties of the mass.
Returning now to the study of the properties of the circuit, let us
examine the effect of varying the constants. For simplicity, insert the
critical resistance at B, and let there be none at A, where the impressed
force is.
The current at B is then

CB = (elLv)t- Rl Lv = (//%*-,
>

if

y = RlfLv.

The value of

moment should be

e

A

that at

(Ud)

taken in the formula at a given
at the time l/v earlier.
Now, with the
to be

resistance of the circuit kept constant, vary y to make the current a
maximum.
require y = l, or the critical resistance should equal

We

the resistance of the circuit (without leakage).
It then also equals the
If the resistance at
insulation-resistance (KI)' 1
be any constant
multiple of Lv, we shall have the same property y = 1 to get maximum
current.
be kept constant, we shall
(But should the resistance at

A

.

A

have y 2 (fi Q /fll)+y =

ceived current

is

It

which

it

is

unnecessary to discuss.)

The

re-

therefore

CB = e (2-718 Rl)~\

(35d)

A

resistance at
and if there be resistance of amount zLv, we
;
divide the right side of (35d) by (1 +z) to obtain the current at B.
the result is the same as if the circuit were a mere resistance

when no

must
Thus
whose value

is a small multiple of the true resistance, with abolition of
the leakage, permittance, and inductance, but with a retardation of
This is not the electrostatic retardation, of course ; it
amount I/k
merely means the interval of time that elapses between sending and

receiving, whereas electrostatic retardation, as formerly understood, is
Neither is it the speed of the current ; that is r.
quite another thing.
But singularly enough, the value of the electrostatic time- constant Sl 2

now l/v itself, proportional to the first power of the length, and
inversely proportional to the speed of the current.
Lv should be
1,200 kilometres at 2 ohms per kilom.
Example.
If it be an air-circuit, of copper, with v practically = 30 ohms
2,400.
(the formulae for permittance, inductance, etc., will be given later), we
= 80.
This is much too great.
The inductance must be
require L
artificially increased, if we are to have so little attenuation as above on
a circuit of that length.
Or the resistance may be reduced. If 1 ohm

is

L 40 is wanted. If J ohm per kilom, L = 20.
shorter the circuit, the smaller is the value of L needed to get
the maximum current ; and the longer the circuit, the greater L should
If L could be made large enough, without altering the resistance,
be.
the circuit could be of any length we pleased. The lower the resistance
of the circuit, the less leakage is needed to prevent distortion, and the
The higher the resistance, the more leakage
less attenuation there is.
is needed, and the greater is the attenuation.
see, by inspection of
(34d), that without varying either the resistance or the permittance,
but solely by increasing L (remembering that Lv = (L/S)l), we could
make Atlantic fast-speed telegraphy possible, with little attenuation
per kilom.,

The

We
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But the speed of the current would be very low.
return to in connection with the sinusoidal solution.

and

distortion.

This

I shall

ANY NUMBER OF DISTORTIONLESS CIRCUITS
SECTION XLIV.
RADIATING FROM A CENTRE, OPERATED UPON SIMULTANEOUSLY.
EFFECT OF INTERMEDIATE KESISTANCE: TRANSMITTED AND
REFLECTED WAVES. EFFECT OF A CONTINUOUS DISTRIBUTION
PERFECTLY INSULATED CIRCUIT OF NO REOF RESISTANCE.
GENESIS AND DEVELOPMENT OF A TAIL DUE TO
SISTANCE.
RESISTANCE. EQUATION OF A TAIL IN A PERFECTLY INSULATED
CIRCUIT.
If the ends of the two conductors of a distortionless circuit at its
termination at A be caused to have a difference of potential
varying in any manner with the time, and if there be an absorbing resistance
inserted at the other termination B, we know that the impedance of
is Lv, a constant, at every moment, so that the
the circuit to
Q
also know how the potential-difference
current there is
Q jLv.
and current are transmitted, attenuating to T p and V^pfLv on arrival

