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PRBF ACE TO VOL. III.
Lmm ago I had the intention, if circumstances were favourable, of finishing the third volume of this work about 1904, and
the fourth about 1910. But circumstances have not been
favourable. That is all that need be said about it here, save
to add that I have excluded parts. of the third volume, and
included parts of the fourth.
It would be as wrong to love your enemies as to hate your
friends. N everthcless, " the way of life is wonderful ; it is by
renunciation." Especially when prodding is no longer necessary. If my life is spared, I hope to be able to present a bust
of the eminent electrician who invented everything worth
mentioning to the Institution over which he once ruled, to
be placed under that of Faraday.
0LIVER lfEAVISIDE.

August 23, 1912.
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CHAPTER IX.

WAVES FROM MOVING SOURCES.
Adagio.

Andante.

Allegro moderato.

§ 450. The following story is true. There was a little boy t
and his father said, "Do try to be like other people. Don't
frown." And he tried and tried, but could not. So his
father beat him with a strap ; and then he was eaten up by
lions.
Reader, if young, take warning by his sad life and death.
For though it may be an honour to be different from other
people, if Carlyle's dictum about the SO millions be still true,
yet other people do not like it. So, if you are different, you had
better hide it, and pretend to be solemn and wooden-headed.
Until you make your fortune. For most wooden-headed
people worship money; and, really, I do not see what else
they can do. In particular, if you are going to write a book,
remember the wooden-beaded. So be rigorous ; that will
cover a multitude of sins. And do not frown.
There is a time for all things: for shouting, for gentle
speaking, for silence; for the washing of pots and the writing
of books. Let now the pots go black, and set to work. It is
hard to make a beginning, but it must be done.
Electric and magnetic force. May they live for ever, and
never be forgot, if only to remind us that the science of
electromagnetics, in spite of the abstract nature of the theory,
involving quantities whose nature is entirely unknown a.t
present, is really and truly founded upon the observation of
real Newtonian forces, electric and magnetic respectively. I
VOL. IU.
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cannot appreciate much the objection that they are not forces;
because they are the forces per unit electric and magnetic
pole. All the same, however, I think Dr. Flaming's recent
proposal that electric force and magnetic force shall be called
the voltivity and the gaussivity a very good one; not as substitutes for with abolition of the old terws, but as alternatives;
and beg to recommend their use if found useful, even though I
see no reason for giving up my own use of electric and
magnetic force until they become too antiquated.
Having thus got to the electric and magnetic forces, it is
only a short step farther to near the end of the booknamely, to the simple cases in which they occur simultaneously. It does not follow that the matter which comes
towards the end of a treatise-for instance, Maxwell's great
work-is harder than that in the first chapter of his Vol I.
On the contrary, some parts of it are easier out of all comparison. In the course of the next generation many treatises
on electromagnetics will probably be written; and there is no
reason whatever (and much good reason against it) why the
old-fashioned way of beginning with electrostatics (unrelated
to the general theory) should be followed. After all, should
not the easier parts of a subject come first, to help the reader
and widen his mind ? I think it would be perfectly practical
to begin the serious development of the theory with electromagnetic waves of the easy kind. First of all, of course,
there should be a good experimental knowledge all round,
not necessarily very deep. Then, considering the structure of
a. purely theoretical work to co-ordinate the previous, a general
survey is good to begin with, with consideration in more detail
of the properties of circuits and the circuital laws. Then,
coming to developments, start with plane electromagnetic waves
in a. dielectric non.conductor. The algebra thereof, even when
pursued into the details of reflections, &c., is perhaps more
simple than in any other part of the science, save Ohm's law
and similar things ; and the physical interest is immense. You
can then pass to waves along wires. First the distortionless
theory in detail, and then make use of it to establish the
general nature of the effects produced by practical departures
from such perfection, leaving the difficult mathematics of the
exact results for later treatment. Now, all this and much
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more is ever so much easier than the potential functions and
spherical harmonics and conjugate transformations with
which electrostatics is loaded, and there is more exercise for
the brains in the electromagnetic than in the electrostatic
problems. The subsequent course may be left open. There
are all sorts of ways.
Simple Proof of Fundamental Property of a Plane Wave.
§ 451. At present, in dealing with some elementary properties, the object is to smooth the road to the later matter.
First of all, how prove the fundamental property of a plane
wave, that it travels at constant speed undistorted, if there be
no conductivity, or, more generally, no molecular interference
causing dispersion and other disturbances 'l We have merely
b

1~

a

B

A

~

B
b
a
--~4------¥~----~r-----rA~~~x·
H
I UP)

b

a

B

A

FIG. 1.

to show that the two circuital laws are satisfied, and that can
be done almost by inspection. Thus, let the region between
two parallel planes aaa and bbb be an electric field and a
magnetic field at the same time, the electric force E being
uniform and in (and parallel to) the plane of the paper, whilst
His also uniform, perpendicular to E and directed up through
the papE-r. Also let their intensities be connected by
E = p.vH, or H =evE ; c being the permittivity and f.1. the
inductivity, whilst v is flefined by p.cvt= 1. This being tht>
state at a given moment, such as would be maintained
stationary by steadily acting impressed forces e = E and h = H
in the slab between the planes, what will happen later, in the
absence of all impressed force W
Apply the two circuital laws. They are obviously satisfied
for all circuits which are wholly between the planes a and b,
B2
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or else wholly beyond tht~m to right or left. There are left
only circuits which are partly inside and partly outside the
slab. Consider a unit square circuit in the plane of the paper,
as shown in the figure. The circuitation of E is simply E,
and by the second circuital law this must be the rate of
decrease of induction B = ,u.H through the circuit downward,
or its rate of increase upward. Then turn the square circuit
at right angles to the paper. The circuitation of H is then
simply H, and by the first circuital law this must be the rate
of increase of displacement D = Ec through the circuit. Now
let the plane aaa move to the right at speed v. The two·
rates of increase are made to be v,u.H and vcE respectively.
That is, E = ,uvH and H = c11E express the circuital laws. They
are harmonised by the definition of v. We prove that the
circuital laws are satisfied in the above way. That there is
no other way of putting induction and displacement in the
two circuits may be seen by considering circuits two of whose
sides are infinitely near the plane a on opposite sides. The
:fluxes must be added on just at the plane itself, extending
the region occupied byE and H. Similar reasoning applied
to the plane bbb proves that it must also move to the right
at speed v. Thus the whole slab moves bodily to the right at
speed v, so that a moves to A and b moves to B in the time
given by vt=aA or bB.
The d~sturbance transferred in this way constitutes a pure
wave. It carries all its properties with it unchanged. The
density of the electric energy, or U =!cE 2 , equals the density
of the magnetic energy, or T = !,u.H2 • The flux of energy is
W = v(U + T), the simplest case of the general formula .
W = V(E- e)(H- h). See Vol. I., § 70.
The General Plane Wave.
§ 452. What is proved for a discontinuity is proved for any
sort of variation. For the slab may be of any depth and any
strength, and there may be any number of slabs side by side
behaving in the same way, all moving along independently
and unchanged. So E = ,uvH expresses the general solitary
wave, where, at a given moment, E may be an arbitrary
function of x, real and single-valued of course, but without
any necessary continuity in itself or in any of its differential.

WAVES FROM MOVING SOURCES.

5

coefficients. Denoting it by f(x) when t = 0, it becomes
f(x- vt) at the time t.
If we change the sign, and make E = - fLVH, this will
represent a negative wave, going from right to left. There
may be a positive and a negative wave coexistent, separate in
position, or superimposed. This constitutes the complete
solution for plane waves with straight lines of E and H. If E 0
and H 0 are given arbitrarily (with no connection) at the
moment t = 0, the two waves at that moment are
(positive) E1 =

+ fLVHl = HEo + fLVH0),

(negative) E2 =

-

fLVH2=HEo- fLVH0 ),

as may be immediately venfied. Move E 1 to the right, and
E 2 to the left, at speed v, to produce the later states.
Since every slab is independent of the rest, there need be no
connection between the directions of E in one slab and the
next. The direction may vary anyhow along the wave. This
makes a mathematical complication of no present importance,
the behaviour of individual slabs being always the same.
The overlapping of positive and negative waves should be
studied to illustrate the conversion of electric to magnetic
energy, or conversely. For two equal waves moving oppositely, which fit when they coincide, there is a complete
temporary disappearance and conversion of one or the other
energy, according as E is doubled, leaving no H, or H is
doubled, leaving no E. If E 0 exists alone initially, it makes
two equal oppositely-going waves, of half strength as regards
E. Similarly as regards initial H0•
The reversal of sign of both E and H in either a positive or
a negative wave does not affect the direction of motion. But
if only one be reversed, it is turned from a positive to a
negative wave, or conversely. Slabs of uniform strength
should be studied, not simply periodic trains of waves, for
simplicity of ideas. Only when there is dispersion, and the
wave speed varies, is it necessary to consider a train of waves
of given frequency or given wave-length ; because then a. slab
spreads out behind as it travels, producing a diffused wave of
difficult mathematical representation, by reason of the partial
reflection of its different parts as it progresses.
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Generation of Waves by a Plane Source of Induction.
§ 453. Consider next how to generate plane waves by
impressed electric or magnetic force. Say by e first. It
must obviously be of the same type as E, i.e., in uniform
slabs. But it is not e itself, but its curl, say f, that is the
real source of the waves. A plane surface off is the simplest
case. Let e be uniform on the right side and zero on the
the left side of the plane AA, beginning to act at the moment
t = 0, and continuing steady later. What will happen 7 Here

..

A

e

t

---r--------+-------~----~x

L

I

£·-Y,e

e

1

/'.

J.<'JO. 2.

f the curl of e is uniform on the sheet AA ; its density is
f=e, and its direction is upward through the paper. It generates induction at the rate j on the plane AA per unit area.
Or we may say that the strength of the source of B is f. Once
generated, the induction divides fairly to right and left, and
sin \le the speed is v, the amount !f is spread over the distance
" in a second. Therefore

B=_L,
:.!v

or

H=_l_ =+evE
2tJ-1'

-

(1)

expresses the full connection between f and the waves generated. The plus sign is for the positive wave, and the minus
sign for the negative wave. We introduce E in this way
because the disturbance, once started, makes free waves. The
solution, of course, only holds good up to the two wave fronts,
which are at distance vt from the source. H is up through the
paper in both waves. Here we see the inner' meaning of the
impedance 2p.v of the doubly infinite unit tube of flux of
energy. It depends essentially upon the speed with which the
medium can carry away from the source the induction supplied
there. The value of E is te on the right and - ie on the left
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side of the plane source. Since E is the force of the flux D,
the force of the field, or E- e, is of value - ie all the way
between the two wave fronts.
When f varies anyhow in time, it is just the same as regards
the generation of B. If f is impulsive, it makes two impulsive
waves. Equations (1) may be used when f is variable, if we
understand that the elementary slab of E and H referred to,
say at distance x, belongs to the f at the source at the moment
earlier by the amount xfv.
It is e that does the work, though, but only where there is
electric current. That is, only at the wave front on the
positive side, when the source is steady, and intermediately
only when f varies; because - dHfdx measures the current
density. The flux of energy' W is V(E-e)H. It is entirely
from the right to the left wave front when f is steady.
It may be tested that
(2)
ei>= +T+divW

u

is the equation of activity in any case.
In the case of a uniform slab of e of finite depth, there are
two plane sources of f, acting oppositely, or one as a source
in the above manner and the other simultaneously as an equal
sink of induction. There are therefore two positive and tw()
negative waves, separate up to a certain time, and then
superimposed. Four stages are shown in the figure.

FIG. 3.

First, before the initial waves have begun to nverlap
inwardly ; secondly, when overlapping has just commenced ;
thirdly, before the overlapping is completed; fourthly, a.
little while after completion of overlapping, showing the
emergence of two pure waves. It is theE that is referred to.
Every wave has Us corresponding H according toE= ±p.vH.
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The final result is E = e in the slab, and two pure waves in
which E = -~e. The energy of these free waves together equals
that of the steady flux of D without B which is established
in the slab. The work is done by e where e and D coexist,
that is, at the wave fronts in the region of e. The tntal
induction is zero, because there are two opposite rs. The
tota.l displacement is also zero, for another reason.
Generation of Waves by a Plane Source of Displacement.
§ 454. In order to generate displacement finitely in total
amount, we require another kind of source. Let the impressed
force be magnetic, say h. Let its negative curl be g. Then g
generates D exactly in the same way as f generates B, as before
described in detail. ·Thus, considering a single plane source,
g is the total displacement generated per unit time per unit
area of the plane, and ~g the amount going each way, spreading over the distance v in a second. The resuH is that a
steady source makes

D= .1..

2v 1

or

E = 2fl = ±p.vH
CV

(3)

between the plane of g and the two wave fronts. The same
Fig. 2 will do for this case, only for E must be understood H in the two waves. O~herwise stated, H = ~h on the
right side and - F~ on the left ; whilst H- h = - ~h on both
sides. The work is done by h only where there is magnetic
current.
If the impressed force in the slab is e, the problem represented is that of the effect of suddenly electrising the slab
intrinsically. If it is h, it means that the slab is suddenly
magnetised intrinsically to density of magnetisation I= p.H
= p.h =B. This represents the complete and full induction
possible. If it is a material slab, and the inductivity differs
from that outside, the waves will not be quite so simple. But
it is only when the slab is of finite depth that we can get the
full induction ; when of infinite depth one way, the final
result is only half as much ; no steady state is reached; the
flux of energy continues indefinitely. And if the slab is
infinitely extended both ways, a uniform h cannot produce
any induction in it. There is no g source.
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As regards the situations of e and h to suit given f and g,
they may be altered in any way we like, p:tovided f and g do
not change. Thus, considering the magnetisation of a slab,
h may be shifted outside it, provided we reverse its direction.
It is now the external region that is the seat of the intrinsic
magnetisation. Nevertheless, the induction will be set up in
.the slab, whilst only the free waves will traverse the mag·
netised region on their way out.
If the sheet of f, when there is but one sheet, is of finite
breadth, instead of extending over an infinite plane, all the
above results regarding the generation of waves are true at
a given point up to the moment when disturbance reaches that
point from the nearer of the two edges of the strip of f. That
is, there is immediate failure at the edges, involving two waves
of a fresh kind, which "interfere " with the two plane waves.
This case will be given later. Reducing the width of the
·s trip brings the source down to a single straight line of f.
This generates a single cylindrical wave. [See§ 466.]
Returning to the infinitely extended plane sheet source of
·disturbance, let it be the seat of both f and g simultaneously.
Then we can adjust them so as to generate a single wave,
going either to the right or to the left of the sheet. This may
be shown by using the previous results for f and g separately,
and superposing them. Take e = ± p.vh, or f = ± p.vg ; and a
single wave will result. It will be of full strength, instead of
half strength.
Comparison of Electromagnetic with Aerial Waves.
§ 455. It is perhaps worth whil-e pointing out the corresponding properties in sound waves in air. Let s be the
condensation and u the speed in a plane wave, that is, the
speed of the air perpendicular to the plane, or in the direction
{)f motion of the wave, whose own speed is v. Then the connections of the two variables s and u are
•
2 ds
j -v-=u

dx

'

dtt

•

g- - = s,
da;

(4)

where the new quantities j and g represent sources. If pis
the density, and F = pj, then F represents impressed moving
force per unit volume. What it generates is momentum.
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And if G= pg, then what G generates is matter; in another
form, it is a source, real or effective, of condensation.
Comparing with the corresponding equations for electro·
magnetic plane waves, viz.,
dE

·

dH

.f- dx = p.H,

·

g - - =cE,
d.v

(5)

where f is the measure of the curl of e, and - g that of h, we
may conclude that u = ±vs is the relation corresponding to the
electromagnetic E = ± p.vH. That is, in a plane sound wave
the air speed and condensation are in constant ratio, and the
wave always moves the same way as the air in i~s condensed
parts. (Rayleigh, "Sound," Vol. II., § 245.)
Also, if there be a plane source F generating momentum,
F acting normal to the plane,
F
F
pu=-, or, 1t= - = +vs
(6)
2v

2pv

-

shows the u in the two waves leaving the source, first by
splitting of the momentum, and then by its transfer away
from the source.
Similarly, if G is the amount of fluid supplied at the plane
per unit area per second,
G
G
u
(7)
ps= 2v, or, S= - = +'Jpv

- v

shows the condensation produced in the two waves which
result.
If F and G are coexistent, and F = Gv, the result is
F
U='I:S=-,

pv

on the right side only. Take F = - Gv to bring it to the left
side.
Of course we cannot have a continuous, steadily-acting
source of condensation in a fluid; it must fluctuate. There is
no such restriction necessary in the electromagnetic case.
Waves ending perpendicularly upon a Conductor. Conduction
and Convection.
§ 456. If a perfectly conducting sheet of metal be placed so
that the axis of a plane wave liel:l in the sheet, it will usually
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interfere with the continuance of the wave in its simple state.
The exception is when the sheet (infinitely thin) is turned
round so as to be perpendicular to D in the wave. Then the
wave will run on unchanged. It will run on to the sheet at
P (Fig. 4), traverse the strip, and run off at Q, and go on as
it was before. At the same time, it is to be remarked that the
wave is really split into two waves, which are quite independent of one another save in the accident of being timed
together. The upper side of the strip is positively electrified,
the lower side negatively, and the electrifications cancel one
another as the wave runs off.
Either of the waves may be abolished, so far as the possibility of existence of the other is concerned (Fig. 5). It will
run along the strip by itself. But when it comes to the edge
of the strip, what then? The wave goes right on. But

..

p

Fro. 4.

