
 
 
 
 

New Contribution to the Ballistic Theory of "Variable Stars". 
Explanation of the Phenomenon for Stars of Type U 

Geminorum and Del "Clustertyp". 
 

NOTE by Prof. M. LA ROSA 
_______ 

 
 
 
The objections raised by Messrs. Bernheimer (1) and Salet (2) to my 

theoretical sketch of the phenomenon of "variability" deduced from the application 
of the ballistic principle to the propagation of light, they led me to make an in-
depth examination of the particularities that said sketch leads us to foresee, just in 
case the constant Kb, of the fundamental equation takes values much larger than I. 

The results of such an examination were very satisfactory, because they have 
me led to explain the behavior of the two in a simple and immediate way groups of 
"variables" which: until now have remained surrounded by deep mystery (3). 

Insisting on the importance of such an agreement is superfluous. It's a new 
one group of facts that comes in a direct and natural way to speak in favor of 
application of the ballistic principle to light; application that looks like easy and 
natural on the ground of quantum theories (4). 

Reserving the right to discuss the divergence between the type of variability 
in another Note that ballistic theory thus comes to predict and what would result 
from the observations (according to Bernheimer), I will present in this paper the  
_______ 

(1) Zeitsch. F. Phys. Bd. XXXVI. § 302-1926. 
(2) C. R. T. 183; p. 1263 - 1926. 
(3) These are precisely those discontinuous-type variables to which it is not possible 

apply the hypothesis of the eclipse for the long duration of the minima and the short duration of 
the maximums. 

(4) Around my attempt to apply the ballistic principle to light, yes, it is erroneously 
formed the opinion that it tends to honor the theory of Ritz. In my writings - it should be 
emphasized - I have never spoken of my return to that theory, but of the sole application of the 
ordinary law of composition of the speeds to the propagation of light; and it seems to me that this 
application finds its most natural ground in the quantum conception of light, in full accord with 
modern views. 
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analysis that led me to the announced results. I will start from the search for zeros 
of the equation: 

 
to which the search for the positions of a revolving star from which the light is 
reduced issued at the same time as the observer, research that is of interest in itself, 
for the applications to which it is susceptible. I will explain the method later which 
can be followed in the calculation of the light curves in the most general case 
possible (of to any; that is, of the superposition of light coming from a number any 
of positions), and I will apply it to a concrete case (a = 10) which will give me the 
opportunity to demonstrate the behavioral analogy of these light curves, predicted 
for a large, with the light curves that observation has long been revealed for U 
Geminorum variables, and for those characteristics of ''star clusters'' (Clustertyp). 
 
Search for zeros. 

1) Recall that the fundamental equation of my sketch of a theory ballistics of 
variable stars is 

 
which with appropriate change of variables takes the form: 

 
or also 

 
In this second form it is well known by astronomers, but it is been studied in 

the particular case in which e <1; since, then, it represents the very simple link that, 
in the motion of the planets, intercedes between time θ, the anomaly eccentric u 
and eccentricity e of the orbit. 

2) Let us remember again that (1) is graphically translated into Cartesian 
axes orthogonal - in an oblique "sinusoid" (see fig. 1) inscribed inside the strip that 
has straight lines as sides: 

 
_______ 

(I) The symbols have the following meanings: 
t time of departure of the light from the rotating star 
T time of arrival to the observer 
τ0 period of rotation of the revolving star (on a circular orbit) 
ω = 2π/τa angular velocity of the rotating star. 

b ratio between the tangential speed v of the star and the normal speed c; of the light; K = 
Δ/cτ0 where Δ is the star-observer distance. 

The case of the elliptical orbit was treated by Cannata R. Ace. Lincei, 1927, 2nd sem. 
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which are tangent to the curve in infinite points; precisely the superior in abscissa 
points: 

 
the lower in the points: 

 
with any integer n. 

I will then observe that putting in (1) x ± 2nπ, with n integer, in place of x we 
have: 

 
which tells us, that at constant intervals of amplitude 2π the curve reproduces itself 
identically, with this only change: the new arch is displaced with respect to the 
previous one of a translation parallel to the y axis and of constant amount 2π. 

This circumstance allows us to take advantage of the terminology in use for 
periodic functions, calling period the portion of the curve included within an interval 
of x of 2π amplitude; calling the factor a del "width" periodic term; axis of the curve, 
the straight-line y = x, which is the axis of the strip; phase at point P the difference: 

 
where x is the abscissa of P and n the order number of the period to which the point P 
belongs, supposing that the zero index is given to that of the periods which begin from 
x = 0. In a word, we can in many respects treat (x) as if it were periodic (2). As long as 
a<1 is assumed, (1) is always increasing since it is not possible to fulfill the condition: 

 
[editor: sen = SIN] while the y" is always >0; instead, when it is a>1 it presents 
infinities maximums and infinitives minimums. Of them, the former has the 
coordinates: 

 
the others: 

 
where n is any integer (including zero) and α is the smallest value of x>0 which 
satisfies (3); that is: 

 
being 0<α<π/2. 
 