V

,

F

V

We

atB.
If there be a second distortionless circuit starting from A, and we
on it, we
simultaneously maintain the same difference of potential
know what happens on it, viz., as above described, merely changing, if
That is, if the circuit be not of the
necessary, the values of p and Lv.
same type as the first one, and of the same length, we require to use
different values of p and Lv.
This obviously leads to the working of any number of distortionless
Call the wires
circuits in parallel by a common impressed force at A.
Join
of a circuit the right and the left wires, merely for distinction.
all the right wires to one terminal A p and all the left wires to another,
A 2 and then maintain a difference of potential F between A l and A 2
Then, provided every circuit has its proper absorbing resistance at the
The reciprocal of the sum of the
distant end, we know what happens.
reciprocals of the impedances of the various circuits is the effective
divided by the effective impedance (say /)
impedance to V^. Next,
is the total current.
Finally the total current divides amongst the
The current at the
circuits in the inverse ratio of their impedances.
distant end B of any circuit is the current entering it at A at the time
I do
the attenuation-factor p of the circuit.
l/v earlier, multiplied by
not write out the equations, as the description is fully equivalent.
should be strictly proportional to an impressed
In order that
Q
force e in the branch joining the two common terminals A lf A 2 of the
circuits, it is necessary that it should be a mere resistance, which may
have any value. Let it be Q ; then, MQ added to the previous effective
impedance to V^ is the impedance to e ; so that the total current is
In practice, it is not
is eI/(H + I).
the value of
e/(2tQ + I), and
this
to
realise
Suppose, for instance, the
simplicity.
fully
possible
secondary of the transformer, in the circuit of whose primary a microphone is placed, is joined across the common terminals of the circuits.

F

.

,

V

V

F

ELECTRICAL PAPERS.

138

if the circuits be distortionless, we see that there must be terminal
distortion, or F" will not vary as it should for the accurate transmission
of speech.
There are several causes of distortion here. At the distant

Even

end, one cause of further distortion will be the inductance of the receiving telephone, and an additional and very important one will be
the mechanical troubles that will prevent the disc from copying
accurately, in its motion, the magnetic-force variations.
After this example of a complex arrangement of circuits admitting of
Examine the effect
simple treatment, let us return to a single circuit.
of inserting any resistance r intermediately.
This should be put half
in each wire, if the circuit consist of a pair of equal wires, to prevent
Let there be a wave travelling from left to right tointerferences.
wards r. Let Fp F"2 Fg be the potential-differences in corresponding
portions of the incident, reflected, and transmitted waves, so that, at a
certain moment, they are coincident, viz. at r itself, where let
be the
Then we have
actual potential-difference on the left side of r.
,

V

These are the

full connections.

From them,

Particularly notice that

Every element of electrification in the
arriving at the resistance is split into two (without any
one part o-Fj (in terms of potential-difference) is transmitted, the

as this

is

incident
loss),

an important property.

wave

remainder

As we

is reflected.

by

have,

(37d),
r

= '2Lv

o-- 1

-!

per cent, of the incident wave be reflected, and 99 per
If 10 per cent, be reflected and
cent, transmitted, we require r = -/-w Lv.
90 per cent, transmitted, then r = f Lv. There is no transmitted wave
Half is transmitted and half reflected when r = 2Lv.
if r be infinite.
There is always a loss of energy by this division of the charge, which
This is rC.f per
is accounted for by the Joule-heat in the resistance.
second ; and since a wave of unit length takes v~ l second to pass,
rCy/v is the loss of energy per unit length of the incident wave, which
loss, if added to the sum of the energies in the reflected and transmitted waves, makes up the energy per unit length in the incident.
Another expression for the loss of energy is given by

we

see that if

1

There is the greatest possible loss of energy when r = 2Lv, making
and the loss = \SV?. That is, when the intermediate resistance
is twice the critical, and the incident wave is consequently half transmitted, half reflected, then half the energy is wasted in the resistance.
<r

= J,
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the transmitted wave gets

back upon the case already

considered of total reflection without reversal of electrification or loss
of energy.