0

Fro. 5.

FIG. 6.

since* the electrification cannot leave the sheet, a new wave is
generated, beginning the moment the wave reaches the edge.
It is cylindrical, having its axis at the edge. It, together with
the plane wave, form the complete new state of D. But this
is too complicated for present discussion.
To simplify matters, we may prevent the generation of the
cylindrical wave by convection. Directly the front of the
wave reaches the edge, or at any rate not later than that
moment, set the conducting sheet moving with the wave.
Then the plane wave will go on unchanged. Fig. 5 will do
for this case also, PQ being now imagined to move instead of
being stationary. The current on the strip is no longer a
conduction current, but a convection current. Also, it no
" "Si~ce" had better be "if," in view of modern experiments relating
to the d1scharge of conductors. Such secondary eff~cts are not in question
here.
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longer matters whether the sheet is conducting or nonconducting. It must be something that can be charged.
In addition, there is the assumption that its motion does
not disturb the ether. For merely descriptive purposes we
may speak of the motion of electrification. The surface
density being D, the convection current is Dv per unit area.
It is continuous with the electric currents on the front and
back of the slab wave. The current is the curl of the
magnetic force, as usual.
We may have another wave below the one in question, and
there need be no connection between their magnitudes. An
extreme case is reached by letting D be of the same strength,
but oppositely directed in the two waves, as in Fig. 6. As
there is similar electrification on both sides of the strip, the
electrification density is 2D if we ignore the strip. This
example is of some significance, because the state represented
is what would be tended to if the electrification, given
initially at rest, were set in motion in its own plane along PQ
a.t a speed which ultimately became v.
Instead of one plane of electrification, as in Fig. 6, there
may clearly be any number. In the limit we come to any
arbitrary distribution of electrification. For instance, D may
be any function of y, the distance measured parallel to D. Its
divergence is then the density of electrification, which must
be moved with the wave of course, or it will break up.
Returning to Fig. 5, if the reader thinks, he may observe a
curious thing. The current is the curl o£ H, both when the
wave runs along the stationary conductor and when the conductor is carried along with the wave. In the latter case Dv
is the surface current density, and it is a convection current.
But when the conductor is stationary the electrification is
there all the same, and it moves at the same speed. Why is
it not a convection current in this case also ? Because the
conductor is not moved. This is not a mere matter of convention. To illustrate : Suppose the conductivity is not quite
perfect, so that there is a thin film of conduction current near
the surface. H is now continuous there, and there is no
surface current, in spite of the transfer of electrification. The
variation of H which measures the current is distributed
throughout a thin film under the electrification belonging to
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the wave. This remains true however great the conductivity
is made. In the limit, with perfect conductivity the current
becomes a surface current. But there is not the slightest
reason for supposing that it suddenly, in the limit, becomes a
convection current. To obtain the convection current,
abolish the conduction current by moving the material
supporting the electrification.
In the true physics of the matter, the current in the conductor itself may be partly of the convective nature, of course,
by the electrons being set moving by the wave penetrating
the conductor from its surface. But that is another matter.
A theory of matter is now in course of evolution, but it isnot made yet. In any case, however, the supposed interior
convection currents represent a secondary action due to the
electromagnetic wave running along the surface of the con-·
auctor.
Oblique Reflection at a Conducting Surface with H tangential.
Transformation to a Convection Problem.
§ 457. Returning to a perfectly conducting plane surface·
PQ at rest, let the H in a plane wave be tangential, and perpendicular to the plane of incidence, but let the D be no longer
perpendicular to the conductor. Fig. 7 shows an unstable

~~
FIG. 7.

state of affairs, because E has a tangential component, which
would be instantly destroyed by the generation of a new wave.
Passing over the complicated details of the process, consider
the ultimate result that is tended to, shown in Fig. 8.
Here we have a pure wave on the right side moving obliquely
towards the conductor, and an exactly similar wave on the
left side moving away from it. They are represented by plane
slabs. They join together perfectly where they overlap, at
PAQ and just above. If we consider a single tube of flux of
energy in the incident wave, with its continuation in the
reflected wave, the two together make an incident and reflected
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ray (or thin beam). For instance, X is incident, and Y re-flected, at the p'oint A. The energy travels along XA in the
xight wave, and then along AY in the left wave. In the
overlapping region H is doubled. It is up through the paper
in both waves. Also, D is vertical. If 0 is the angle of inci.dence, PAQ travels along the surface from left to right at
speed u connected with v by v = u sin ().

~
P

a

...

FIG. 8.

Thus, u = v at grazing incidence. That is, when XAY is
horizontal. The two waves then make one doubled simple
wave, 2D being perpendicular. But at perpendicular ray
incidence D = 0. This is the case of direct reflection of a
plane slab striking flush against a perfect conductor. The
electric force is destroyed, and H is doubled during coincidence
of the incident and reflected waves. The reflected wave has
the same H but reversed E. Five stages are shown in Fig. 9.

3

4

5

FIG. 9 .

.Stage 1 shows E (by the ordinate) at the moment the front
.of the slab strikes the conductor ; 2, when it has gone in onefourth; 3, when half gone in; 4, when three-fourths gone in;
and 5, all gone in, and replaced by a pure negative wave.
" Gone in " does not here imply entrance.
Now consider the case of oblique incidence, represented
hy Fig. 8. The density of electrification is 2D sin fJ, and its
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speed of transference is u=vfsin 8; so 2Dv, that is, 2H, is the
equivalent electric current per unit surface of conductor.
Now 2H is the curl of H under the circumstances, but, as
before explained, it is a conduction current. We may, however,
easily turn the problem into one relating to convection. When,
or before the electrification reaches the end of the sheet, move
the sheet itself in its own plane along with the electrification.
Then the two waves will go on behaving exactly as before.
We may dismiss the idea of a conductor, and consider PAQ
to represent a plane strip of electrification, density= 2D sin 8,
moving in its own plane perpendicularly to its edges at the
speed u, accompanied by the two electromagnetic waves. An
upward pressure on the strip is required to maintain the
state, but no work is done by it. Energy is being constantly
transferred from one wave to the other. In fact, we may say
that the one wave is being continuously turned into the other.
Generation of a Pair of Inclined Plane Waves by Motion of an
Electrified Strip; u>v. The applied force required.
§ 458. This state of things is obviously not that which could
arise from putting the strip, given charged and at rest, into
motion at the speed u, because there is a wave in advance of
the strip, which is moving faster than the speed v of propagation

FJG. 10.

of disturbances. But we may readily construct the proper solution of the new problem stated. In Fig. 8, keep the reflected
wave in its place, but turn the incident wave over to the other
side and start afresh, as in Fig 10. The electrified strip PQ
moves along the x-a.xis at any 3peed u>v. The final state
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that is tended to consists of two plane waves as shown,
inclined backwards. D is away from the strip in both waves,
which are exactly similar, and the angle between either D and
th& axis is the e given by v = u sin e. This solution is only
)rue when v < u, or in the limit v = tt. When 11 > u, the displacement spreads out over all space, obviously.
This is a very important case theoretically, in spite of its
simplicity, so some more details may be given. There is no
conversion of one wave into another, as in Fig. 8, but a real
generation of the waves by the motion of the electrification.
For the waves move normal to their planes, as usual, and
additions are being continuously made to them at PQ. If the
breadth of the strip is a, the depth of the two waves is
b =a sin e. The energy density is 2U ; and the speed of
elongation of the waves is u cos e. Therefore the rate of
increase of energy in the upper wave (per unit distance
perpendicular to the paper) is
2Ua sine x u cos e= Vua sin 2e,
and its double is therefore the rate of increase of the energy
of both waves. Therefore, by the law of activity,
F=2Uasin 2e
measures the applied force required to maintain the electrification in steady motion. This force F acts along x. That is,
it is a push from behind or a pull in front. If it be removed,
the electrification will at once begin to slow down, and this
will continue until its speed is v. The state represented in
Fig. 6 will be tended to.
As Newton is not yet superseded, we must have equal action
and reaction. The companion to the impressed F is the force
exerted on the electrification by the stress in the two waves.
The stress in a pure wave is a pressure 2U acting along the
ray. So 2Uacos e is the slanting back pressure upon PQ
from above. Similarly in the lower wave. Their up and
down components cancel one another. Their tangential components are additive, and together make 2Ua sin 2e, as before
got by a consideration of the energy added to the waves.
It is not necessary for the waves to be externally unbounded.
The displacement may be terminated upon stationary perfectly conducting plane surfaces. So we get the state of
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things shown in Fig. 11, where the two planes are AB and
AC. Everything else is as before. Here the energy (per unit
depth normal to the paper) is always finite, increasing at a
uniform rate. To make more complete, we may show how to
initiate the waves. Starting with zero displacement everywhere, let an impulsive voltage act in the direction of u all
along the line A, generating the double charge + p and - pthere, and let the line of + p be immediately carried away at
speed u. The line of - p will then split into two halves, one
of which will run along AC and the other along AB at the
speed v. They will be joined to the + p by two impulsive
plane waves, as in Fig. 11, save that the waves there are.
slabs. To have slab waves, the initial voltage must continue
for a finite interval of time,

FIG.

11.

Now go back to Fig. 10. If the width of the strip PQ be
reduced to nothing, whilst the charge upon it is maintained
the same, we come to the case of an electrified line moving
transversely at any speed greater than v, accompanied by
impulsive plane waves. No separate figure is needed. But
the force F, although it is finite when PQ is finite, becomes
infinitely great by the concentration of electrification assumed.
To show this, put F in terms of the total charge on PQ. If
Q be this charge (per unit length along the strip), we have
Q=2Dasin e, and U =iED=icE2.
These make F become
Q2
F= -cot8=
-Q2 (u2
- -1 ,

)i

~ea

VOL.

m.

2ca

v2

,

0
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which increases infinitely with a- 1 and also with u. It is,
however, zero when u = v. This means that the two waves
are in one plane. It is necessary, therefore, to have finite
surface density of electrification, in order to be able to move
the charge through the ether at speeds greater than light by
the application of finite force.
Generation of a Pair of Inclined Plane Waves by a Moving
Source of Jnduction, when u>v.
~ 459. Several modifications of these results will come in
due course. One may be given here, being closely related to
l!'1g. 10. In the arrangement there represented, reverse D in
the lower wave. In order that the waYe shall move the same
way, H must also be reversed. The two displacements, in the
upper and lower waves, are now co'ntinuous. PQ is therefore
unelectrified. What then must it represent, in order that the
problem may be really electrical, with growth of the waves
by external work done on PQ ? To answer this, observe that
E is discontinuous tangentially at PQ. This means that the
strip is a strip of f or curl e, the source which generates
induction as before considered, § 453, whilst generating displacement positively on one side and negatively on the other.
Remembering that E is towards the f surface below and from
it above, whilst His up through the paper in both, we have

H=

f

,

2JLVCOS8

E=-.f-,
!:l COS{!

and the total displacement in each wave is
Q = tcfa tan B.
In the case of a filament, put aj = fo. That is, fo is the
line source. Then we have two impulsive waves, in which
Q = tcfo tan e.
But if f 0 is finite, there is the same infiniteness of applied
force involved as previously.
Two ways of Dividing a Pair of Crossing Pure Pktne Waves to
· make Convection Problems; u>v.
§ 460. An extension of the case represented by Fig. 10 may
be arrived at in a different way. In Fig. 12 are shown two
pure, impulsive waves crossing one another. The magnetic
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force H is up through the paper in one wave and down in
ihe other; both are equally intense. There is nothing
abnormal. Remembering, however, that the waves move
perpendicular to their planes at speed v, it follows that their
line of intersection moves from left to right at speed u given
given by V= u sin e, where e is the angle between D and the
line of motion. Next, we may regard the line of intersection
as consisting of two coincident equally and oppositely electrified lines, charged to linear density ± 2D, if D is the
strength of the impulsive waves. Thi(! is merely a
truism, because they annul one another. What is not a
truism, however, but a striking fact, is that if we separate the
-two charges and the waves from one another, producing the
two states shown in Figs. 13, 14, these states are separately
.possible.

-u

FIG. 12.

FIG. 13.

FIG. 14.

Here it may be recognised that Fig. 13 shows the case
before considered, Fig. 10, involving the generation of plane
waves by an electrified line (or plane) moving at speed u, by
force applied to the moving electrification, acting from left to
right. In Fig. 14, on the other hand, the waves advance
towards one another, and are continuously destroyed at the
moving electrified line. The force due to the stress tends to
p,11sh the electrification along faster ; so, to maintain the
state steadily, an applied force pulling back the electrification
is required. Without this applied force the tendency will be
to make the two waves into one, since the force due to the
stress will decrease. But this will not take place in any
simple manner.
In Fig. 13 the charge may be negative, and in Fig. 14 it
.may be positiv.e. Both E and H are then to be reversed, u
c2
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remaining the same. The important distinction between
Figs. 13 and 14 is merely that the former arrangement cano
arise from rest naturally, as before explained, whereas the
latter needs some more artificial initial conditions.
Here is another ~ay of splitting the crossed pure waves of
Fig. 12 :-In Fig. 15 there is no electrified line in either case.
To interpret, consider the upper pair of waves, and expand to
slab waves, as in Fig. 16. We see that there is no H in theo

Fw. 15.

FIG. 16.

overlapping region, and that the displacement is tangential' _
therein. The tangential electric force is 2E cos 0 from right.
to left. This is the measure of f, the curl of e on the surface
PQ. That is, PQ must be a plane f source (say due to·
intrinsic electrisation), moving at speed u in its own plane.
Similar remarks apply to the lower pair of waves in Fig. 15.
But since one wave is in advance of PQ, neither of the casesin Fig. 15 can arise from rest in static condition.
Slanting Plane Waves Generated by a Moving Magnet, and by
an Electrified Strip moving normally to its Plane.
§ 461. Closely connected with Fig. 16 is the case arising by
turning D to B therein. No separate figure is needed. There·
is now no E in the overlapping region, and the induction is
tangential, since it goes down one wave and up the other.
The magnetic force at PQ is 2H cos 0. There are two interpretations. First, PQ may be a portion of a stationary perfectelectric conductor. Then the right wave is incident and the
left wave reflected. Secondly, PQ may be a plane g source·
(negative curl ofh, or intrinsic magnetisation), moving from left.
to right at speed u. The dotted lines may represent the two sides.
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.of a slab magnetised parallel to u.

Here, however, one wave
is in advance of the moving slab, so some special initial state
is required.
To substitute a. state which could arise from rest naturally,
have both waves behind the g source, as in Fig. 17. First of
sll, consider the top part only. The two waves have B normally continuous at PQ, which is right and proper. D is
fully continuous there, but the tangential discontinuity in H
at PQ is measured by 2H cos 8. This is the measure of the
surface density of the moving g source. There are many
ways of developing this problem. The one shown in
Fig. 17 concerns a magnetised slab moving in the dire:Jtion of

Q

-h

'

I
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FIG. 17.

its magnetisation at speed tt. The dotted lines show the
forward and backward faces of the slab, magnetised from left
to right, h = 2H cos 8. PQ and RS are its upper and lower
sides, the seat of the g sources. They are equal but oppositely directed-viz., down through the paper on PQ and
up onRS.
Such a magnetised slab, moved in the way indicated, will
ultimately tend to have its induction distributed in the way
shown-viz., in two pairs of pure electromagnetic waves,
which are being continuously generated by the g sources
through the agency of force (Newtonian) applied to the slab.
The amount of this force has been given before equivalently, .
since it is determined by the speed and the density of energy
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(or the stress) and the depth of the wave. Double as much
is wanted here, because there are two pairs of waves. The
induction is shifted altogether out of a part of the magnet.
That is nothing. More important are the reservations. The
inductivity p. of the magnet must be the same as that of the
ether. If different, the waves are not so simply calculated,
though the general ideas are the same. And no allowance at
all is made for any disturbance from rest of the ether itself
due to the motion of the magnet. We do not know that such
disturbance exists. And the magnet must be non-conducting.
An interesting modification is got by decreasing the depth
PR or QS till the magnetised slab becomes a plate moving
in its own plane, and the waves in Fig. 17 overlap and cancel
so much as to produce an apparently different case. The
result is shown in Fig. 18. The plate, magnetised from left.