_______ 

(1) As long as the terminology introduced is similar to that in use for the functions 
sinusoidal, we should call the ratio phase (x - 2nπ)/2π and call angular value of the phase our 
difference. 

(2) For this reason, we will say that (1) is one "improper periodic" function. 
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Having said this, let us try to find out what is the number of points in which 
one line of equation y = k cuts the curve; indeed, more precisely to look for a given 
value of a how this number varies as k (1) varies. 

*  *  * 
Thanks to the "improper periodicity" of y noted above, it is clear that it is 

enough to limit the search to a single period, that is to suppose k variable in a 
amplitude interval (2π) being able to extend the results found to the other periods 
for one. Precisely we will suppose k variable between a and a + 2π. We detect first 
of all that the edges of the strip detach a segment on the straight-line y = k of 
constant length whose extremes have the abscissas k - a, k + a; and that I searched 
points - which are the zeros of the equation x + a cos x - k = 0 – must all stand on 
it. 

We begin to suppose that it is k = a, that is, that the line cuts the curve in 
first contact - index 0 - with the upper side. If n is the number of minima which 
remain to the left of the extreme 2a of our segment, we can say that the meeting 
points sought are 2n + 1, because each minimum gives rise to two of these points, 
and this without counting the first contact mentioned above which is a left of the 
first maximum and which therefore belongs to the right of the minimum that 
immediately precedes the y axis. 

The supposed condition, that the minimum of index (n-1) is the last that falls 
to the left of 2a, it gives rise to the other that the ordinate of this minimum is the 
last that let <a, which translates into inequality: 

 
or: 

 
To persuade well of what happens to our number of zeros, when we 

continuously increase k starting from a, it is better to keep at a glance the distances 
that the maximum 10 and the minimum of index n have from straight line y = a. 

These distances are respectively: 

 
It is certainly evident that if it were δ n we cannot resist no change in the 

number 2n + 1 of zeros as k increases from a to d a + δ = yM, 1 (including the 
extremes), this is because while the line, in its gradual 
_______ 

(1) This research, mentioned in my first work, was developed by Mr. E. Allara. (Giornale 
di Sc. Nat. of Palermo, Vol. XVII). Here it is resumed in one more shape. simple and more 
suitable for the application to be done.  
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ascent always cuts the crest of the first maximum, still fails to touch the minimum 
index n). Instead, we should expect a decrease of 2 units in it number, when k 
exceeding yM,1 runs through the interval between this value and the ym,n.  

There is indeed, then, an interval of amplitude: 

 
within which n number of zeros is reduced to 2n-1, to return to 2n + 1, as soon as k 
becomes equal to ym, 1. ·This value remains unchanged for the rest of the period 
i.e., in the interval (ym, na + 2π), not being able no longer have within the segment 
k – a, k + a neither loss of maxima, nor gain of minima. 

In conclusion, if (2n-1) is the greatest odd integer that satisfies the condition: 
 

and also, we have: 
 

that is, on the whole, if we have 
 

the number of roots searched varies between (2n + 1) and (2n - 1). It is (2n + 1) in 
the range (a, a + δ), is (2n-1) in the interval (a + δ, a + η) and returns (2n + 1) in (a 
+ η, a + 2π). Basically, for every period we have two intervals in one of which the 
number of roots is (2n + 1) and which extends 2π - η to the left contact with the 
upper bank and δ to the right of it. 

Particularly in the event that (2n-1) π = a + yM,x i.e. ym,n = a gli zeros are 2n 
+ 1 in the interval δ, and become 2n-1 in all remaining parts; because the new 
minimum will only be touched at the end of the period. 

The cases in which δ ≥ η. 
In the first of them it happens that the straight-line y = k becomes 

simultaneously tangent to the curve in the 1st maximum (k = yM, 1 = a + δ) and in 
the minimum of index n; the number of intersection points then rises from (2n + 1) 
to (2n + 3) - counting as double the points of tangency. - and immediately return to 
(2n + 1) as soon as k exceeds yM1. We therefore have in general (2n + 1) zeros, 
which become (2n + 3) only for k = yM1. 

In the other δ>η there exists a whole interval of amplitude (δ - η) = (yM1 – 
ym,n) in which the number of zeros rises from (2n + 1) to 2n + 3; to return to (2n + 
1) as soon as k exceeds yM1. 

This value is evidently kept until the end of the interval. In conclusion in this 
case things will go like this: while k varies from a to ym,n- this extreme excluded - 
the number of zeros is 2n + 1; becomes 
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2n + 3, while k varies from ym,n to yM1 - extremes included - and returns to 2n + 1 for 
the entire remainder of the period. 