A

and at B, and any resistance
the absorbing resistance at
an intermediate point C, we have a very simple result when any
to B, or from B to A.
waves are sent from
Suppose e acts at A, and
Then
that p v p 2 are the attenuations in the two sections AC and CB.
If

we have

r at

A

T

7

^

F'9

= e at A becomes Fj = ep l on arriving at C. The
= ep l (l - o-), where <r is given by (37d). On arrival

SL{

A

at

C

wave is
by p^
The transmitted wave
reflected

(multiplied

absorbed, so there is an endr of it.
attenuates to P s = ep l a-p.2 = eo-p on arrival at B,
where it is absorbed. The last equation therefore gives the potentialIn the
at the time l/v earlier.
difference at B in terms of that at
is the sum of two oppositely travelling
first section of the circuit
waves, and the current is their difference divided by Lv ; but in the
it is

is

^3

= cpjcr, which

A

F

second section there

is

but one wave.

We

are also able to solve by algebra alone the following problem.
Given a distortionless circuit with any terminal resistances and any
intermediate resistances at different places, find the effect due to a
steady impressed force inserted anywhere in the circuit (half in each
For we
wire, pointing oppositely in space, to avoid interferences).
have the circuit divided into sections, for each of which the attenuation
1**^
j n a section of
is known (i.e., /^ = tr
length a^) ; we also know the
factors
of the terminal resistances (/t> and p l of the last
transforming

Section)

;

and we

also

now know the factors o- and 1 <r for any
we express how a wave divides there.

intermediate resistance, by which

when

initial waves \e to the
whole course of events
the
follow
right,
But it is no part
until we arrive (asymptotically) at the steady state.
of my intention to enter into the details, as nothing new would be

So, starting

and - \e

is

first

to the

left,

e

put on, with the

we can

contained therein.
But the effect of a great number of equal intermediate resistances
Let p l be the attenuation due
equidistantly situated is of importance.
to the circuit between two consecutive resistances, and o- the attenuation
due to each resistance, that is, the attenuation of the transmitted wave.
Let an isolated disturbance go from A to B. If it be initially F" it
becomes Vtf-p one section further on, ^(Pi ") 2 a ^ter another section is
,

If these
passed, and so on, becoming Vtf"a* after passing n sections.
n sections make up the whole circuit, then p? p, the attenuation in
the circuit due to itself only, as before, so that in passing through the
n
is attenuated to
/xr
circuit,
Now let the sum of the inserted resistances be nr = l Increase n
conindefinitely, whilst reducing r in the same ratio, thus keeping
In the limit the resistance l becomes uniformly distributed in
stant.
the circuit, and the attenuation due to it becomes, by (37d),

F

F

.

R

^

R

<r"

= (1 + R^Lm}- n

.

,

with

n=

oo

,
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From

this we may conclude certainly
uniformly distributed resistance E^
in addition to the original El, be accompanied by uniformly distributed
such that Rl
the
leakage-conductance of total amount
lt
l /S)
attenuation due to both E^ and K^ together is expressed by the square
For what we do is to make the circuit distortionless again,
of (4:ld).
by the additional leakage to compensate the additional resistance of the

Observe the presence of the
(as will be shown later), that

2.

if this

K

/L=K

wires.

But the simplest way of viewing the matter is to start with a
This is a distortionless
perfectly insulated circuit of no resistance.
= K/S. The only difference
circuit, of course, since it obeys the law E/L
from a real distortionless circuit is that there is no attenuation at all.
All the preceding results therefore apply, remembering that />=!, or
any waves are transmitted, not merely undistorted, but also unattenuated.
They are, in fact, purely plane waves of light (very long waves
practically) travelling through a perfectly non-conducting dielectric.
They are merely guided through space in a definite manner by the
conductors, imagined to have no resistance, so that, to use a very gross
There is no
simile, the electricity slips along like greased lightning.
penetration of the electromagnetic field into the conductors, but purely
surface-conduction, where we may use the word in a popular sense
=
Some curious consequences of the absence of re(conduct to lead).
sistance I will notice later ; at present I may observe that owing to
the relative simplicity produced by the absence of attenuation, the
imaginary circuit of no resistance is useful for investigating the effect
of inserting resistances, bridges, etc., and the action of a real distortionless circuit itself.