-u

FIG. 18.

FIG. 19.

to right, moves from left to right. The induction total
2B is uniformly distributed along the magnet, but splits
into two plane waves at the north and south poles.
At the speed u = v, Fig. 18 makes the longitudinal induction
2B be accompanied by terminal impulsive waves perpendicular
to it. Ort the other hand, Fig. 17 apparently gives nothing
when u=v. But take u a little greater than v, and it will be
found that the overlapping of the waves in Fig. 17 leads to
exactly the same result as Fig. 18, both inside and outside·
the magnet.
We must not take one pair of waves by itself and ignore
the rest of the arrangement, because the induction has no
divergence in reality. But we may equivalently realise this
process by turning B to D. We then obtain Fig. 19, wherein
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PQ is an electrified strip moving normally to its plane. This,
of course, can be considered a development of the case of the
transverse motion of a electrified line. There are, additionally, some interesting points to notice. Thus, there is no Kin the overlapping region, where the displacement is normal
to PQ. That is, there is no H all along PQ. Yet there is
convection current there, of course. Also the current density
is the curl of the magnetic force. There is, superficially, a
contradiction.
The true current is D+ u di v D, the sum of the displacement current and the convection current. This is zero along
the strip PQ, because one term is the negative of the other.
If a is the breadth of the strip, the applied force is
F=~a(2Dcos e)2 = Q~
2
c
2ca

per unit depth perpendicular to the paper. Notice that this
is finite at any speed, eve-n up to u = oo, when the two waves
merge into one, containing no H. The tubes of displace- ·
ment then simply grow longer at their ends upon PQ.
Generation of a Single Plane Wave by Motion of an Electrified
Electret. Also of Two Separated Plane Waves.
§ 462. In the previous, the moving source generates two
plane waves, or else is accompanied by these without generation. But we may easily arrange matters so that only one
terminated plane wave is generated. This brings us to a new
class of problems-viz., concerning double sources with one
wave, instead of two waves with one source.
Consider Fig. 20 for example. There is supposed to be a
single plane pure wave terminated at PQ, where it is continuously growing. What sources are required? The normal
displacement is D sin e. Therefore this is the surface density
of electrification on PQ moving at speed u. But, in addition,
the tangential electric force is E cos
This indicates the
surface density of an f source. So PQ may be the end of a
non-conducting slab (sides indicated by dotted lines) electrised
to density ce, where e = E cos e; the direction of e being·
parallel to PQ. By itself this moving slab would produce a.
pair of waves. The electrification on PQ, however, by itself

e.
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would also produce two waves; the same as f does above, but
oppositely below. So the resultant effect is one wave only.
In Fig. 21 the electrification is the same, but the electrisation is reversed. Also, as the wave is being destroyed, and is
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in advance of PQ, a special initial state is required, whereas
the case of Fig. 20 could arise naturally from rest, if no infinite
resistance is met with in the transition from speed 0 to u.
If the waves are underneath PQ, there are similar interpre'
tations.
If we change D to B, then e is changed to h, or the slab
must be intrinsically magnetised. But then the electrification
is changed to magnetification. So this imagined single wave
is physically unreal.

Fro. 22.

When the slab is of finite depth let it be positively elec-trified on the top and also positively beneath, as in Fig. 22,
besides being electrised in the direction of motion. There is
no E or H inside the slab. By reducing the depth till the
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slab becomes a mere thin sheet the result is the same as
Fig. 10, concerning the motion of a single sheet of electrification in its own plane. This is because the effect of e
ultimately vanishes, and the two electrifications unite to
make one. In fact, Fig. 22 shows how to separate the two
waves in Fig. 10.
Although nearly all the above has been descriptive, yet the
demonstrations of the various propositions have not been
omitted. They a.ll rest upon the simple, properties of plane
waves which were proved at the beginning, together with the
general connections of E and D, Hand B, e and h, &c., direct
and crosswise. These are to be understood all along, in the
way explained in Chap. II., Vol. I., especially the early part.
When understood, the satisfaction of the proper conditions at
the junctions becomes visible by inspection, and no repeated
formal demonstrations are needed.
In electrostatics the lines of force are perpendicular to the
equipotential surfaces. But if the charges be set in steady
- motion, the distribution of displacement is so changed as to
reduce the angle between the lines of force and the new equipotential surfaces, the electric force being derived from the
potential in an eolotropic manner. As the speed increases
the angle between the lines of force and the surfaces decreases,
until at the speed of light the lines lie in the surfaces. And
after that? In all the above diverging plane waves the lines
of force lie in the equipotential surfaces. But this requires
some mathematics for its explanation.
'Theory of the Steady Rectilinear Motion of a Point-Charge or
"Electron" through the Ether when u<v and when u>v.
§ 463. In Vol. I.,§ 164:, it was shown that a point charge
.q in steady rectilinear motion along the axis of ~. at a speed u,
less than v, was associated with the potential
(1)

where K2 = 1 - u 2fv 2 , a fraction ranging from 1 to 0, as u
increases from 0 to v. Here it is to be understood that V is
the potential at the point x, y, z when the origin is at the
.charge, so that V accompanies q in its motion. It is further
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to be underatood that the electric force is derived from the
potential in ~he eolotropic manner specified by
E=-(iv1 +jv2+K 2kv3)V.
(2)
rhe displacement is obtained by multiplying by c, as usual.
The result, as regards the displacement, is therefore the same
as if the charge were at rest, but the permittivity in the
direction of z both ways were reduced from c to K 2c. This
produces a lateral concentration of the displacement, with the
ultimate result that" when u is increased to v, the displacement
is entirely in the equatorial plane, forming an impulsive plane
wave with circular magnetic force. In any case, the magnetic
force is the vector product of the velocity u and the displacement D.
The question now to be considered is what occurs when u is
greater than v. Are the formulre still valid ? We can see
immediately that some reservations are necessary, even
though no change of formula may be required. For K~ is
now negative; and V, and also E and H are made imaginary
when
(3)
where

s2 = u2Jv2 - 1 = cosec2 0- 1 = cot2 0.

(4)

This means that V is real inside the two cones to right and
left of the moving charge whose angles are 20, connected with

FIG. 23.

by equation (4), but unreal in the intermediate region outside the cones. We must certainly reject the unreal V, because
this is a matter of physics ultimately, not of possible mathematics. In Vol. II. were numerous formulre relating to waves
which bad no existence when they assumed unreal meanings.
Certainly it is the same thing here.
s2
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But next, seeing that disturbances are propagated only at
speed v, whilst the charge q moves at the greater speed u, the
locus of the spherical waves sent out by the charge as it moves
along forms the left conical surface only. So we must reject
the right cone altogether, if we are considering a charge
brought from rest up to speed u.
So far is rejection without change. But closer consideration
will make it probable, if not certain, that a change in the
formula is wanted as well. For, assuming that equation (1)
is correct when K2 is negative, provided we keep to real values,
it still belongs to both cones. Now it was standardised so as
to make the total displacement leaving the charge be q. This
was with u<v, when the displacement emanated in all directions. As we employ now the same formula, the same property should hold good, keeping to the real values, however.
But V is symmetrical. At corresponding points in the two
cones V is the same. So the displacement leaving q for the
right cone can be only ~q, and similarly for the left cone.
The practical meaning is that if we reject the right cone, and
still have the charge at the apex of the left cone represented
by q, we must double the right side of equation (1). That is
to say,
(5)
should be the proper solution. Similarly, the right members
of the formulre for E and H, true when u<v, must be
doubled when u>v. I gave this result in 1892, El. Pa., v. 2,
p. 516, footnote, having obtained it by a straightforward
operational process, to be given later. It is possible, however, that some readers may find the above reasoning
sufficiently convincing. It is plausible enough, but by no means
demonstrative, on account of the infinite values concerned,
which evade evaluation. There are two ways of corroborating
equation (5), viz., to use it to construct a known solution,
and to prove it directly from the operational solution. The
first way is much the easier.
At any point P inside the cone, we have
V= q

tan(}

~roe {z2 tan 2(}-

or

V =.!L.

(x2 + y2)p

tan(}

2r.c (l'Q x l'R)&

.

,

(6)

(7)
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The last form shows the meaning, the second denominator
.expressing the geometrical mean of the two parts into which
P divides the diameter QR, Fig. 24. So V is a minimum on
the axis, and increases to infinity on the cone. Outside the
{)One V is zero. Deriving the electri<l force by equation (2),
it will be found that E is radial, aud is directed towards
the charge. This is inside the cone. Its size is
(8)

at distance r from the apex, where l is the above.mentioned
geometrical mean. The conical surface is the seat of a sheet
of displacement away from the apex. This follows because V
suddenly drops to zero outside the cone. The amount of

q

~u

R

FIG. 24.

displacement in the sheet at QR going outward must exceed
the amount crossing QPR radially towards the apex by the
amount q. This is obvious by the meaning of electrification
in relation to displacement.
A difficulty arises here. For on integrating the flux of D
inwards across QPR, according to (8), the result is infinity,
the infinite part arising at the boundary. So the outward
flux on the outside must be also infinity, plus q. The meaning
of this double infinity will appear later.
Construction of the Slanting Plane Waves generated by an
El.ectrified Line by means of the Potential of an Electron.
§ 464. Now use equation (6) to calculate V by integration in
the case of an electrified line moving transversely. We know
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the result already, so can disprove equation (6) if it does not
work properly. Let a- be the linear density of the electrified
line. Then, by (6),
V=_!!__!
tan O.dx
irrc (z2 tan2 e- x2- y2)~'

( 9}

where x is the distance of dx from the plane of the paper in
Fig. 24, it being supposed that the electrified line passes
through q, and y is measured upward on the paper. To find
the limits, observe that every element of the electrified line
has its cone to correspond, of angle 20, and that those portions
only of the line contribute to V whose cones cover the point
in question where V is wanted. The extreme cones therefore
have the point on their surfaces. Therefore
z2 tan2 O-x2 -y2 =0,

or

± (z2 tan2 (}- y 2)i

X=

(10}

at the limits. The net result is that (9) includes all real
values. The integral is an easy one, and makes
V =~tan e[sin-1::_]+"'•,
~r.c

where x0 is given by (10).

x0

(11}

Or, finally,

V=!!... tan e.
2c

'

-x0

(12}

So V= 0 everywhere outside the two planes which envelop
the cones, and V has the constant value just written inside
the planes. This means that there is no E or H anywhere
s&ve at the planes themselves. The total displacement they
carry can be estimated by the sudden drop in V in passing
through the planes to be ~<T on both ; and the magnetic force
to correspond satisfies E = ttvH, as in all pure plane waves.
Now these results agree with the arrangement in Fig. 10,
which was proved. So the proper standardisation of the
potential formula for a point charge is assured. In the case
of a moving strip of surface density <T and breadth a, the
potential is
<Ta . ,
V0 =-tan
(13)
2c

e

constant, on the left side of the slab waves·; V :aO on the right

80

CH. IX.

ELECTROliAGNET IC THEORY.

side; whilst in the waves themselves V rises uniformly from
0 outside to V0 inside-that is, referring to Fig. 25,

PQ =..C::. (ztan6- y) =~ xPS,
(14)
Ql:t ~c
~c
where PS is the vertical distance of P, where V is reckoned,
from the outer plane. Thus the equipotential surfaces are
parallel to the wave fronts, and E lies in them. This property
remains true until u is reduced to v. After that they split,
separate, and widen out both ways into closed surfaces, and
the disturbance spreads over all space.
V=V0 x

V =O

FIG. 25.

In the case of a point charge, the equipotential surfaces are
hyperboloids of revolution. The conical surface is the extreme
limit, to which the last hyperboloid goes infinitely near.
These surfaces become infinitely compressed into one plane
when u=v. After that, with u<v, they split and become
:flattened ellipsoids, and ultimately spheres, when u is reduced
to nothing. The ellipsoidal theory was given in Vol. I.,
-§§ 164 to 167. I should add that Mr. Searle has added interesting developments to the ellipsoidal part of the subject
(Phil. Trans., 1896, and Phil. ~fag., 1896).
The steady Rectilinear Motion in its own line of a Terminated
Electrified Line when u>v, and interpretation of the
Impure Conical Wave following an Electron.
§ 465. What is not clear in the above is the state of things at
.and just within the conical surface itself. To elucidate this,
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consider a more general case-viz., that of the motion of an
electrified line of finite length, or at least infinite only one
way, in its own line. The investigation of V will follow later.
The formula is ·
V= ~log { ztan () +
2r.c

h

(z tanh

h2 =x2 +?l·

where

2

2

2

6

1

)i }'

(15)

(16)

This is when the electrified liue, linear density CT, is infinitely long one way, its termination being at the origin. The
angle () has the same meaning as before, in relation to the
conical boundary of the region occupied byE and H. Now when
the line is of finite length a, the V is the difference of two
formulre of the type (15) having their origins at the two ends
of the line. That is,
_ r:r 1
z tan()+ (z2 tan2 ( ) - h")'
V --Og
(17)
----,--;;--;-~----:;;-;;----:-~
2r.c
z0 tan () + (z02 tan2 ()- ft")'
where z0 = z- a. The quantity z0 is always positive. The
formula (15) is true in the region between the two cones, and
~17) inside the inner one.

-.u

FIG. 26.

Considering ( 15) first, it may be seen that the equipotential
surfaces are all cones with a common apex at the forward end
of the line, and that V increases from 0 on the outer cone to
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infinity at the axis. Deriving the electric force by (2), the
result is
E=
u
ztan20.h1 +ltk,
(18)
21rch tan t1 (z~ tan 2 0- h2 )~
where k and h 1 are unit vectors along and transverse to the
axis. The ratio of the transverse to the ~xi'al component is
Eh z tan2 e
(19)
E. = - -h- ·
Now zjh = coniltant is an equipotential surface. So, by (19),
all the lines of force cut a given equipotential surface at the
same angle. Observe that for a given distance from the axis,
the ratio of the transverse to the axial component increases in
proportion to the distance from the apex. On the axis itself
the axial component is

E.