In summary, always assuming that (2n-1) is the greatest odd integer for which 
we have: 

 
if we have: 

 
We will see that the number of zeros oscillates between (2n + 1) and (2n + 3). 
Gathering together the two conditions, it appears that this case occurs when we have: 

 
In conclusion, from the analysis made it is deduced that to find the number of 

zeros desired, given a, it is sufficient to calculate the ordinate of the maximum 10 by 
means of the formula: 

 
and form the numbers (a + yM,1)/π and 2yM,1/π, then if a certainly odd integer (2n + 1), 
the number of zeros oscillates between this and his odd next, in the manner described; 
otherwise, the number you are looking for oscillates between the two successive 
integers, which include the two calculated numbers. 

In particular if (a + ym)/π is itself an odd integer, (2n-1), the number of zeros is 
2n+1 in the interval (a, yM1) becomes (2n-1) remaining part of the period; in the case 
where 2yM,1/π was the odd integer (2n-1) the number sought is constantly (2n-1) 
except in one point (for k = yM1) where it becomes 2n + 1. 

3) Wanting now to proceed to the actual calculation of the zeros of the 
equation: 

 
where k is always included between a and a + 2π, we can very usefully use it of the 
property expressed by the relation (3), which allows us to reduce the search to that of 
the points of intersection of certain straight lines parallel to the x-axis, always with the 
solo first period of the curve y(x) (1). 

For greater clarity, suppose these zeros are known, and arranged in order 
increasing be they: 

 
_______ 

(1) It is necessary to keep in mind this first period of the curve, we are talking about, from 
the first period of the function y(x). 

That includes in fact all the points of which x falls between 0 and 2π while this one 
includes all points whose y falls between a and a + 2π, and can have points whose x belong to the 
interval, 0 and (2n + 1)π. 
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and we observe that of them the first three, that is the 10 only, belong to the 10 
period of the curve, and this according to whether it is k <ym, 1 or k> ym, 1 and that 
the following ones, two by two, they belong to the following periods. 

Assuming therefore that the two zeros x4 and x5 belong to the 20 period we 
will write: 

 
But (3) tells us that: 

 
from which being y(x4) = k we obtain: 

y (x4,0) = k - 2π 
and equally: 

y (x5,0) = k - 2π 
The latter tell us that to find the two zeros x4 and x5 it is enough to conduct 

the line of equation y = k - 2π, and look for its intersection points with first period 
of the curve. We thus obtain the angular values of the phases, x4,0, x5,0, by means of 
which we immediately have the two values sought, simply adding the number 2π 
to it. 

In a perfectly analogous way we find, that to have zeros x6, x7 just take the 
line y = k-2.2π, and look for the abscissas of the intersections x6,0; x7,0 with the first 
period of the curve only, and add the number to them 2 x 2π, and so on. 

In conclusion we will get all the desired zeros, looking for the intersection 
points of the first period of the curve with the equation lines: 

 
and adding to these phases thus found the corresponding multiples of 2pi, which 
appear in the second member of (7). 

Reduced the search in these terms, the best we should do to find the desired 
phases is to construct tables in which the values are calculated taken from y, 
corresponding to a certain set of values attributed to x and included in the interval 
(0, 2π). 

Practically, the construction of such tables is not difficult, because that's 
enough take a common trigonometric table, multiply the cosine values 
______ 

(1) It is evident that if the first gives rise to three points of intersection, the last does not 
will be able to give, if the roots are 2n + 1. 
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- from 30' to 30' - for the constant a and add the value of the arc expressed in parts 
of radius. Indeed, in view of the use of our function for astronomical purposes, it 
may be useful to prepare a set of auxiliary tables, containing the products of the 
values of the function cos x, for the following numbers natural from 1 to 9, so that 
with their use, easily calculate the product at COS x, for any given value of a; and 
then form the table of the 

 
for the desired value of a. 

4) Moving on to the calculation of the light curves predicted by ballistic 
theory of the "variables"; we prefer to choose a concrete example that gives us a 
way not only to show how the above considerations are applied in practice; but to 
remove a misunderstanding in which I myself have incurred, regarding the choice 
of the upper limit to which the product Kb should be subject, because the 
phenomenon of variability is still observable, we will therefore choose specifically 
the case in which a = 10π and therefore Kb has that value 5 than in the previous 
ones writings had been regarded, based on intuitive considerations, as the limit by 
which the variability would have disappeared. 

The relationship between observation time and departure time of the rays of 
the star: 

 
becomes in the supposed case: 

 
where y = ω(T - Kτ0), x = ωt. 

The first maximum of y therefore takes place for the value of x given by: 

 
and the ordinate value yM,1 is 31.43205. 