Thus, imagine an isolated charge moving from left to right in the
no resistance.
Introduce anywhere a resistance r this will

circuit of

;

cause an attenuation from 1 to cr in passing the resistance (equation
the remainder 1 - a- will be reflected back.
Next let there
(37c?)), and
be a great number of equidistant small equal resistances ; every one of
these will attenuate in the ratio 1 cr, and throw back the fraction
The result is that the original isolated charge, as it travels
1 - cr.
along, becomes a nucleus with a long slender tail behind it ; the nucleus
travelling forward at speed v and attenuating in the manner described
the tail stretching out the other way at speed v. If these isolated
resistances be packed together very closely, and be each very small, we
approximate to the effect of continuously distributed resistance, that is,
In the limit, the result is,
the resistance of the wires in a real circuit.
by (41c), that the nucleus, if originally represented by F" a, that is,
the very small distance a, with
the potential-difference
Q through
current to match, viz., VtfLto through the same distance a, and therefore moving entirely to the right at that particular moment, becomes
attenuated to
:

;

V

in the time

the right,

if

= x/v, during which it has moved through the distance x to
the resistance per unit length be E.

t
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here no leakage, the rest of the original charge must be
of electricity in the tail is therefore

The amount

Sx *>(! --*/"),

......................... (43d)

when

the circuit is perfectly insulated.
The length of the tail is 2#,
half being to the right and half to the left of the position of the
original isolated charge, it being of course supposed that neither the
head nor the tail has suffered any extraneous operations, as terminal
reflections, etc.

In a similar manner, it' initially the isolated charge SV^a be without
it would, were there no resistance, at once divide into
equal halves, travelling in opposite directions without attenuation,
what will really happen will be an immediate splitting into halves and
current, so that

separation of two nuclei, travelling in opposite directions at speed v,
attenuating as they progress according to (42rf), and joined by a band,
The equation of this doubleconsisting of the two tails superimposed.
tail is

form (as usually understood, by a convention that a solution
terms of a sine or JQ function, etc., is in a finite form, though it is
= -vttox= + vt, it being supposed
really an infinite series), true from x
At the
that the origin of x was the original position of the charge.
ends of this tail the two nuclei, each represented by
in a finite

in

through the very small distance a, must be placed, to make up the
I shall later illustrate this graphically, and also
complete solution.
explain the other kind of tail.

SECTION XLV. EFFECT OF A SINGLE CONDUCTING BRIDGE ON AN
ISOLATED WAVE.
CONSERVATION OF CURRENT AT THE BRIDGE.
MAXIMUM Loss OF ENERGY IN BRIDGE-COIL, WITH MAXIMUM
MAGNETIC FORCE. EFFECT OF ANY NUMBER OF BRIDGES, AND
THE NEGATIVE TAIL.
OF UNIFORMLY DISTRIBUTED LEAKAGE.
THE PROPERTY OF THE PERSISTENCE OF MOMENTUM.
Let a distortionless circuit be bridged across anywhere by a wire
whose conductance is k, and let us examine its effect on a wave passing
along the circuit. In the first place, we may remark that we have
already solved one bridge-problem, viz., the result due to an impressed
force in the bridge itself, this being made a special case of the first part
of the last Section, by limiting the number of radial circuits to two of

the same type.

V

Now let Fy Vy and 3 be the potential-differences in corresponding
parts of an incident, reflected, and transmitted wave ; V^ going from
from right to left on the
left to right on the left side of the bridge,
2
same side, and V^ from left to right on the further side of the bridge.

F
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At

a certain

moment

these are coincident,

at the bridge

viz.,

itself.

Then, by the properties of positive and negative waves and elementary
principles, we have the following full connections
:

1ttf

3-

From

these

we

find

F

x

Particularly notice that
01

= 02 + 0,,

Ct

_.

k+2Sv

.............................. (48d)

not by any means obvious at first
which, though extremely simple,
It is an example
sight, whilst it is an extremely important property.
of the persistence of momentum
though this may not be immediately
recognised, it will be made plain enough later on.
These equations should be compared with (36d), (37d), the corresponding ones relating to the effect of a resistance r inserted in the
circuit.
We see that this resistance is replaced by the conductance of
the bridge, that L becomes S, and that Fand C change places in the
expressions for the ratios of the transmitted and reflected waves to the
is

;

incident.