21rCZtan~ 0'

varying inversely as the distance from the apex.
hjz is small,
Eh=....!!.__,
21rch

(20)
Also, when

(21)

That is to say, the displacement at the axis is perpendicular
thereto, spreading out all round from the electrified line precisely as if the line were at rest. But this does not continue,
for all the displacement eventually goes to the conical
boundary, or infinitely near. The turning round of the
displacement takes place instantly at the apex, and more
and more slowly the further away from it. As all the displacement ultimately concentrates about the boundary, the
amount collected there tends to increase uniformly with z. At
the same time, so does the surface of the cone. So the
amount of displacement per unit area tends to become uniform,
and since H = VuD, the state of affairs at the surface tends
towards that of a pure electromagnetic wave, away from the
apex, as the surface becomes more planar. A purely conical
wave of the kind cannot exist alone. The lines of force are
hyperbolas.
Fig, 26 will give some notion of the conical surfaces of
potential and the hyperbolic lines of force, though, being
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done out of my head, I cannot vouch for the accuracy of shape
of the e·uves.
Now let the electrified line be of finite length a. We must
then superpose on lihe field of force in Fig. 26, the exact
negative copy of the same, but shifted through the distance a
to the right. The result of the superposition is that in the
overlapping region lJ tends to become radial, towards the
moving charge, weak about the axis, and very intense at the
conical surface; whilst outside, between the inner and outer
cones, is an impure conical electromagnetic wave, in which D
is very intense. Pushing things to the limit, reducing a to

-u

FIG, 27,

zero, and keeping the charge upon it finite, we come to the
theory of the moving point charge, already given. It may
seem to be much ado about nothing, but is there any easier
way?
The Wave from a Straight Line Source of Induction in a
Non-conducting Dielectric.
§ 466. In consequence of the circuitality of the currents,
electric and magnetic respectively, all states of induction
and displacement which are due to impressed electric and
magnetic force depend solely upon the curl of e or of b.
This was shown in Vol. I.,§ 87. Now, intrinsically electrised
and magnetised bodies are brought into the theory by what
are equivalent to e and h. The disturbances produced by
moving such bodies therefore involve the consideration of the
waves emitted from the seat of the curl of e or b. It is also
VOL. III,

D
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true that the static states themselves may be regarded as
arising from the superimposition of waves continuously
emitted by the sources mentioned. But this is useless,
\hough curious. On the other hand, when e and h vary in
intensity, either in time or in place, or in both, the consideration of the waves in question is imperative. In Vol. I., § 89,
was described generally the nature of the waves from a
circular source; and above have been investigated several
cases of moving magnets, &c., under such circumstances as
give rise to simple plane waves. The results are sometimes
rather incredible, but that soon wears off. The human mind
is so made as to be capable of believing anything, no matter how
silly, provided it is imprinted heavily enough. That is well
known to all astute people-to those priests in particular who
convert men and women into sheep by saying the same thing
over and over again. In the end they have no judgment left.
The incredibility of results is no evidence by itself of necessary
error. The reasoning man may not believe till he sees it :
that does not imply disbelief, but a reserved attitude, waiting
for more light.
The electromagnetic wave from a straight line source when
stationary I have considered before, El. Pa., Vol. II., p. 456.
It is wanted here, as a foundation for the theory of the same
when moving; so for completeness I give what is necessary,
in a. somewhat different way, and with an addition. Let there
be a straight line source of f or curl e. It generates induction
at the rate f per second. That is how the wave originates.
For the induction spreads all round at speed v, and along with
it is electric force, according to the circuital laws. But it is
not so simple a matter in the present case as with a plane
source of f, already considered. There is a mixing up in the
cylindrical wave.
By symmetry H is uniformly distributed round about the
axis which is the straight line of f, so that the genera~
characteristic \72H =q~H, where q =pfv = d/d(vt), reduces to the
zeroth Bessel form
d2 1 d)
( -+-(1)
H=q2H,
dr2

r dr

where H is the intensity of magnetic force at distance r from
the axis.
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"The appropriate solution is

H = K0 (q1·).A,

(2)

where A is a time function to be found to suit f given as
a function of the time. To find A, note that the second
circuital law
(3)
-curl (E- e)= t-tPH
takes the special form
cl
r1 d,.(rE)=f-t-tpH.

(4)

This is proved at once by considering two adjacent circles of
E. In this equation f is the density of curl e. But let all
the f be concentrated at the axis to make a line source, of
strength f 0 , say, and then integrate (4) over a circle of infinitesimal area centred upon j 0 • The integral of flPH vanishes,
whilst that of f is f 0 • This is the same as saying that the
circuitation of E round f0 tends to the value fo as r is reduced
to 0. That is,
(5)
21rrE =f0, when
1'=0.
But the first circuital law
curlH=cpE,
rlH
- - . =cpE;
dr

reduces to

(G)

so, by (2) and (6), used in (5), we get
/ 0= -

2"'" ~K0 (qr)A =
cp dr

-

21rr
C'IJ

.:!..(~ lng~') =.!A.
dr
1r
2
cp

(7)

See Vol. II., p. 226, equation (4), or p. 250, equation ( 48), for
the full formula for K0 (qr), of which the only significant part
at the axis is the log term here employed. So A= -l;cpf0 , and
therefore
(8)

is the operational solution for H, true for any varying j 0•
Let fo be steady, beginning at the moment t = 0. The
algebrisation was given in Vol. II., § 436, p. 456, equation (119)
.equivalently. But interchange r and vt in that investigation
D2

S6

CH. IX.

ELEC'l'ROMAG NE TIC TIIEORY,

to suit the present case.

H=

The result is
fo

2r.flv(v2t~-

,

(9)·

r2)l

and the corresponding E is

E= _ _!_ dH=
C'p d1·

vtfo

(10)

.

2rrr(v~t~- r~)!

.

These are valid between the axis and the wave front at
beyond which E and H are zero. At the axis H varies
as t-1 • If the value of H at the axis had been known the
above investigation would have been unnecessary, because
H at r is derivable from H 0 at the axis by

'I'= vt,

(11)·

which produces the formula (!)). Compare with equation
(118e), §436, Vol. II., in which 6. and q, r and 11t should be·
interchanged to suit the present case,
In the above the divergent K0 function waa employed to ·
effect the algebrisation. But we may obtain the same resultby the convergent Bessel function. Thus,
I (qr)q1 = (!qr)nq + (!qr)n+ 2q + ... ,
"
~~
~E.2:_ 1
_1 { (rj2vt)"
(rf2vt)n+2

-vt

(12)·
}

~[!:!-(n+1)+illn+li-(n+3)+' · · • (13) ·

the transition from (12) to (13) being made by turning p"1 to ·

t-nft- n, according to the theory given in Vol. II.,with numerousexamples.

Now
K0 (qr) =

2 d

- - d-

I,.(qr),

(n= 0).

(14)·

" n

This applied to (13) makes
K ( ) 1 =.!.~{rl
o qr q
vt"

( _1) + (rf2vt)2g' (- 3) + (rf2vt) g' (- 5)
4

(1')2

r)4

2 { 1 +! - +21.3(
- +· ..
vt
,4 vt

=1rl' t

2

1

71' ( 1ft2

-

.. ~~

[.!!.!

r2)''

}

+ ...

}

(15) ·
(16)

(17)·
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This corroborates equation (9). For the values of the
g' functions used see Vol. II., p. 451, equations (78).
The Wave from a Straight Line Source of Induction in a
Conductor.
§ 467. Being in the way of it, it is worth while giving the
<:01·responding results when the medium is a conductor inste!!>d
of a non-conductor, and its permittivity is ignorable. The
operator cp in the first circuital law becomes k, the
·conductivity. This makes q2 = p.kp. Therefore
H = !k1\0(qr)f0

(18)

is the operational solution, instead of (8). To algebrise,
proceed thus.
- (ifLkpr2p~ (ip.lcpr2)in+l
l,.(qr)l+
+ ...
~E_
L!_[n+ l
_ (fLkr2f4t)l"
(p.h·2f4t)in+l
- ~~L-:2-~ +~tz+ll=_(~n+l)+ .. • (19)
To this apply (14), giving
K 0 (qr)l = -~{log Zi + g' (0)- tg' (0)- tZg' (- 1)
1i'