If we fix our attention upon the current, we see that every element
of current, when it arrives at the bridge, is split into two, in the ratio
of k to 2Sv, or of ^Lv to k~ l half the critical resistance to the resistance
The first part is reflected, increasing the current on the
of the bridge.
left side, and lowering the potential-difference ; whilst the other part is
The electrification in the reflected wave is negative, if
transmitted.
that in the incident wave be positive and conversely.
It may be as well here to remind the reader that from left to right is
the arbitrarily assumed positive direction along the circuit, which is
the direction of motion of a positive wave (therefore so-called) ; whilst
a negative wave goes from right to left.
Also, that the sign of the
That
current, whether positive or negative, is a quite different thing.
is, the current in a positive wave may be negative, and the current in a
What is a possible
negative wave may be positive, or the reverse.
source of some preliminary confusion is the fact that the vector we term
the current, and the vector direction of motion of a wave, are in the
same straight line, one way or the other. These connections are all
summed up in Fj = LvCv the property of a positive, and 2 = - LvC2
If the first of these relations be true,
the property of a negative wave.
and C be both
the wave must move from left to right, whether
positive or both negative; whilst if the second be true, the wave must
move from right to left. I can also recommend the reader to take the
advice before given to fix his attention upon the electromagnetic field
which is implied by a stated Fand a stated C, viz., a field of electric
displacement across the dielectric from one conductor to the other, and
a field of magnetic induction round the conductors.
very useful
purpose may perhaps be served by a careful study of the properties of
,

;

F

V

A

,
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the distortionless circuit, viz., to assist in abolishing the time-honoured
but (in my opinion) essentially vicious practice of associating the
electric current in a wire with the motion through the wire of a hypothetical <?wrtsi-substance, which is a pure invention that may well be
dispensed with.
Keturning to the effect of a bridge, notice that by the union of (48d)
with the last of (46d), we produce

That

the current in the bridge equals twice the current in the
The corresponding property when it is a resistance r
inserted in the circuit that is in question is, by (36d),
is,

reflected wave.

that is, the fall of potential through the resistance equals twice the
difference of potential of the reflected wave.
If the bridge have no resistance, making a short-circuit (subject to
reservations that need not be repeated), there is no transmitted wave.
fact, the case becomes identical with that of a terminal short-circuit,
producing total reflection with reversal of electrification. If, on the
other hand, the bridge have no conductance, it does nothing.
If the
conductance of the bridge be 2Sv or its resistance be ^Lv, the transmitted wave is half the incident, or the attenuation due to the bridge
is
Then, by superim position, the current on the left side is increased
J.

In

t

in the ratio 2 to 3,

and

is

therefore

made

three times the transmitted

current.

The current in the bridge being kV& and the corresponding heat
per second divided by v being the heat due to the bridge per unit length
of the incident wave, this amounts to
kF!/v

= 4,S2 F^kv/(k+2Sv)^

....................

(51d)

by (47d). If & be variable, we make the quantity in question a maxiwhen k = 2Sv, which is the above case of attenuation
The
heat in the bridge per unit length of the incident wave is then ^SF?,
which is half its energy ; the other half is equally divided between the

mum

.

transmitted and reflected waves.
If this bridge-wire be a coil of a given size and shape, the variation
of k implies a variation of the thickness of the wire and of the number
of turns.
Whence, in a well-known manner, the magnetic force of the
coil varies as the current in it and as the square root of its resistance ;
in another form, the square of the magnetic force varies as the product
of the resistance of the coil into the square of the current, that is, as
the heat per second.
Hence, by what has just been said, the magnetic
force is also a maximum when the resistance of the coil is \Lv.
Notice
that this is the impedance of the circuit as viewed from the coil itself.
It ought not,
correction is required for the inductance of the coil.
however, to be a very large correction, if it be a telephone that is in
question, and of a really good type, having the smallest possible timeconstant consistent with other necessary conditions.
require the
magnetic force to be a maximum (i.e., due to the current coming from

A

We
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the circuit) to make the stress-variations the greatest possible, and act
most strongly on the disc. [See "Theory of Telephone," Art. xxxvi.,
vol. ii.]
Allowing for the inductance of the coil, if the currents be
sinusoidal, we require equality of its impedance to that external to it,
which is the general law.
Now let there be any number of bridges at different parts of the
circuit, and let the ratio V^V^ of a transmitted to an incident wave be
denoted by s, its value being given by (47d), separately for each bridge.
Let also p lt p 2 etc., be the attenuations due to the circuit in the different
sections into which it is divided by the bridges, and start with an
isolated positive wave V^ at A, the beginning of the first section.
On
What passes the
arrival at the first bridge, it has attenuated to Fi/ r
bridge (not what crosses it) is V^s^ which attenuates to P^p^p^ on
Then there is another sudden attenuation,
arrival at the second bridge.
to Pi/Dj/DgSjSg, followed by a gradual attenuation in the third section, to
and so on, to the end of the circuit, at B. The disturbance
ViPiP2P3 s i s2
r
is then attenuated to P l ps 1 s2 ...sn ) where p is the product of all the
to B, and sn is
former p's, or the attenuation due to the circuit from
If the absorbing resistance
the last s, belonging to the bridge next to B.
Lv be put at B, it will at once absorb the wave just described ; but
after that there will come dribbling in and be absorbed the dregs of
the original disturbance at A, arising from the complex system of small
reflected waves due to the bridges across the circuit, much attenuated
by the many to-and-fro journeys. But if there be but one bridge, and
the absorbing resistance be put at A, to get rid of the wave reflected
from the bridge, then there is no dribbling in at B.
However many bridges there be, there is, by (486?), no attenuation
of current due to them, when its integral amount is considered, but
This exactly corresponds to the
only a redistribution of current.
absence of any alteration of the total charge by inserting resistances in
the circuit.
They merely redistribute the charge.
If there be n bridges in the distance x, each of conductance k, the
total attenuation produced by them is, by (47d),
,

')

'

A

f = {l+k/2Sv}- H

(52d)
place the bridges at equal distances apart, and increase the number n in the distance x indefinitely, keeping the total conductance
In the limit we shall arrive at a uniform disconstant,
say.
tribution of leakage, K^ being its conductance per unit length, and the
attenuation due to it will be the limit of

Now

=K^

with

w=

oo,

(53d)
therefore the attenuation of the nucleus, when an initially
isolated disturbance travels through the distance x, due to the extra
There is, in addition, the regular attenuaunit length.
leakage
l per
tion due to the circuit.
Disregard this for the present, by letting the
circuit have no resistance and no leakage, that is, no leakage before the
Then we see that if there
leakage represented by K^ was introduced.
= LvC extending
be initially an isolated disturbance represented by

This

is

K

F

,
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becomes, at the time x/v

right, attenuated to (writing

later,

K for

the

leakage-conductance per unit length)

extending through the distance a, with a tail of length 2x behind it.
This tail is of the negative kind, the electrification being opposite in
kind to that in the head, and is such that the line-integral of the
current in

it

amounts

to

this, when added to the corresponding line-integral for the head,
according to (54d), makes up CQ a, the initial value of the line-integral.
This tail is, as regards current, of the same shape as the correspond-

because

ing tail due to resistance, as regards electrification, so
be derived from (44d).
But I shall consider the tails

its

all

equation may
together in a

later Section.

The property involved in (486?), which leads to the deduction of
It is the persistence (or con(55d) from (54c?), is worthy of notice.
If a circuit have no resistance, then, as
servation) of momentum.
Maxwell showed, we cannot change its momentum, the amount of
induction passing through it.
This was a linear circuit, with the
current of the same strength all round it.
Now our example is a
remarkable extension of this property. Our circuit is linear and of no
resistance, but it has any number of leaks, or conducting bridges, as
well as what is equivalent to a series of condensers.
The current in
the circuit may be varied indefinitely in its distribution, but we cannot
change its momentum. The line-integral of LC expresses the momentum, but since L is here a constant, of course the line-integral of C
cannot change either. This property only continues true so long as
there is no resistance bounding the magnetic field; therefore, if the
circuit be of finite length, we must not insert resistances at the terminals.
For

instance, short-circuit at

A

and B, and we can

at once say

what

will ultimately happen due to any initial distribution of current.
It
will settle down to uniformity of distribution, i.e., making a uniform
magnetic field, so that the strength of current will equal the original