-~Z2g'(-2)_!zs g'(-3)_
~~~

=

.

~@

-~{logZ+y-Z+;~-;~+ ... }•

whereZ=p.kr2/4t, and y=g' (O) =0·5772.

...

}

(20)

Therefore

Vo{

H= - - logZ+y-Z+ 2z2
,2 - -zs3 + ... }
(21)
4r.
~. 3:_
·expresses H at r at time t due to the source fo at the axis
beginning at t = 0. The series is convergent, and is therefore
suitable when Z is JJ.Ot large. To suit larger values of Z we
may turn (21) to a divergent series. Use equation (93),
p. 452, Vol. II: It produces
H= k.f.2._cz{1-.!.. ~-@.
47l'Z
z + z2 zs + · · · } •

(22)

which is proper when Z is too large for the practical use of
(21). It is curious to see that the series following cz is that
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exponential series itself with every term turned upside down.
It is also curious to see that we cannot get away from the
divergent series, either operationally or numerically. They
seem to have come to stay, like other things before.
If fo is impulsive, we get the corresponding H by timedifferentiation. Let the impulse be B 0 , then we put pB0 for foin (18). This makes
kB
H= ikKo(rzr)pB0 = -0cz,
(23)·
4rrt

by differentiating (21).
is the same as

This, observe, or test to corroborate,
kB

H=Io(rzr)-o,

(24}

41Tt

where the operand is the value of H at the axis. But if you
try to turn (23) to a divergent series by differentiating (22),
you will come to the convergent solution (23) again.
Observe that (~3) is the same as
2rrr(B = ftH) = -

B0~cz.
tlr

(25)

It follows that the total .B over all space is B0 , constant.
This is because we impulsively generate B0 , and it then
simply diffuses outwards, but cannot be destroyed by the
electric conductivity of the medium. It requires magnetic
conductivity to destroy it. See Vol. I., §§ 194, 195.
Similarly, in case of the continued source f 0 , the total B at
time t !J.mounts to fot. We must integrate over all space to
find it, because in pure diffusion the speed v is infinite. On
the other hand, in the nonconducting dielectric, the induction
to the amountfot is to be found always between r=O and vt.
An easy integration of (9) will show that the induction
between r=O and mvt, where m is any fraction, is proportional
to j 0t. Here the radius of the circle considered is always a
constant fraction of the radius of the wave front. But within
any circle of constant radius, the total induction falls to zero,
because B tends to zero, everywhere save at the wave front,
where it is always infinite. This infinity, however, is of no
consequence, being empty.
The electric field tended to is specified by
(26)
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It is the electric field due to an electric shell of strength j 0
having a single straight edge at the axis, and therefore
extending to an infinite distance. But if it is stopped by
another straight edge parallel to the first at any distance, a
second source is introduced, which is the negative of the first.
There are then two waves produced, ar.cording to the above
formuloo. The total induction (algebraically reckoned) is now
always zero ; although before the waves overlap the steady
generation at a rate of +fo by one source and -/0 by the
other, and their existence in separate regions is evident.

0~------------~p~--------------~QL-FIG.

28,

Fig. 28 will give a general idea of the spread of the H wave
from a line source. Distance from the axis at 0 is reckoned
along the base line, and the two curves show the intensity of
H in the wave at two moments of time, say t = 1 and t = 2,
when the wave front has reached P and Q respectively. The
scale is quite arbitrary, because one curve is a copy of the
other. At the initial moment, there is just the solitary
infinite value of H at the commencing wave front, at 0. The
infiniteness is merely because fo is assumed to start action
with infinite suddenness.
The Waves due to a Growing Plane Sheet ot Sources of
Induction, and to Travelling Filaments, at any Speed.
§ 468. Now consider the state of things due to a line source in
motion, or to a plane source steadily extending itself by the
continuous addition of line sources at its straight edge. ro
fix ideas and formulrn, refer to Fig. 29. Let z1 be the actual
position of the edge of the plane source at time t, whilst z and r
are the co-ordinates of the point P where H is to be determined. The directions of f and H are perpendicular to the
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paper. The origin of z may be conveniently situated at a
distance to the left, to avoid negative values. Let the plane
sheet be of density f per unit length along z, and start at z3
at the moment t 3, and grow along z at speed u. The position
z2 indicates the limit of action at P. That is, P at time
t receives H from the sheet between z3 and z2 , but not from
the part between Zz and zl' where its edge is situated. As for
z0 , that is any intermediate position to be employed in the
integral.
p

FIG. 29.

With the above conventions, the value of Hat Pis given by
H _ fzt
- '21rp.v

Jt2 {v (t- t )~- r~- [zdt -z + u(t- t )]"}~'
0

(

27 )

0
this being derived from (l:l) above by putting in the special
distance concerned. The diagram is drawn for the case v > u,
so that the time of going from z2 to Pat speed v equals the
time of going from z 2 to z1 at speed u.
The above is the same as
2

t3

0

1

(28)
(29)

(30)

(31)
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so, when u>v, we have the result
(32)

At present consider the case of v >u. Then the limits
and T 3 are got by putting t 2 and t8 for t 0 in the expression
for T in (29) above. At the lower limit in (28) the radical
vanishes. So T 2 =a. The upper lim1t depends upon the
moment t8 of starting act.ion. So
fu
T + (T 2 - a2)11
(33)
H=
·
log 5
5
T2

211"pv(v2- u 2)11

a

is our solution. Note that H begins at P when R3 = v(t- t 8 ).
This makes T 3 =a. So H = 0 initially.
If we differentiate (33) with respect to t 8 we get a formula
of the type (9), expressing the effect of the introduction of a
stationary filament at z3• But if we differentiate (33) to z1,
we obtain the formula for the H due to a filament of f introduced at z3 at time t3 , and then moved at speed u to the right,
being at z1 at time t. In carrying out the diffeFentiation,
which is complicated, both T 3 and a must be differentiated,
\Jecause they both contain z1 • The result is

dH _ f [ v2(v2 - u2)-1
uv2(z- z1) (v2 - u 2)-2
dz1 - 211";1; {v2(t- t 8)2- R32}ll + {v~(t- t 8)2- R32}i{T3 + {Tg2 - a 2)'}
+ tt(z- zl)(v2- u2)-i
(34)
(z- zl)" + r2 (1 - u.2fv2)

J.

In this formula R 8 is defined in the last figure.
nected with T 3 by
(v2 - u 2)

h

2 -

a 2) = v 2(t- t 3 ) 2 - R 82•

It is con(35)

If f is understood to be the strength of the filament, then
dHf dz1 means the magnetic force to correspond. When ~t = 0
we get the cylindrical wave from the stationary filament at z3 •
But when t 3 = - oo , we get the steady wave of H travelling
with the filament when it has been in motion for a sufficiently
long time. Calling this H', it is expressed by
H' = _h_
1t
z-z1
•
2rrpv (v 2 - u")' (z- zl)2 + r(1 - u 2fv2)

The eolotropic effect is now clearly visible.

( 3 B)
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When ufv is very small,

H' = _1~- ~

z- z1

2r.p.v v (z- z1)" + r 2

= j 0u cos (),
2r.p.v2 R

(37 )

where R and () are the polar co-ordinates of P where H' is
reckoned with respect to the filament's position and line of
motion. This formula may be readily checked by the static
method.
There is always vanishing of H' at the plane () = ~'~~"· At
the same time, increasing u causes a concentration of H'
towards that plane. So, in the limit, when u = v, the result
is two plane electromagnetic waves of reverse natures, both
travelling the same way.

FIG. 30.

Now pass to the case u>v, equation (32) above, in which
and a are known, whilst the limits have to be considered
carefully. We require a separate figure. As the edge of the
sheet advances the envelope of the cylindrical waves emitted
by it make the wave front consist of two planes inclined to one
another at the angle 28, the edge of the sheet being their
meeting line. The angle () is given by sin()= vfu.
Now
if P is outside these planes, there is no H at all. When it is
just on the boundary, say at P', the cylinder from z0 just
reaches it, and t 2 = t 3 • When it is inside the planes, as
at P in Fig. 30, thers are two limiting points, marked t 2 and t 9
T

WAVES FROM MOVING SOURCES.

43

whose distances from z1 are ujv times the distances of the same
points from P. In the figure ufv = 2. So the range of
integration is from z~ to z2 , or T 2 to T 3 determined by giving T
the corresponding values. That is to say, the H at P is
entirely due to the filaments from z3 to z2• The waves coming
from filaments to the left of z3 have not reached P ; nor have
those coming from filaments between z2 and zl' which last is
the position of the foremost filamem at the moment in
question. Here, of course, it is assumed that the sheet began
to form before the time t 3 , The range is, of course, less at
the beginning.
The important matter is the final result
when the limits are full. Then we have
1i'(t- t0 ) 2 - R 2 =v2 (t- t0) 2 -r2 - {u (t- t 0) - (z1-zW,

(38)

(89)

and also
So the full limits are ± a for

H

T

in equation (32). This makes

(40)

fu
2,uv(u2 - v2)&

constant everywhere between the two planes.

Reversion to Divergent Plane Waves.

Is the Ether Fixed?

§ 469. The last result brings us back to the simple theory of
pairs of inclined terminated plane waves. It was, in the first
place, from the theory of generation of a single complete plane
wave that we concluded that a straight line of curl of e of
strength f generated induction at the rate f. This property
has now been applied to the wave generated by a plane sheet
of f continuously growing at one of its straight edges, thus
introducing new filaments of f, both when u < v and when
u>v. The first case includes, for a steadily moving state, the
theory of Vol. I., § 166. 'fhe second case is much simpler in
results. The H can be determined from the first moment of
starting the action off, including the initial padially CJ~indrical
cap. Behind this cap H soon becomes constant, equation (40).
This signifies slanting divergent plane waves. For, by taking
differences, we can derive the H due to a plane strip of f
of constant width started and set in motion at any
moment in its own plane at speed u. Except as regards
the cap, or rather, with the addition of the cap, we get a pair
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of diverging plane waves, as described at the end of § 456
above, according to the formulm there given. Likewise the
result for a moving filament of f. These results were easily
obtained, but the initial effects required closer consideration.
Besides that, we have had the advantage of seeing in detail
that the results of moving magnets or electrets are really due to
the waves coming from the sources f and g.
But when we pass from the abstract problems of moving
sources to those connected with material bodies, it must be so
done that the conditions assumed are not changed by the
materialisation if the results are to be the same. In particular,
the ether must not be disturbed by the motion of the matter.
1This is the assumption I have always made in my investigations of the waves arising from moving electrification or other
sources. (See, for example, El. Pa., Vol. JI., p. 504; and
E.M.T., Vol. I., p. 269 to 282, and the above investigations.)
The reasons are tolerably obvious. First, simplicity. Next,
the changes due to any dragging along of the ether with the
matter cannot be determined without some assumptions as to
the extent of the drag, and its nature. This is one of the
unsettled and very speculative matters in electrical science
applied to moving bodies. I would rather have no drag at
all, or else complete drag, if I bad the management of it.
But it may be that a partial drag is an essential condition of
the connection between ether and matter, eyen though that
connection be entirely through eleC-trification, that is, by ions
or electrons. Even a full drag is not inconceivable. For
consider a single charge or electron moving through the ether
without any assumed drag externally. It might really be the
limiting case of a moving ether ; that is, the electrification
might be inexorably associated with a definite part of the
ether. Or again, with perfect slipping possible, resultant
effects of moving collections of matter and electrification
might give an apparent motion to the ether in the circuital
equations.
Drag of Matter upon Ether. Modified Circuital Equations, and
the Wave-speed resulting.
§ 470. The question of the drag of a moving body on the ether
has occupied the attention of physicists for a very long time,
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espccialiy from the optical point of view, and it is open to
question whether the last word has been said about it by the
latest investigators. The following comparisons of different
results will serve to illustrate some aspects of the subject.
Divide the displacement D and the induction B each into
two parts, thus,
D= cE=(c0 +c1 )E=D0 +Dl'
(1)
B = ,u.H = (,u.0 + tt1 )H = B0 + B1•

(2)

Here B0 and D0 belong to the ether, and B1 and D1 are the
extra. parts due to the matter, that is, the two polarisations,
magnetic and electric.
Next, write the two circuital laws for a moving medium in
the form
(3)
curl (H- VD0q0 - VD1q1)= C +D + up,
-curl (E- Vw0B0 - Vw1B1)=B.

(4)

Compare with § 71, Vol. I. We leave out impressed forces.
except motional, also the hypothetical magnetic conduction
current and magnetification. As regards the motional electric
and magnetic forces, instead of one velocity, there are now
four, one for each part of the two fluxes concerned. This is
required for our comparisons. As for u, the velocity of the
electrification p or divD, it need not be assumed to be the
same as that of the matter.
To ease matters, let there be a simple plane wave traversing
a. non-conducting dielectric without volume electrification, and
let E 11 x, H ll y, VEH 11 z, and let all the q's and w's be 11 z.
Then Vq0D0 11 H; also Vq1D1 ; and VB 0w0 11 E; also VB 1w1 •
These simplifications bring the circuital equations to
-

~(H + q0D0 + q1D 1) =

pD,

(5}

- C!.(E +w0B0 + w1B1 ) = pB,

(6)

where ~ is dfdz and p is dfdt. All scalars now.
But the type of a plane wave is f(z - Ut), where U is the
wave speed. So p = - UCl, and therefore
H + q0D0 + q1D1 = UD,

(7)

E + w0B0 + w1B 1 = UB.

(8)
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These are the same as

where q and

to

H=(U -q)D,

(9)

E=(U-w)B,

(10)

are t.he speeds given by
_ Co?o+c.rh
'
c

q-

w = P.o•oo + p.,wl.

(11)

11,

So there are only two effective speeds of motion.
notation the circuital equations become

In this

curl (H- VDq) = C + D +up,

(12)

-curl (E- VwB) =B.
When q and w are zero, U = v, given by
general, (D) and (10) lead to

(13)
p.cv2 =

1.

And in

v2=(U-q)(U-w);

<>f which the solution is
U=Hq+w)+ Vv'+i(q-w) 2 ;
and further, when q and w are small compared with v,

(14)

(15)
wt~

get

(16)

This represents the increased wave speed (referred to stagnant
ether at a distance) due to the motion of the matter. It is
the mean of the effective speeds associated with D and B.
Now compare different cases.
Comparison of Wave-speeds in special Cases.
§471. (1). When there is symmetry, so that c1 fc=p. 1fp., and
also % = w0 , q 1 = w11 then
(17)
IJ=W= qoco + q,cl'
c
and

U-1J=q,

exactly ; that is, without limitation to small speeds.
a fanciful case, though interesting.
(2). Let q0 = q1 = w0 = w1 ; then also= q, and
again exactly.

(18)
This is

U -v=q,
(19)
Here q is the speed of the matter and ether
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moving together, equivalent to a single medium theory. There
is full superposition of velocities ; that is, the wave speed
through the body is the same whether it is stationary or moving.
This is the result we ought to have in any rational theory of
one medium, in a primary theory, that is to say. (See Preface
to Vol. 1, E.M.T., for remarks on this subject.)
(3). Consider an unmagnetisable body, p.1 = 0. Then
U- V= Coqo + clq!_ +~WO'
(20)
2c
If we can agree that w0 should be the same as q0 , then

U-v=~qo(1+c;)+tq1 >

(21)

(4). If the ether is entirely left behind as the matter moves
through it, we may take q0 =0 in (21); then
(22)

Here q1 is the speed of the matter. The result is therefore
just one-half of Fresnel's result, according to which, in the
present notation, the extra wave speed is q1ct(c, which means
that the wave traverses the moving body more slowly than
when it is at rest by the amount q1c0 fc.
(5). Let q0 and q1 be both zero in the first circuital law, and
w0 = w1 in the second. Then
U -v=tw,
(23)
where w is the velocity of the matter. This result was obtained
by J. J. Thomson by using Maxwell's theory in its unamended
form. In my amendment of the same, given in 1885, I concluded that the motional argument which led Maxwell to the
motional electric force e = VwB involved a similar one
leading to a motional magnetic force h = VDw, using the full
flux in the case of h quite as much as in the case of e; for
an obvious gastronomical reason relating to sauce. Whether
right or wrong, it rationalises Maxwell's theory, and I maintain,
as before, that it is the proper expression of his theory,
because of his form of the motional electric force. It leads
to a full superposition of velocities, as in example (2) above.
But it does not follow that either e or h is correct in fcrm
universally. That is a distinct question.
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(6). Larmor, "Ether and Matter,'' p. 60, takes <Io=O in
the first law, and W0 = w1 = <h in the second. This produces

U-v=!w(l+~).

(24)

where w is the speed of the matter.

This is the sum of
The ether
is assumed to be stagnant, or not dragged at all. Nevertheless,
the full e = VwB is used, but the full h = VDw is replaced by
VD1w. This pictures the !armorial bearings correctly, I think.
(7). But Larmor (l.c.) does not obtain the result (24), but
Fresnel's wc1Jc instead. This is, in fact, the reason why he
adopts VD1w, though it may be questioned whether the
optical result is sufficient to determine the theory. His equations are equivalent to
- ~(H + wD1 ) = cpE,
(25)

J. J. Thomson's and one half of Fresnel's results.

- ~(E + wB) = JLpH,

in my notation."'

(26)

I derive (24) in the above way, getting

(27)
for the quadratic, a special case of (14) above.
It may perhaps fairly be asked, if the assumed fact that the
ether is stationary causes the influence of the electric polarisation to introduce h 1 = VD 1w, why should not the influence of
the magnetic polarisation introduce e1 = VwB 1 ? I do not
dogmatise, but wait for more light.
(8). Let us see what connection is needed between q0 and q1
to obtain Fresnel's result. That depends upon w 0 and w1
also. If we take, as seems the fairest at first sight, w 0 =q,,
and w1 = q11 then equation (21) supplies the answer, for an
unmagnetisable medium. The right member has to be
q1ctfc; so
qo_ cl (27A)
- - - - -c,- ,
q1 c+c0 2c0 +c1
which may be grossly imagined to represent the drag of the
matter on the ether. It is here conditioned by the electric
polarisation, and cannot exist without it. It is small when
*Sec § 476 later for correction of Larmor's investigation.
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rdc0 is small, but may be nearly unity with large c1 fc 0•
corresponding e is
e= V(w0B0 +W1B1)= VwB

The

where

(28}

So e is zero in an unpolarisable medium, for then p.1 =0,
c1 =0. But this e is the electric force impressed in a wire
carried perpendicularly across the lines of magnetic force in a
stationary ether. The vanishing of e seems wrong at first;
but there is no necessary absurdity. For by assumption the
body is unpolarisable, and is unaffected by either magnetic or
electric force. Being perfectly neutral, why should there be
an e impressed upon it when it just slips through the ether
without disturbing it? Then why, on the present hypothesis,
is there e in a conductor? Because c1 is not zero. Conduction in the physical part of Maxwell's theory implies polarisation, because it is a breaking down of the displacement, with
external renewal of the same, maintaining an average steady
state of D. The value of cfc0 can only be measured in very
poor conductors. Even then it may be very large: for
example, the value 60 to 80 in water has been found. It is
likely to be much larger in good conductors. This would make