total momentum divided by the total inductance.
There is, of course,
a loss of energy in the settling down, due to the leakage.
If the circuit
be infinitely long, so that the disturbance can spread out infinitely, the
total energy will decrease asymptotically to zero, in spite of the persistence of the momentum, which indeed tends to zero in any finite
length, but keeps its total amount unchanged.
If the circuit have resistance, the total momentum decreases according
to the time-factor c~ mlL whatever be the initial distribution, if it be
short-circuited at A and B, or be infinitely long.
On the other hand,
the total charge subsides according to the time-factor t~* tls if the circuit
be insulated at
and B, or else be infinitely long. The meaning of
terminal short-circuit or of insulation may clearly be extended to various
other cases not involving loss of charge in the latter case (e.g. a terminal
condenser) or of momentum in the former, with appropriate corresponding changes in the measure of S or L respectively.
,

,
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XL VI. CANCELLING OF REFLECTION BY COMBINED RESISTANCE AND BRIDGE. GENERAL REMARKS. TRUE NATURE OF THE
PROBLEM OF LONG-DISTANCE TELEPHONY. How NOT TO DO IT.
NON-NECESSITY OF LEAKAGE TO REMOVE DISTORTION UNDER GOOD
CIRCUMSTANCES, AND THE REASON. TAILS IN A DISTORTIOXAL
COMPLETE SOLUTIONS.
CIRCUIT.

SECTION

Having in Sections XLIY and XLV discussed in some detail the effects
due to resistances inserted in, and also those due to conducting "bridges
across, a distortionless circuit, which are of fundamental importance,
and which lead to the development of a positive tail by a continuous
distribution of resistance in excess of the distortionless amount, and of
a negative tail by an excess of leakage, the full investigation of the case
of resistance and leakage combined in any proportions presents no
difficulty.

Start with a circuit having no resistance and no leakage, which is
therefore both distortionless and conservative (or characterised by the
absence of attenuation), and let there be an isolated disturbance going
from left to right, defined by V^ = LvCr Also, let there be, at a certain
place X, a bridge across the circuit, of conductance k and, at the same
When our incident wave
place, a resistance r inserted in the circuit.
arrives at X, there result a reflected wave represented by
V-^
V^= LvCft and a transmitted wave V% = LvCB
Now, considering the moment when these are all at
together
(corresponding elements, of course), we have the following two equations
connecting the three
',

.

X

Vs

:

(57<7)

The

is
simply the expression of Ohm's law applied to the
and the second expresses the continuity of the current at
X.
(Remember that Lv and Sv are reciprocal, so that the sum of the
second and third terms on the right of (57 d) expresses the bridge-

first

resistance

current.)

r,

The equation

(57 d)

may

also be written
..................

so that, by adding this to (56d)
the desired ratios.
Thus,

first,

and then subtracting

it,

we

(5Sd)

obtain

when

written in the simplest manner.
Of course the ratio VjV^ if
is the quotient of
(QOd) by (5$d).
see that the reflected wave may be either of the same or of the
opposite electrification to the incident ; and that, in order to completely
abolish the reflected wave, we require, by (QQd),

wanted,

We

..........................

(Qld)
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and that we then have, by

The reciprocal V^V^ expresses the attenuation suffered by the
wave in passing X.
The above equations are not in any way altered when we start with a

simply.
incident

real distortionless circuit instead of

But by adopting the

an imaginary one of no resistance.

latter course

we

are directed to the

nearest

approach to a physical explanation of the properties of the real distortionless circuit itself.
For, in the case of the circuit of no resistance
we are dealing merely with progressive waves in a conservative medium,
and we cannot expect to come to anything simpler than this. They
simply carry their energy and all their properties forward at speed v
be the inductivity and c the
unchanged, this speed being (/*c)~, if
of
the
medium
which
expression is equivalent to the
permittivity
other, (LS)~t, where L is the inductance and AS' the permittance, which
is more convenient in the practical application concerned.
Except in
the matter of wave-length, these waves are identical with light-waves,
with the peculiarity that the two (supposed) perfect conductors of our
circuit prevent the waves from spreading in space generally, by guiding
//,

;

them

definitely along the circuit.
(The simplest case is that of a
tubular dielectric bounded by perfect conductors, say an internal wire
and an external sheath.) Now we prove by elementary principles,
(Ohm's law, etc.) that an inserted resistance, causing tangential dissipation of energy, produces a reflected wave of the positive kind, involving
a redistribution, without loss, of the electrification on the bounding
conductors and a redistribution, with loss, of the corresponding magnetic quantity, the momentum.
On the other hand, we show that a
bridge causes a reflected wave of the negative kind, involving a redistribution, without loss, of the momentum ; and a redistribution,
with loss, of the electrification. (In speaking of redistribution, the mere
And by having both the
translatory motion of waves is disregarded.)
bridge and the inserted resistance so proportioned as to make the loss
of energy in each be. of the same amount (when small enough), we
abolish the reflected wave, so that there is no redistribution, but merely
attenuation produced by the resistance and bridge.
This applies to
any number of resistances inserted in the main circuit, each with its
corresponding bridge ; so that when we pack them infinitely closely
;

together to represent continuously distributed resistance and leakage,
we arrive at a real circuit, along which waves are propagated unchanged
except in size. Thus any circuit (apart from interferences) may be
made distortionless by adding a suitable amount of leakage. This
amount is usually too great for practical purposes. Nor is it required.
In the very important problem of long-distance telephony, employing
circuits of low resistance (which are the only proper things to use),
making the well-known ratio RILn of the two components of the
electromagnetic impedance small, say J or J, which may be easily
done without using an extravagant amount of copper, we tend naturally,
by bringing the inductance into relative importance, or equivalently,

H8
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reducing the importance of the factor resistance, to a state of things
resembling that which obtains in the truly distortionless circuit (independent of frequency of variations), and approximate to distortionless
transmission.
These statements may be proved by an inspection of
the sinusoidal solutions I have given, but it would enlarge the subject
too greatly to discuss them at present.
I may, however, repeat that
the problem of long-distance telephony is very remote from that of a
long submarine cable which can only be worked slowly, unless we
should unknowingly create a parallelism by employing quite unsuitable
conductors ; as, for instance, was done by the Post Office a few years
since when they put down conductors having a resistance of 45 ohms
per mile of circuit, combined with large permittance and small inductance ; and then, to make the violation of electromagnetic principles
more complete, put the intermediate apparatus in sequence, so as to
introduce as much additional impedance as possible.
The proper place
for intermediate apparatus is in bridge, removing all their impedance
This method was invented and introduced into the Post
completely.
Office by Mr. A. W. Heaviside.
It makes a wonderful difference in the
capabilities of a circuit, as is now pretty well known.
The theory of tails allows us to give an intelligible physical explanation of how it comes to pass that a perfectly insulated circuit violating

the distortionless condition completely, will yet tend to behave in a
distortionless manner to waves of great frequency, provided the circuit
be of a suitable nature, as above described. For let the circuit be so
long that we can get several waves into it at once, when telephoning.
They divide the circuit into regions of opposite electrification, each of

which may (very roughly) represent what I have termed an isolated
disturbance. Every one of them has its tail, but as they are alternately
of opposite kinds, their residual effect in producing distortion becomes
can see clearly that the greater the frequency the less
quite small.
is the distortion, unless the increased
frequency should bring with it
increased resistance, which is very much to be avoided, and is what
renders iron wire so unsuitable for
this
/^-distance telephony. By
mutual cancelling of the effects of the tails, we simulate the effect of the
leakage which would wholly remove distortion, even of the biggest
waves, without the disadvantage of the extra attenuation thereby introI am induced to make these remarks rather out of their proper
duced.
place, as they illustrate the importance of the distortionless circuit from
the scientific point of view, in casting light upon the obscurities of distortional circuits.

We

From (59d) we can get some results relating to the tails of waves in
a distortional circuit.
Thus, let there be n bridges in the distance x,
equidistantly placed, and each of conductance Kxjn with a corresponding
resistance Rxjn in the main circuit.
Let a disturbance pass from
If cr be the attenuation at each
.beginning to end of the length x.
bridge, the total attenuation of the head of the disturbance produced by
n
all the bridges and resistances is <r
Now make n infinite, keeping E
and
finite.
The total attenuation becomes, by (59d),
t

.

K

n

<r

=

{

1

+ Ex/2Lvn + Kx/2Svn + EKx*/2n 2 }-" = c-**^-****

(63d)