e= VwB closely, with w = q1 nearly, with nearly full drag of
the ether, or what is equivalent thereto.
If, on the other hand, we assume w0 =q11 and inquire into
the relation between q0 and q1 to obtain Fresnel's result in
an unmagnetisable medium, we have
qoco + qlcl + ~ = q1\
(29)
2c
2
c
which makes q0 be negative ; nothing more need be said about
that.*
It is to be noted that should c1fc be very large, the idea and
the measure of D1 as a.n elastic phenomenon become
indistinct. It is then also of little importance to preserve it
in the equations, because conduction, unless very feeble, works
a revolution in the manner of propagation, turning elastic
waves to diffusive waves. The precise nature of the failure to
• Prof. G. F. FitzGerald asks me if I am wise to so hastily dismiss this
case. I do not think I am.
VOL. Ill,

•
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support elastic displacement without a continuous supply of
energy, in relation to the ions, electrons, or corpuscles, is a
matter of speculation at present. I am rather prejudiced
against the view that in a solid conductor the conduction
consists of a continuous flow of electrons or of J. J. Thomson's
corpuscles either one or both ways, and think it more likely
to be a local phenomenon in the main.
(9). A very simple way of obtaining Fresnel's result is to
assume e= VqB, h= VDq, that is, the standard forms of e and
h, but with the velocity of q so chosen as to give the required
result. We require
(30)
if q1 is the real velocity of the matter. This applies to both
circuital equations. But an electrical argument founded upon
the absence of drag which would justify this procedure in the
first circuital law, would surely fail in the second. However,
there is this remarkability, that Fresnel's result becomes exact,
instead of for small speeds only of the matter. I do not know
that this is to be considered a recommendation. But it may
be possible to invent some hypothesis to justify the procedure
in the second circuital equation as well as in the first.
There is a difficulty in applying optical evidence to the
circuital laws which has not been mentioned, viz., dispersion
and change of wave-speed with the frequency of vibration. In
applications involving assumed definite equations of motion or
of connection between the etherial E and the molecular atomic
electrical arrangements, the symbols c and p., constants for
the ether, become differential operators (functions of p), and
the permittivity and inductivity can only be effectively constants at a. given frequency of simply periodic vibration.
This must necessarily affect in some degree all arguments of
the above kind.

Effect of Modified Circuital Equations on Electrical
Distributions.
§ 472. The general nature of the modification of electrical
distributions due to the introduction of the four velocities q1 ,
q 2 , W 1 and w2 in the circuital equations (3), (4) above may be
readily seen in the manner of § 164, Vol. 1, by considering
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the effect of moving a single charge in a homogeneous
medium. Using them in the form (12), (13), impress upon
the whole system the velocity - u. This makes

D,

(31)

-curl {E- V(w- u)B}=il.

(32)

curl {H- VD(q- u)} =

As we have not altered the relative velocities by thus bringing
the electrification to rest, these are the proper equations when
we travel with the electrification. In a steady state, that
is to say, moving forward steadily at speed u, the right
members vanish. Equation (31) then gives
H = VD(q- u),

(33)

curl {E- V(w- n)B} = 0.

(34)

and (32) makes
Insert (33) in (34), and suppose u and w are parallel to k.
Then the vector
E + p.c(u- q)(u-w)VkVkE
= E + t.t~:(u- q)(u- w)(kE3 - E)
=(l-m2)E+m2E 3k if mll.v2 =(u-q)(u-w). (35)
By (34) it is polar.
E

is polar.

So the vector
2

m kE 'E 'E
kEs
+1-m2 3=1 l+J 2+1-m2

(36)

Therefore
D = - c{iv1 + jv2 + k(l- m 2)V3}P,

(37)

where P is the potential. The result is, when m2 is positive,
to effectively reduce the permittivity in the line of motion both
ways, to an amount governed by the size of m2 , so as to cause
a concentration of displacement equatorially. This concentration is complete when m2 = 1. Then u= U. That is, the
previously investigated U is the speed with which the
electrification must move to make a plane wave. There is no
distortion when either u = q, or u = w, if u and w are unequal.
But m2 is not necessarily positive. If u lies between q and
w, m2 is negative, and the distortion is a concentration in
the line of motion. An eminent authority once remarked that
there is a lot of humbug in mathematical papers. He knewJ
having done it himself several times. To obviate a remark of
z2
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that sort, I remark that the eases of vanishing distortion are
unlike as regards H. For, if u=q, then H=O; but if u=w,
then H =VD( q- w), showing magnetic force proportional to
the difference of the speeds associated with D and B. In
general, H is positive or negative according as q exceeds or is
less than w. Unless D is reversed. When can that happen?
When m2 > 1. Then, as in the case of a charge moving
through Maxwell's ether at a speed greater than that of light,
there is a generation of an impure conical wave within which
D is reversed.
Lorentz's Equations of a Moving Dielectric.
§ 473. Another way of getting Fresnel's wave-speed was
described to me by Prof. G. F. FitzGerald. Write the second,
or Faraday's circuital law in the form
- curl F = p.pH,
(38)
and the first, or Maxwell's, in the form
curl (H- Vc,Fw) = pD = pD0 + pDu
(89)
where D0 belongs to the ether, and D1 is the electrisation or
electric polarisation added on by the matter. Then let
D0 = c~F,
D1 = c1(F +e)= c,E,
(40)
where e = VwB. These equations give Fresnel's wave speed
when w is small, that is, U =v + (c1Jc)w.
It occurred to me that the term Vc,Fw should be Vc,Ew,
because in the additional part thus introduced, or Vc,ew, all
the factors are related to the matter. This change makes no
difference in the approximate result, and was not objected to.
But Prof. FitzGerald believed the above way was equivalent to
Lorentz's.
To find Lorentz. After profound research I succeeded in ·
discovering Prof. H. A. Lorentz's "Versuch einer Theorie der
electrischen und optischen Erscheinungen in bewegten
Korpern," Leiden, 1895. This important application of
Maxwell's theory to optical phenomena ought to have been
done into English at once to save repetitional labour.
Though sad, it is a fact that few Britons have any linguistic
talent. This is not due to laziness, but mainly to a real
mental incapacity, combined with the feeling that one language
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is quite enough. Foreigners, on the other hand, seem to be
gifted linguists quite naturally, so much so that they have
invented a large number of lingos, and are commonly skilled
itt several at once. Very well ; I would say let them give us
poor islanders the benefit of their skill, by doing all their best
work into English. And why not make English the international scientific language? It would be all the same to the
foreigner.s, and a great boon to Great-Britain-and-Irelanders,
and the other English-speaking people.
On examination, I find that Lorentz's equations do lead to
the Fresnel wave-speed, and in the above way. As his work
is not so well known . in England as it deserves to be, I will
give a short sketch of Lorentz's way of treating the circuital
equations, with reference to the matter in hand, but without
any particular confinement in details. I observe with some
personal gratification that Lorentz employs Vector Analysis
(not Quaternions), and that he works entirely upon ·the
circuital equations and their accessories, without the vectorpotential or the Principle of Least Action, which last, in spite
of its name, has the remarkable property of increasing the
amount of the work to be done.
Let H and F be the magnetic and electrio forces in ether
away from matter and electrification, then
curl H = pD 0 = c0pF,

(41)

-curl F = pB0 = p.0pH,

(42)

are the fundamental circuital equations. I think it proper to
have two ethereal constants. I do not consider the velocity
of propagation to be a fundamental constant. It is a compound idea. Propagation is caused by some properties of the
ether, I believe, and all known cases of propagation arise
from the interaction of two properties. Lorentz has p.0 = 11
or ignores fL altogether, and Co = V-2 • Of course I also
rationalise his units.
If there is electrification, measured by its volume density
p = div D0 , the above equations suffer no change unless the
electrification moves. Let the velocity of p be u + w, where
the part w is constant, the same for all the electrification, and
u is variable. As is well-known, p(u + w) is a part of the
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Maxwellian true current, the missing link in the chain of the
displacement current pD0 , So
curlH=pD0 +p(U+W)
(43)
takes the place of ( 41 ). The reference space in these equations
is the ether itself, supposed :fixed. But let the reference space
have the same common motion w as the matter carrying the
electrification. Let p' be the time differentiator for the moving
matter, then
p' =p +W'il
(44)
shows its connection with lJ· The circuital equations become
curl H = (p'- W'il )D0 + p(u + .w),
(45)
- curl F = (p' - w 'i1 )B0 •
( 46)
Now, in general,
curl VwB = V'il VwB =W. 'ilB + B 'il.W- B. 'ilW- W'il.B, (46A)
(Vol. I., p. 200, equation 181).
Applying to (46), we have
-WV'.Bo= VV'VwB0,
and applying to (45),
w.V'Do- w\i'.Do= VvVwD0 ,
so (45), (46) become
curl (H- VwD0) =p'D0 + pu,
-curl (F + VwB 0);:, p'B 0 ,

(47}
(

48)

when we travel with the matter. The velocity w may be
imagined to be the translational velocity of the earth through
the ether at the place in question, it being assumed that the
ether is stagnant. Lorentz makes a further transformation for
the consideration of aberrational questions, but that is not
wanted here. What is wanted is the introduction of the electric moment or the electrisation in a non-conducting material.
There is no volume electrification, owing to molecules being
equally endowed with positive and negative ions. These ions
are displaced under the action of electric force, producing a.
sort of polarisation; and the first approximation is to assume
an equilibrium theory between the moving force on an ion and
the displacement. This takes no count of inertia, and the
resultant effect is to make the electrisa.tion simply proportional
to the moving force. That i>l
D1 =c1E=c1 (F+e),

(49)
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where e = VwB 0 , is the result. Perhaps the averaging is the
obscurest part of the process. The moving force on p at a
point is pE, not pF, the additional part pe being Maxwell's
electromagnetic force on the current element pw.
The circuital equations (47), (48) therefore become
curl (H- VwD0) =p'(D 0 + D1 ),
{50)
=p'(cF +c1e),
=p'(cE-c0e),
-curl (F + VwB 0) =p'B0 •
(51)
These are the equations empioyed by Lorentz for a. moving
dielectric. But I think it is somewhat plainer to let the
reference space be the fixed ether. To transform, put
p' = p + wv, and use (46A), or rather the special simpler forms
following it. We get
curl (H - VD1w) = pD = p(D0 + D1 ),
(52)
'
=p(cF+c1e),
-curl F = pB 0 = p.0pH.
(53)
Or, in terms of E and H,
curl (H- VD1w) =p(cE- c0e),
(54) -curl (E- e) =pfLoH.
(55)
Perhaps the most significan_t form is got by taking out the
VD1w in (52). Then
(56)
curl H = pD0 + p'D11
(57)
- curl F = pB0,
express the relations. As the ether is supposed to be stationary
the time differentiator is simply p for D0• But the matter
moves at speed w, so the time differentiator is p' instead. The
distinction is most important, and the activities of p and p'
must not be confounded. In the other equation (57), B0 belongs to the ether, the matter being regarded as unmagnetisa.ble, so the time differentiator is p simply. In this way of
regarding (56), (57) we can eliminate the ionic hypothesis, if
we can trust that D0 and D1 can be separated in the manner
assumed.
The Wave-speed according to Lorentz.
§ 474. Lorentz deduces the wave speed from equations
equivalent to (50), (51) only after a transformation of variables, including a changed time variable, making the zero of
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time different for different parts of space. But there is no
need for this complication. The mathematics of plane waves
is quite simple. Thus, using (52), (53), let w 11 z, F 11 x, H 11 y
They reduce to
- ~{H + c1w(F-w,u0H)} =p(cF-c1w,u0H),
(58)
-AF=,uopH,
(59)
where A is dfdz, and the quantities are now all scalars.
Also p = - UA, U being the wave speed; so
H+c1w(F-wp0H) = U(cF-c1 w,u0H),
F=,uoUH,

(60)
(61)

giving the quadratic
U2 - 2U2w., v2
c

-

<iw2,
c

(62)

where ,uocv2 = 1, and, therefore, approximately
U -v= ~ w,
c

(63)

the required result.
That the moving force on pw due to its motion in the field
B0 is pe may be most simply seen thus. The magnetic force
due to pw is the ordinary magnetic force of a current element.
The moving force on a magnetic pole in its field is therefore
known. Conversely, the force on pw due to the pole is known.
It is the pe in question. That the pole gives a special kind
of magnetic field is immaterial, because it is only the value
of B0 at p that is concerned. [This simple argument is valid
only when wfv is very small.]
But I think the above theory is possibly too simple to be
true. In the first place, can the optical result be considered
to be so well-established as to make it be necessary to get the
Fresnel wave-speed? And, if so, is it proper that the result
should come out direct from elementary equations which take
no count of dispersion? There is a very wide difference
between light vibrations, billions per second, and those concerned in long waves. The above is really a propagational
theory, without any reflex actions. On the other hand, U
should strictly be the speed of a simply periodic wave-train,
itself the resultant of the forward and backward actions.
Now it is true that when U does not vary much within a
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g1ven range of frequency, any wave which is compounded of
simply periodic waves within that range is propagated with
little distortion, so that a simple pulse theory is approximately
true. But when U varies very widely with the frequency,
a.nd the arbitrary wave when analysed involves widely discrepant values of U, for example, an impulsive wave itself, an
impulsive theory cannot be even approximately true. For
this reason I conceive that a more proper theory should be of
a secondary character, involving the differential connection
between the ethereal disturbance and the internal motions.
Possible Equations ·ror a Moving Magnetised Substance.
475. And yet it is suggested that the relations (56), (57)
may be proper for long waves. But then the effect of
magnetisation is not exhibited. If the above reasoning about
•the meaning of the time differentiators is correct, independently of the ionic hypothesis, it will be equally correct to
extend them to
curl H = pD0 + p'Du
(64)
-curl F = pB0 + p'Bu
(65)
where the new B1 is the magnetisation, existent when p. differs
from p.0, and of course assumed to be of elastic character.
The question then arises as to the relation of D1 to F, and B1
to H. If we write
D1 = c1 (F +e),
(66)
Br = p.1(H + h),
(67)
it is still matter for argument whether e should be the former
VwB0 , or should become VwB, using the complete induction.
And as regards h, whether it should be VD0w, or VDw, or
existent at all. In the theory of a movable ether of variable
c and p., the variable parts representing matter, everything
can be done symmetrically. But with matter moving through
ether, and special hypotheses in connection therewith, there
would appear to be no longer a necessity for symmetry.
Prof. FitzGerald says there are electrons, but there are no
magnetons, therefore there will be a want of symmetry, other
than that arising from putting zero for quan tities which
might exist. But I think some salt is required here. For,
first, it is known not that there are no magnetons, but rather
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that if there be any, they are in pairs like the ions, and do
not dissociate as far as can be concluded from V'B = 0. Next,
granting that there are no real magnetons, the theory of the
magnetic shell remains. It shows that a closed electric cur·
rent, which may consist of moving electrons, may be replaced
by a double sheet of magnetons so far as external magnetic
force is concerned, Thirdly, there are considerations concerning space and time variation of vectors which are quite
independent of the physical nature of the vectors. So, altogether, I think it will be wise not to be overhasty in rejecting
terms in the circuital equations because magnetons do not
exist. Let us try to keep to symmetry to aid understanding
any want of symmetry that may be forced upon us by special
hypotheses. Say, therefore,
h = mVD0w,
e =nVwB0 ,
(68)
where m and n are numerics. This will give considerable
latitude. What is now the wave-speed?
First, considering a plane wave travelling the same way as
w, (!34), (65) make _ 6 (H+D1w)=pD,
(69)
- 6(F+B1tc)=pB,

{70)

and therefore
(71)
F+B 1w= VB.
(72)
Now introduce (66), (67), with the meanings given by (68),
we get
H + c1w(F- wnfL0H) = U(cF- c1tcnfL0H),
(73)
F + fLIW(H- wmc0 F) = U(fLH- ~1 wmc0F),
(74)
which give U for any value of w. Neglecting squares, the
quadratic is

U
2

-

Uw[~(l +n~) +~(1 +?J~) J=v

2

where c = c0 + cu fL = ~ 0 +fLu and p.cv2 = 1,
=

To revert to the former case, p.1 = 0, and n = 1.
m and n are unity, then
w

V=~

2c

(75)

That is

Uw- v 2cc~ (1 + n1!:2)
+ P.t (1 + m~).
p.
21'
c
U-

;

(t + /!:2)
+ .!:! (t + ~) ;
p.
2p.
c

(76)

But if both
(77)
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and if we employ e = VwB, h = VDw as another extreme case,
then n = p.fp.0 and m= cfc0 , producing

U -v= (~+;)w.

(78)

Here magnetisation acts similarly to electrisation. Notice
that this way of introducing fkr allows the coefficient of w to be
greater than unity. Then the speed of the wave is increased
from v to more than v + w by moving the matter at speed w.
This is not impossible, however improbable it may appear.
If we ask how still to obtain Fresnel's wave-speed when
p.1 is finite, examination of (76) shows that m= -1 will do it,
along with the former n= + 1. But if n=p.fp.0 , so as to use
the full e, then we require m= - cfc0 • But it seems very
unlikely that fl-1 should have no influence on the wave-speed
in the part depending upon w.
There are many other ways of modifying the circuital equations so as to always lead to Fresnel's wave-speed whenp.1 =0,
but it is of no use discussing them without some particular
reason.
Larmor's Equations for a Moving Body.
§ 476. In§ 471 above I referred to Dr. Larmor's investigation
of the wave-speed. He has kindly asked me to delete the § 87
of his stimulating work "Ether and Matter, ., being convinced
of its erroneousness, and has referred me to his § 78 later on.
There is no investigation of the wave-speed there, but on
making the neceseary reductions I find (subject to an indeterminateness) that the general equations there given do lead to
Fresnel's speed, and in the same way as Lorentz's. But there
is some indefiniteness about the meaning of the vector (a, {3, y),
which he identifies with Maxwell's magnetic force, so I give
the equations here in vectorial form and rationalised, that the
matter may be made more distinct.
Let (P, Q, R) = E ; (a, b, c)= B ; (p, q, 1·) = w. Then Larmor's
second circuital law is
-curl (E- e) =pB,
e = VwB.
(79)
This requires no remark.
Let
(A, B, C) = I; (A11 B11 C1) = 11 ; (A0 , B0, 0 0) = l o;
(u,v,w) = J; (j,g,h)=D 0 ; (f,r/,h')=D';
(t",g",lt'') = D"; (f0 ,g'0 ,h'0 ) = d0 ; (a,{3,y)=H.
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is
curlH=J,
(80)
where J is what he terms .Yfl\xwell's total current
J = c:rE + Wp+pc~(E- e) +p(c1E+d0 )
(81)
i.e., the sum of the conuuction current, convection current,
rate of time increase of the ethereal electric displacement,
and ditto of the material electric displacement. For it is
given that
J=c:rE + wp+pD",
D"=D 0 +D'
(82)
D0 =c0 (E-e)=c0F,
D' = d0 +c1E.
(83)
Here w is the speed of the matter and of p the electrification,
and do is intrinsic electrisation, analogous to 10, which is
intrinsic magnetisation, whilst c:r is the electric conductivity.
Now as regards H, it is given that
H=B -II>
11 = I+ VD'w,
l = lo+KH,
(84)
which lead to
H = B-10 -KH- VD'w.
(85)
There are no p.'s ; that is, the units are "electromagnetic,"
~nly rationalised. Remembering this, we have in Maxwell's
theory
H=B -10 - KH,
(86)
because 1 + K = p. ("electromagnetic," numerics). This makes
VD'w=O, which is obviously not meant. On the other hand,
if we ignore (86), and use only (85), we express H in terms of
B and VD'w ; viz.,
(1 + K)H = B - VD'w.
(87)
Perhaps this is not meant either. It occurs to me to suggest
that the H in equation (80) is not meant for l\faxwell's H ;
call it H' instead, and then in (85) we shall have H' on the .
left side and H, subject to ($'6), on the right side. This will
give
curl (H- VD'w) = J,
(88)
which I think it probable is what Dr. Larmor really means.
Because, transferring VD'w to the other side, by using ( 46A),
this equation is the same as
curlH=c:rE+pD0 +p'D',
(89)
which is equivalent to Lorentz's equation, with the addHion
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of conduction current and intrinsic displacement; because D'
reduces to D1 when do= 0.
It took some trouble to effect this reconciliation, and I
could wish that Dr. Larmor had himself brought his work
into line with that of other people ; but as he has not done
so, he may perhaps be gra.teful to me for trying to do it. If,
however, I have not correctly interpreted his (tl, /3, y) or H or
H', in the above way, I do not see how to harmonise matters.
I should call curl H the total current, as in (89) ; not the J
in (80).
Theory of Moving Electrified Cones; u> v. The Moving
Force upon them and upon an Electrified Line.
§ 477. The case above considered, § 465, of an electrified line
moving in its own line casts light upon that of a moving
point-charge, because it explains how the infinities arise that
rendered the interpretation so obscure. In the theory of the
moving line there is nothing in the distribution of the
displacement that is seemingly impossible to understand.
Referring to Fig. 26, we have a continuous transition
from plane waves to a limiting conical wave, · through
intermediate hyperboloidal waves.
But how about the applied force needed to maintain the
motion of the electrified line ? We might expect it to be
infinite because of the linear con~entration of the electrification. Or it might be infinite only at the end of the line, and
finite elsewhere. But we could not expect it to be zero.
And yet the distribution of the displacement, being always
perpendicular to the electrified line, does not indicate any
moving force in the line of motion, whilst transversely there
is a. balance. The moving force due to the induction also
seems ineffective. What is the explanation of this uonflict
between expectation and appearances 1
It is the appearances that are deceptive. The moving force
due to the stress (electric and magnetic) is indeed perpendicular to the electrified line in any plane containing the line ;
but since it is infinite, any finite force along the line compounded with it is lost sight of. We get no information
immediately as to whether there is or is not a moving force
along the line. To find out, we must generalise the problem,
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reduce the infiniteness to finiteness, see what the force along
the line then is, and finally revert to the original problem and
see what the limiting value of the force turns out to be. This
means that we must examine the moving force upon an
electrified cone instead of a line.
Referring to Fig. 26, here reproduced for convenience, there
are two intermediate conical equipotential surfaces exhibited.
Let the inner one be the electrified surface. Abolish the elec·
tric and magnetic disturbance inside this cone, but have
everything else the same as before.

FIG. 26.

To show that the substituted problem is electromagnetically real in the same sense as the previous problem, we have
merely to show that the circuital equations are satisfied at the
electrified cone. The equations referred to the fixed ether
being
curl H = pu + pD,
(1)
-curlE=pB,
(2)
become, when referred to reference space moving with the
cone,
curl(H- VuD)=p'D=O,
(8)
-curl(E- VBu)=p'B=O.
(4)
So H = VuD, because div H = 0 ; and at the conical surface
VN(E+VuB):..O
(5)
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expresses the second circuital law. That is, curl is Y'il,
and this is turned to VN at a surface, N being unit normal
from the surface (see§ 131, Vol. I.).
This equation means that the moving force on the electrification is perpendicular to the surface. The other moving
force, p VDB per unit volume(§ 85,Vol. I., equation (30)) on the
medium is inoperative, because by aasumption the medium is
fixed. So, by using the expression for H, we get
- VNE = VNVuB = u.NB- Nu.B.
Or, since NB= 0,
(6)
- VNE = - Nu. B.
This expresses the same as (2), when that equation is
applied to a unit square circuit in the plane of the paper fixed
in the ether and traversed by the electrified cone. For +Nu
is the speed of the cone normal to itself, and -Nu. B is the
rate of increase of induction through the circuit.
Similarly equation (1) is the same as
VNH = u.ND- Nu.D,

(7)

by turning p to ND, the surface density, and p to -Nu. This
is an identity because H = VuD. Therefore both circuital
laws are satisfied at the moving electrified cone. Its situation
may be anywhere between the axial line and the limiting
cone, which is the seat of a free wave. I give these details
of transformation in order to encourage timid readers
to study the Vector Analysis in Vol. I. of this work. I repeat
that there are no quaternions in it, so there is nothing to be
afraid of.
The formula for the electric force is (18), § 465, or
E=
er
z tan2 (} . h 1 + hk
(8)
21rch tan (} (z2 tan2 (}- h2)~ '
and from this is derived
er
z tan2 e. h 1
e 21rch tan e (z tan2(} - h2)"1J'

VuB= _ _
1_
sin~

2

(9)

Therefore, by addition,
E+ VuB=

er

'41rch tan

~- zhi

e (z2 tan2 () -

h2)~·

(10)

Here er is not the surface density, but the linear density when
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the electrification is on the axis of the cone.
rr
( ~2 tan4 (} + h2)l
E = 21rchtan (} (zt tan~ ()- h~l

en.

IX.

The size of E is

(ll)

and the angle between E and N is given by
/\
z2tan2 (}- h2
cos EN= (z2 tan4 () + h2)l(z2 + h2)l;

(12)

so, by (11) and (12),
ND
rr
(z2 tan2 (}- h2)l
21rh tan ()
(z~ + ht)l ·

( 1S)

This being the surface density, the moving force on it is, by
(10} and (18),
ND(E+VnB)=c(
rr
) 2 7tk-hlz,
(14)
21rch tan () (zt + h"J'
of which the size is

c1(27rl~ tan ())2·
(j

(15}

This is the normal pressure per unit area of cone. Multiply
it by hfr to get the .z-component, and then by 21rh to get the
total for a circular hoop round the cone. The result is
rr2

F= 21rcr tan 2 ()'

(16)

where F is the size of the resultant moving force of the
electromagnetic field on the circular hoop. The direction of
this force is from left to right, or against the motion. So F
measures the applied force required to maintain the motion,
acting in the direction of u. It varies inversely as the
distance r of the hoop from the apex. It is always finite,
save at the apex, which is a point where some modification of
the shape of the V surfaces is required to produce finiteness,
by rounding off the sharpness. ,
Finally, we come to the initial question of the moving
force on the electrified line. F remains finite (save at the
apex again) when h is reduced to zero, which makes r become
z. Then

F=

rr2

2"7r-C-z7ta-n"2"(J

(17)

is the force required to maintain the state, per unit length of
the electrified line: If the linear density be reduced from rr t()
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zero gradually, instead of suddenly at the apex, it will do
away with the difficulty there, I think.
The flux of energy VEH is perpendicular to the hyperboloidal surfaces of D. This requires special interpretation at
the electrified line, like the above. Substitute the electrified
cone, and it is all right. The work done by the applied force
is accounted for.
Suppose we have a second electrified cone outside the first.
Referring to the figure again, abolish the E and H disturbances
outside the second cone as well as inside the first. The
second cone is then negatively electrified. Its theory is just
like that above given for the first cone. There is no free
extreme conical wave now, of course. The moving force due
to the field on the second or outer cone is with the motion,
and the applied force must be against it. So now energy
goes from the inner cone to the outer through VEH. External
work is done on the inner cone, and is returned to externality
at the outer one.
Theory of Electrified Line of Finite Length Moving
Transversely; u>v.
§478. Now consider the theory of an electrified line moving
tra'lsversely to itself, not when of infinite length, as done in
§ 464, and previously, but of finite length. When of infinite
length, the effect is to produce a pair of divergent plane waves,
and there are only two forms of solutions, V= 0 in one region,
and V= constant in the rest of space. But when the electrified

FIG. 31.

line is of finite length, there are five formulw for the potential.
To see this, from the two ends of the line as apexes construct
cones of angle 20, given by u sin 8 = v, whose axes are in the
direction of u reversed. Join these cones together by a pair
of planes touching them at opposite ends of diameters. These
planes diverge from the electrified line and are inclined at
angle 20. The Fig. 31 will give an idea of what is meant.
YOL. III.
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The thick line CT CT is the electrified line moving from left to
right. The two planes are plain enough. The ovals are
supposed to represent the circular sections of the two cones at
a certain distance, seen sideways.
The formula. for V is (9), § 464; that is, when integrated,
(11), with proper limits, or

V=~tane[sin-1
21rc

x

.V z2 ~an 2 {) -

]·
yt

(l)

The only trouble is to find the limits properly, to be done by
<Jonsideration of the geometry of the wedge and two cones in
Fig. 31. Let for convenience
V=CTtanew,
2rrc

(2)

and consider the values of W, the potential measured in special
on its.
(3)
(1). Outside the planes and cones, W = 0.
(2). Between the planes, but outside the cones, W =1r· (4)
(3). Inside the left cone, but not also inside the right cone,
(5)

(4). Inside the right cone, but not also inside the left cone,
W

1

.

-la+x

= 2r. + BID

-r·

(6)

(5). Inside both cones at once
W =Bin_1 a-x +sin-1 a+x.
h

h

(7)

UndE>rstand that 2a is the length of the electrified line, and
that x is measured along or parallel to that line, with origin at
its middle point. Also

h= Jz2 tan2 0-y2 ,

(8)

..-where z is measured again&t u, or to the left, and y upwards
from the median plane in which the electrified line is moving.
The single formula (7) will cover the whole on certain
understandings common in the mathematics of waves-viz.,
the three geometrical variables x, y, z are to receive all values
which allow W to be real; and then when, for instance, x or y
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passes out of these bounds, and makes one of the inverse sine
functions impossible, the value of W is to be considered to
remain what it was at the moment of leaving bounds. In
this way the :first four cases are derivable from the :fifth. The
displacement from the electrification divides equally between
the two planes, just as if the line were infinitely long, but
there is an auxiliary system of displacement in the two cones,
to be mentioned presently. The induction in the planes, too,
is the same as if they did not terminate-namely, parallel
to the electrified line, from the top of the right to the top of
the lefG cone in the upper plane, and from the bottom of the
left to the bottom of the right cone in the lower plane. The
question now is, how the induction gets across from one plane
to the other, and back again to complete its circuit. Fig. 32
is a section of the wedge in the plane of the induction, as seen

from the electrified line, whose position is vertically above the
dotted line at distance z. The radius of the circles is z tan B.
If now we measure x in left circle from its centre to the right,
and y upwards on the paper, the formula for W becomes
1
' -1
X
W = ~71"
(9)
+ Sln -( z2t an:.---(}
-y2)~'
inside the left circle. W falls from on the right semicircle
on the vertical diameter.
to 0 on the left semicircle, being
The equipotentiallines are semi-ellipses with a common major
axis.
Now H= VuD. The ~-component of D is here inoperative,
so H is perpendicular to the lines of D in the plane of the
paper (ignoring the z-component). But these are given by
the slope of the potential in the plane, so they are perpendicular to the lines of V. It is only the z-component
F2

t1r

1r
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of D that follows a different law. Therefore the lines of Hare
the equipotentiallines themselves. The flux of induction is
therefore from the effective point source at the top of the circle
to the effective sink at the bottom along the semi·elliptic paths.
This applies to all planes parallel to the paper, from the electrified
line itself to any distance beyond. As regards the intensity
of H, it is smallest along the central vertical diameter and
increases to infinity on the two extreme semicircles. This
infinity is empty, of course, the total induction passing from
one plane to the other (per unit distance along z) being finite.
It is easy to see that if the electrified line be turned into a rod
of finite size, carrying the same amount of electrification, the
sheets of induction will become of finite depth, and then the
density of the induction will be finite everywhere.
As regards the electric displacement in the cones, that i!J
more difficult to follow, because it is in three dimensions
instead of two. The transverse displacement in the plane of
the paper, Fig. 32, goes perpendicularly across the lines of V;
but the z-component, which is differently reckoned, and varies
as +V'V instead of -V'V, is very important. It is down
through the paper in the outer half of the left one, and up in
the inner. The full formula for the electric force iB

E=

(z"tan2 0-x2-y2) \ _

xr
(z2 tan• &-y2) (# tan 2 0- af- y 2)l
(10)
where r is the vector from the origin at the en<l of the
electrified line.
The cones overlap one another !lt some finite distance
depending upon the length of the electrified line and the ratio
ufv settling the angle 0. In the overlap the E and H are the
resultants of those for the two cones. Go far enough away
from the electrified line and the circles in a plane section
as in Fig. 32 tend to coincide, when viewed through a.
diminishing glass; or, viewed from the line, by natural
perspective. Then the left crescent in Fig. 33 is all that
is left of the left circle, and the induction is down in it from
top to bottom in nearly circular paths. The right crescent
showH what is left of the right circle, and the induction is up
in it. The resultant H in the overlap, which is nearly a circle,
is nearly circular, oppositely directed to that in the two
z~ tan~ f)-
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crescents. It is intense at the boundary, and falls off towards
the centre. The short horizontal line in the middle is the
projection of the electrified line. We approximate in this
way to the conical wave with reversed internal E and H due
to a moving point-charge.
The voltages employed by Trowbridge are so greatly in
excess of those which give estimated European speeds to
electrons comparable with the speed of light, that it seems
very probable that in his experiments electrons do have speeds
given to them exceeding that of light. They cannot maintain
them. That is one thing. The other principal peculiarity is
the reversal of their action upon other electrification. Thus
an electron moving much faster than light does will draw
after it other slowly-moving electrons of the same sign,

aFro. 33.

instead of repelling them, unless they get into the conical
sheet, or rather, into the more diffused real disturbance
corresponding to the conical sheet of the abstract theory.
It is to be noted that, by the theory of § 465, to which
l!'ig. 27 refers, the inward displacement does not go to the
point-charge first, and then come out again along the conical
sheet, when the point-charge is enlarged to finite dimensions.
It turns round into the conical sheet all the way along it; that
is, forcing an electron along f~~oster than light goes produces a
sort of vortex of displacement in its wake.
Motion of Electrified Hyperboloids ; u > v.
§ 479. The motion of electrified hyperboloids comes under
the theory of a moving electron merely because the
equipotential surfaces inside the conical wave are hyperboloids

70

ELECTROMAGNETIC THEORY,

Oli, IX.

of revolution. As the essential mathematics has been given,
only some special points need be noticed here. Fig. 26 will
serve to illustrate, only changing its meaning. The electron
is now to be at the apex. The outer cone is the wave front.
The two internal cones are sheets of electric force. The twO"
hyperboloids are equipotential. The equations are, by § 463,
V= Qtan ~.
21rcl

E= _ rQ tan

21rcla

o,

H= VuD,

(I\
r

where l is given by

(2}

-u

Fra. 26.

The apex is the origin, z being measured to the right, and
'!/ upwards on the paper, whilst r is the vector from the

origin.
Consider the inner hyperboloid. Abolish E and H outside
it. It then becomes an electrified hyperboloid moving parallel
to its axis. Its field of force is internal, and is given by the
above formulre. E is directed everywhere towards a certain
external point, the apex of the asymptotic cone. The electrification is negative, surface density ND, if N is the inward
normal. By differentiating (2), remembering that l is
constant for the hyperboloid, we find

(3)
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therefore, by the formula for E, we get
ND =

_

Q tan (}
.
21rl (y 2 + z2 tan'O)~

(4)

The total electrification on the hyperboloid is infinite, because
if ds is an element of the curve in the plane of the paper,
27ry~ =27ry(y2+z2tan46)i,
dz
y

which makes

(5)
(6)

so that the total electrification on the hyperboloid is
proportional to the distance from its vertex.
The moving force per unit of electrifica. tion is E + VuB, or
VuVuE ( 1-u2) E +E ,
E+---=
2
3
v2

.

1!2

Q cot()

= - E 2 cot2() + E 3 = - 21rcl3

(Z

tan2 ()- y);

(7)

of which the tensor is

Qcot()
--(y2 + z2 tan4 8) •
21rcl3
So, by (4) and (8),

1( )2

Q N.
ND(E+ VuB)=-c 27rl2

(8)
(9)

This is constant all over the hyperboloid. It is somewhat
remarkable that the normal pull of the electromagnetic field
upon the electrification should be everywhere of the same
intensity. As in previous cases, applied force in the direction of motion is required to maintain it. The question
arises whether the force may be of finite total in this case.
It is unlikely to be so, on account of the association of the
theory with that of a point charge, but as there are no places
of infinite E and H now, it is worth looking to see. We have
1\
z tan28
1\
y
cos zN (y2 + z2tan4&)l'
cos zds = - (y2 + z2tan48)'' (10)
and therefore
1\ ds

COR

1\
zl'i

21rycos zN-1 =21TY--= 21rztan26;
IZ
1\
cos zds

(11)
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consequently the total moving force in the direction of
motion is

1(
c 2Q?rl )2!2?rz tan 0 . dz,
2

2

(12)

where the lower limit is finite, and the upper infinity. The
total for the complete hyperboloid is therefore infinite.
Now look at Fig. 26 again. If we extend the electric field
until it reaches the outer hyperboloid, we shift the electrification to H, and the same theory applies, with a different value
given to l. Next, abolish theE and H inside the inner hyperboloid. We then have two charged hyperboloids moving along
together, the inner one being positively, and. the outer one
negatively electrified. The electromagnetic field exerts the
normal traction given by (9) on both hyperboloids. The outer
surface is pulled back, the inner one forward. The necessary
applied forces requirtd to maintain the motion are with the
motion on the outer surface and against it on the inner.
If the direction of motion is reversed, without changing E,
the effect is merely to reverse H. The moving forces remain
the same.
Growing Plane Source of Induction.
u>v to u<u.

Transition from

§ 480. In considering (§ 468) the waves sent out from a
growing plane source of induction, two distinct cases arose,
according as the speed of growth was less or greater than
that of light. The question of the transition from the
one case to the other presents itself; whether there is any
difficulty in the intermediate case of equal speeds, and what
is the state of affairs in the cylindrical cap which completes
the diverging plane waves generated when the speed of growth
exceeds that of light.
One figure will serve for both cases in connecting the two
solutions. The circle is of radius vt. Its centre is the place
where the f source began, say at the moment t = 0. When
u<v, the circle (section of cylinder) is the wave front, and
the region occupied by the source extends from the centre to
some distance less than vt, say to a, when u=!v. Then any
point P within the circle receives induction not from the
existent source between 0 and a, but between 0 and some
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point not so far as a, except at a itself. If P is on the circle
itself it is only just beginning to receive induction, namely,
from 0. The intensity of H is greater in the right than in
the left semicircle, because of the source being to the right

FIG. 3lJ..

of 0. The formula for H is (29), § 468. Put t8 = 0, and
give T 2 the value there determined. The result may be written
in the form

H-- 21r,uv(vf

2-

u2 )~

1og (1-1-+A)~
A '

(1)

where A is given by
A= (v2 _ u2)~(v2t2 _ z2 _ J/2)l.
v2 t-uz

(2)

Here z is measured from 0 to the right, and y upward on
the paper. Note that the denominator in A cannot vanish,
provided we keep inside the circle of disturbance, so that A is
real positive and < 1.
In the limiting case u = v, the solution reduces to

_ f (v2t2 _ z2 _ y2)1
H--.
.
2-r.,uv
vt- z

(3)

The f source now extends from 0 to Q. The magnetic force
is still zero on the circle, save at the point Q, where it is
jj21r,uv.
Increasing u above v, the wedge begins at Q, with side!!!
tangential to the cylinder. In the case shown, u=3v, so that
R is the extreme limit of the source at time t. We cannot
expect the formula (1) to be valid outside the circle when
taken literally. But it may be suitably interpreted. It is
equivalent to
- ju
1
t _1 (u2-v2)i(v2t2-y2-z2)l
H-an
(4)
2-rr,uv tu~ - v~)~
v2 t - uz
'
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and when u>v, the vanishing of the denominator separates
the circle into two regions, to right and left of the chord AB.
On the left side, the angle tan-1 ... increases from 0 on the
circular boundary to !7!' on the chord. On the right side it
increases from !7!' on the chord to 7!' on the remainder of the
circle. That is
(5)
on the cylindrical boundary on the right side, one-half this
value on the plane AB, and zero on the remainder of the
cylindrical boundary.
Now the last formula shows the constant value of H inside
the wedge as found by a different kind of integration, § 468,
suitable for the case u>v. See Fig. SO,§ 468, indicating the
limits of integration when the point P is shifted outside the
circle, say to P'. So, by using the formula appropriate to
the 1t<v case, the extension to ~t>v requires us to keep H
at the circular boundary value, and continue it up to the plane
wave fronts.
We must next show that the complete integral in the u>v
case passes properly into the above form when we leave the
region of constant H and enter the circle. This can be done.
Thus, by (31), § 468,
H= .fu
1
-dT
2np.v (u2 _ v2)i ({32 _ T2)i

J

=
where

f3 =

fu
1
[ - sin-12:] ;
'271'p.v ( u2 _ 'V2)i
f3

(6)

{(v2t- uz)2 + v2t2 ~ y2- z2}i•
u2 - 'V2
u~ - v2

(7)

and
At the limits, when complete,
v2t -uz
to=--.
v2- ul ±/3,
using the + sign with the larger value of t 0 , which
two values of the time variable. So the T limits
which used in (6), produce the preceding result (5).
is only true provided the lower t 0 limit does not

(8)

(9)

indicates
are + {3,
But this
pass the
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centre of the circle, because the source does not exist on the
left of 0. But when P' is shifted to the circle, the lower t0
limit is sent down to zero. After that, when P'· is shifted
inside the circle, the lower limit for t0 must remain zero.
Therefore, applying this to (6), by (8) we get

(10}
That is,
H

fu

{7T'

· _1

V

2

t-'l:z }

=27rp.v(u2 -v2 )~ 2-sm (u2 -v")fJ ·

(11)

This gives the full value (5) on the right portion of the
circular boundary, half this value on the line AB, and zero
on the left circular boundary. Just as before, in fact. So
formula (11) should mean the aame as (4). This is the case,
for they are mutually transformable. But pay proper attention to the sign of v2t- u.z. Otherwise these inverse circular
functions are treacherous. The radical mm:;t be kept to its
+value always.

\
FIG. 35.

We have therefore a complete harmony. We can pass only
suggestively from the u<v to the u>v case. But the latter
is more comprehensive, and we can include in it both cases.
We have then two forms of solution, one outside, the other
inside the circle ; and if v is made less than u, the outside
solution disappears and leaves the inside one alone.
Now go on further. When the source has reached R, stop
its further extension, and see what happens. The former
state of things will continue, but with an exactly similar negative state superposed, with origin at R instead of at 0. After
a little while therefore, we shall have things as in Fig. 35.
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The plane source extends from 0 to R, beginning at 0 at
time t = 0. Inside the left circle the value of H is given by
(11). Between the two circles and between the tangent lines
it has the constant value (5), this being the region of the
plane waves. In the right circle, the formula for H is like
(ll), with suitable change of origin and time reckoning.
H falls from the full value to half value in passing to the
vertical chord, and then to zero on the right circular boundary.
As time goes on the circles overlap, and the region of constant
H and E disappears.
The Waves from a Plane Strip Source of Induction
suddenly started.
§ 481. If we increase u to infinity, we obtain the result due
to the immediate starting (all over at the same moment) of the
plane strip off extending from 0 to R. Fig. 32 suits this
case excellently.

FIG. 32

We have H = ff2p.v between the two circles, and in the left
circle it is given by

H =L{::: + sin-1
~rrp.v

2

z

}·

(v2t2- y2)!

(12)

This is derived from (11) by making u = eo . But it may, of
course, be obtained from the reduced form of the integral
leading to (ll). H falls to half the constant value on the
vertical diameter, and then to zero on the left semicircle.
Similarly in the right circle.
It may be asked what the semi-elliptic lines now represent.
In a previous problem,§ 478, they were the lines of the induction entering at the top and leaving at the bottom, their continuations being plane sheets of induction. But in the
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present ease the plane sheets are sheets of electric current.
Does the current divide over the circles in the same way in
the present problem? Yes, just the same. The y and z
components of the current, say 0 2 and 0 3 , are
dH

02=-,
dz

dH

(13)

Ca=- - ;
dy

that is, the rate of increase of H along any line in the plane
measures the transverse current density from right to left
across the line. To fix ideas, x is downward through the
paper, y upward on the paper, and z to the right. Origin at
centre of left circle. So, if f is down through the paper, so is
Hall over, whilst E is from left to right above f, and from
right to left below it, between the circles. The electric
current, therefore, enters at the bottom and leaves at the top
of the left circle. Using (13), applied to (12), we have

.

f
1
,,
27Tp.V ~ v2 t~- r" )'

02=--

where r 2 = y2 + z2•
Now the displacement cE is the time integral of the current.
Outside the circles this means simply first E3 = 0, until vt = y,
and then E 3 = ±H, from vt=y until vt=r. At this moment
the circle vt reaches the point, and later still the time integrals
of (14) must be added on. Thus,
E 2=

~j02dt = L [log{vt + (v2t2 -1.2)~}]"1
27T

c

•

{15)
This is the complete formula for the upward component of
the electric force in the circle.
As regards the other, we have by differentiation,
d
d(vt)

.

- - Sln-

1

vt~
r(v2tz- yz)~

z Jyr

(vztz- '!/') (vzta- r2)l

•

(16)

Particularly attend to the Jy 2• If it is written y, everything will go wrong in the subsequent work, and the displace
ment will not be continuous in the circle. Having found this
out by troublesome experience, it follows that in integrating
{14), which has the numerator- yz, we, of course, use the left
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member of (16) when y is +, but must change its sign
when y is -.
The final results are
vtz
)
E = + - f -+ SlD 1
(17)
3
- 21r 2
r(v"t" - y 2)'
inside the left circle, using the + or - sign according as '!/ is +
or - , that is above or below the plane of the source of induction. The initial displacement due to the plane waves,
already referred to, is included in (17). The two equations
(15) and (17) give a complete account of how the two
oppositely directed uniform horizontal displacements above
and below the plane of f are joined together through the
terminal circles. The nature of a line of E differs according
to whether it strikes the f plane in the cylinder or goes round
its extremity in the outer part of the cylinder. If it goes
round it does so in a continuous curve which is naturally
vertical ac.ross the continuation of the f plane. This applies
to the outer lines of force. But the inner ones strike the
f plane sideways above and below it, in the right part of the
left circle and in the left part of the right circle, so as to
produce closed lines of displacement possessing a pair of
convex cusps.

(7r . _

Impressed Current along a Straight Axis. The Operational
Solution in General.
§ 482. When electrification moves along a straight line, the
magnetic force generated is in circles centred upon that line,
in planes perpendicular to it. One datum, the intensity of
magnetic force at distance r from the axis and distance z along
it is sufficient to specify H. The characteristic v•,iE = p 2E also
suffers a reduction in the number of variables by the symmetry, E being representable by an axial component and a
radial component. Say z is along the axis, x and y transverse; then r= (r + y2)i, and the characteristic of the z
component is
! ~ r dE + d'E2 2
(1)
r dr dr
dz
v

=.EE.

This allows the immediate use of Bessel functions.

Let
(2)
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then the characteristic is

.!_~ rdE=q2E,
r dr

(3)

dr

of which the solution is
E = I 0(qr)A + K0 (qr)B,
(4)
where A and Bare any functions oft and z.
It being supposed here that E means the axial component
of E, let F be the transverse component ; then the second
circuital law is fully given by
dF dE
---=-t-tpH,
dz dr

(5)

if H is the intensity of H. But the first circuital law has two
representatives, namely
dH
1 d
--rH=cpE,
--=cpF.
(6)
r dr

dz

These equations (5), (6) are best obtained by immediate application of the circuital principles to elementary circuits It
follows that
(7)
The second of these is an obvious consequence of the second
of (6). The first one is proved by inserting E according to
(4), and then using (3).
These general equations (4) and (7) apply to other problems
besides the present one, to straight round wires and
tubes for example. (EL Pa., Vol. !I., p. 175). But we do
not require such complication as is there involved. Let there
be no external interferences or boundaries or changes of
medium. Then we have only one set of solutions, and we do
not want the I 0 function in {4), but only the K0• Or, if there
was first an external boundary, its removal to an infinite
distance would cause reflections to disappear and the ! 0
f11nction to drop out. That is, all we want now is given by
E=K0(gr)A,
cp d
H = - 2 -dK0(qr)A,
q r

1 dH
cp dz

F= - -- - ,

(8)
(9)
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with one function A, which must be found to suit given
conditions at the axis.
Now the motion of a point-charge or electron along the
axis obviously comes under this theory. Also, I have previously shown how to algebrise the special forms assumed in
this case, without direct reference to a point-charge, however.
(El. Pa., Vol. II., p. 456; E. M. T., Vol. II., p. 456). So, by
now pointing out how to construct the operational solution,
and previously how to algebrise it, I might consider the
matter essentially completed, and leave the working out of
details to my readers. Perhaps, however, they will be more
satisfied if I continue to elaborate the subject. Besides, there
are various other matters to be noticed in connection. So I
continue.
To find A. If 0 is the electric current impressed at the
axis, the circuitatlon of H must be C when r is reduced to 0_
That is,

21rr~~2 ~K0 (qr)A = C,
q dr

when

21rrCJ!.2 ( - ~)A= C, therefore
q
1T1'
Using this in (8), (9), we get

Or,

E=

-

itK0 (qr)C,
cp

H=

-

i-K0(qr)C,

d
dr

r = 0.

(10)

q2

A= -i-C.
cp

(11)

1 dH

F= -cp
-,
dz

(12)

giving E, F, and H in terms of C, which may be any function
of z and t. What we have to find is K 0 (qr)C. The algebrisation may be effected in a good many cases, immediately
in simply periodic cases, but more difficultly in more
interesting cases. If C is a convection current, and it is
written = uu, then u may mean the linear density of electrification moving along the line at speed u. But there may be
two convection currents. In either case, it is the second of
equations (8) that finds the linear density of electrification,
which is 21rrcF.
Regarding the use of the Khr) operator alone, a caution is
needed which is of some significance. I 0 (qr) is finite at the
axis, infinite at oo, when qr is numerical; whereas K0(qr) is
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infinite at the axis, and vanishes at infinity. This seems a
sufficient reason for excluding 10 when the source of disturbance is at the axis, and there is no external interference. For
do not the waves expand, and so decrease in intensity as they
go out to infinHy ? Certainly they do, but that is not the
real reason for using KO" The true reason is because K 0 (qr)
is the operator appropriate to an outward going wave. The
disturbance need not al way<~ vanish at infinity. There may
be a wave front of infinite intensity, and which remains always
of infinite intensity. (See Vol. II., pp. 240, 257, for the parts
played by H 0 and K0 in inward and outward waves.) There is
a similar property in plane waves, when there is no attenuation
at all. Thus, c«'j(t) =f(t- xfv) ; so t-«" is the operator for a
positive wave, q meaning pfv. Now e-<~" vanishes at infinity,
but the disturbance does not, if it can be imagined ever to get
there, which is a separate question.
The K 0 (qr) operator is the cylindrical analogue of c«" for
the plane. The analogue of e«" for a negative plane wave is
H 0 (qr). This is appropriate when a wave travels towards thE:>
axis from an external source.
Nevertheless, the l 0(qr) function can be protJerly used
instead of K0 (qr) to obtain a wave coming from a source at
the axis, provided we know what the disturbance there is.
This is not the same thing as the strength of source. The
10 function is compounded of both H 0 and K0 . The disturbance at the axis is due to inward and outward waves.
Knowing it, then I 0(qr)E 0 =E. finds E . from E 0• In the
purely mathematical aspect, these relations of H 0 and K0 to
10 are rather obscure, but the wave theory throws light
upon them, and makes the two divergent functions useful
working agents.
Algebrisation of the Operational Solution in the case of Steady
Motion of an Electron or of an Electrified Line; u> v.
§ 483. Returning to equations (12), there are two differentia·
tors in the operator q. But in the important case of steady
motion, there is an effective reduction to one differentia tor,
which makes the a.lgebrisation quite easy for an electron.
Thus, let C = e- ut.6.C0, and C0 be a function of z only. Then
VOL. Ill.

G
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C is the same as 0 0 in shape, but travels at speed tt along the
z-axis, making C=f(z-ut). In another form, we may say
C=E-PO'"F(t)=F(t-zfu). This wayis sometimes more convenient. F(t) is the value of C at the fixed origin z = 0, and
may be the given datum. In either case, if dfdz=6., dfdt=p,
we have
u6.= -p,
(IS)

if

(14)

and both 6. and q are expressed in terms of p.
{12) become

Equations
(15)

(16)

F=Hfcu,

(17)
where 0 0 is the value of C at z = 0, a function of the time.
Now let
1
(18)
U=-K
00 •
4cu 0 u

(Ap1·)

then the preceding equations assert that

E=E-fl''"A.~au, F=-E-p''"au,
dz

dr

H=ucF.

(19)

These equations may be compared with§ 463. They show
that U is the travelling potential, and that the electric force
is derived from it in the eolotropic manner there described,
and that H= VuD.
The operator cv•tu merely does the
translation.
We have therefore to determine U according to (18).
First of all, for a travelling electron-a charge Q moving at
speed u. Suppose that it passes the origin at the moment
t = 0, then 0 0 = Qp1 operationally expressed. This makes
- -QK (qr)p1.
U4cu 0

(20)

which has been already algebrised. But as it is shortly done,
it may be here repeated, for completeness.
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Let q be any differentiator, say with respect to the variable l,
then

K(qr)q1 = £--<~' (~)~(1..!.:._+ PS
1rqr
Sqr 1:(8qr)
2

0

=E-vr

2 )~( [-~
( 1rr 1-!

...

)ql

1232/i

)

- Srl} + ~(8r) 2l!_- ...

!(_!_) + ~(_!_)
- ... }
2r
1(2)~(
z)-• 1( 2 )'( l-r)-'
E-vr; ;:i, 1 + 21· =; r(l- r) 1 + 2r '

=cur (~)'!f 1rl 11" L
=

J2l~

2

That is, finally,

2

~r

K0 (qr)ql =

~.4

2

1

11"

(l~- T~)l

-

•

Applying this to (20), we have q = A.pfu, so l = utfA..
ma.kes

(21)
This
(22)

This is the potential at the plane of the origin. It is zero
before the moment t = 0, and later is given by (22), but only
provided ut is not less than A.r. We assume u to be positive;
then the operand 1 in (20) begins at the moment t = 0 ; and
then again the operator £--<~' turns ut to ut- A.r, so that ut - A.r
begins with the value zero.
Finally, if V is the potential at the point z, r, we have

1
V = cP•i"U = __g__
211"c {(ut- z)2 - .Ah3 }l

(23)

provided (ut- z) is not less than A.r. This confines us to
the cone behind the travelling electron, outside which we have
V=O.
The above argument appears to be perfectly distinct in all
respects. But it is necessary to carefully note the .underlying
assumption, and its consequence. Thus, at the beginning,
the assumption 0- F(t- zfu) implies that the electron has
been in motion for an infinitely long time before it reached
the origin. That is why we obtain a travelling steady state
of E and H. No information is given as to how it was arrived
at a long time previously. To show that, a different operand
VOL. Ill,
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for 0 is required, showing how the electron passes from rest
to the state of uniform motion.
Closely connected wibh this problem is that of a moving
infinitely long line of electrification. Let er be the linear
density and u the speed (positive), and let its free end reach the
origin at the moment t = 0. Then 0 0 jumps from 0 to the
value cru at the moment t = 0, and remains at that value for
ever after. Therefore
U = ~Ko(A.rp)l,
(24)
4a
u
is the potential at the plane of the origin. It only differs from
(20) in the absence of pfu. We have, instead of (21),

2 {l .

l l -1
-} .
K0(qr)l=-log -+'Vr

7r

1

r

(25)

This may be proved in the same way as (21) was proved.
But it is unnecessary to go through the work, because having
the operand 1, now instead of pl, only requires us to integrate
the former U solution from 0 to t. So

u =~
log{~+
v(ut)•
-1}
21ra
>..r
Ar
,
and then V is got by changing ut to ut- z, as before.
is the solution used in § 465.
Application of Simply Periodic Analysis.
from u< to u>v.

(26)
This

The Transition

~ 484. Now for a change. Apply harmonic analysis to the
opera.tional solution (iO), and see what we come to, and
whether the definite integrals are recognisable. We have

pi=-If"'COB nt dn.
7r

(27)

0

Use this operand in (20), and work by differentations.
Assume that p = ni is true in the K0 function, making

j"' K (Xnir) cosntdn,

QU =-

4?TCU 0

0

-

U

(28)

where i is the differentiator pfn really, but has to be worked
according to t"J = - 1. Now we at once note that if >..' is