The numbers (a + yM,1)/π and (2yM,1)/π result in the values 20.0054 and 
20.0108, which being both between 19 and 21 tell us, that the number of the 
distinct positions of the star, from which they come at the same time rays to the 
observer varies between 19 and 21. 

The overall image seen by the observer will therefore be formed by the 
superposition of these 19 or 21 elementary images (as the distance between star 
and observer and the radius of the orbit of this do not allow separation of these 
images) and will have an intensity equal to the sum of the intensity of elementary 
images. 

If we want to construct the light curve by points, we must therefore proceed 
so: 
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Conveniently fix a certain number of values of T (observation time) that is y and 
let these be y0, y1…. yr. 

Look for, in correspondence of each of them, e.g., of yi, the values xij on which 
verify the equation: 

 
or better, the corresponding phases, by means of the equations x + a COS x = yi- m 2π, 
what is done with the help of the table prepared and in the way already indicated. Let 
them be 

 
the 21 (or 19) numbers thus found. 

The absolute value is then calculated at each of these phases of the derivative 
dy/dx, since it coincides with dT/dt, it takes at every point a value that is inversely 
proportional to the light intensity of the image partial and can therefore serve us to 
measure it. 

Taking therefore the inverse values of the 21 numbers y' (xij) and adding them yes 
gets a number that is proportional to the apparent intensity of the image observed at the 
instant Ti given by ω (Ti-k τ0) = yi. 

The calculations, somewhat laborious, were performed by Dr. G. Petrucci, my 
assistant, to whom I give thanks and praise. 

Here is an essay: 
Taken as the first y0 value of y, the amplitude itself a = 31.41592 ... and therefore 

imagining a conduct parallel to the x axis, from the first point of contact of the curve with 
the upper edge of the strip, we have as phases of the points meeting of it with the curve 
the following numbers: 

 
 

Having found these, we calculated the absolute values of 1/y', which are 
collected in the mirror unit. in the columns marked J (partial light intensities); and finally 
the total intensity observed is calculated at the instant T0 = Kτ0+Kbτ0 (which we will take 
as the origin of the times T). In the reported case we see that this sum has the value 2.84. 
That is, in that instant, T = T0, due to the supposed ballistic propagation of light, the star 
will appear to the observer with an intensity 2.84 times greater than what it should have 
presented, if the light propagated with constant speed, or if the star did not rotate. 
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And it is very important to observe that the formation of this intensity total, 
the 21 partial images concur to a very different extent. The first two of the three 
belonging to the 1st period; precisely the first with the value 1, the other with value 
1.0526; while the remaining 19 images concur with contributions slightly different 
from each other and of the order of a few cents; so much so that while the first two 
alone, bring a contribution of 2.05 to the intensity of the total image; the remaining 
19 taken together do not reach a contribution of 0.81! 

In this same way the present intensities have been calculated to the observer 
at the epochs, indicated in the 1st column of the attached mirror, epochs computed 
starting from the instant T0 indicated above, and expressed in fractions of the 
period (i.e., assuming τ0 = 1). 

 
The procedure described runs up against a serious difficulty when it is 

applied to the evaluation of the intensity in correspondence with the maxima of the 
curve of light (i.e., when the ordinates of the maximum z and e are chosen as 
values of k of the last minimum lying to the left of 2a). 

In fact, since the abscissa of the maximum (or minimum) appears between 
the xij one of the y' is zero, what matters is that to the corresponding image 
elementary, an infinite intensity should be attributed. It would appear in such 
chance, much more appropriate to deduce the intensity of this "singular image" 
from the value of the ratio Δy/Δx taken outside the limit. But also, the numbers that 
do they obtain in this way strongly depend on the particular value attributed to the 
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(arbitrary) you; so that in the absence of a criterion for choosing you, it is not 
possible to do a: floating on any of those that can be calculated. 

Therefore, in order to deduce the values of the maximums, it is necessary to 
proceed differently. 

And it is certainly evident that the best criterion is the following: 
Graphically draw the curve on the basis of the points already found (i.e., 

draw it without the maxima) and establish the latter on it, thinking that the area 
total included between the curve, the "axis of" and the extreme ordinates, must be 
equal to the rectangle whose sides are the period and the effective intensity (I) of 
the star. 

This is because the two areas respectively represent the total quantities of 
light that in a period must reach the observer, in the ballistic hypothesis and in the 
ordinary one; quantities that must be the same for obvious needs energetic (:xo 
principle). 

By applying this criterion to the concrete case in question, we have obtained 
the numbers 4.6 and 4.92 as the values of the two maxima looked for.  

In conclusion, despite the relatively large value given to the constant a (10π) 
the ballistic hypothesis leads us to predict a light curve, which, not only the 
phenomenon of variability is still very clear, but it possesses characteristics that 
said phenomenon presents in many observed cases. 

The predicted light curve (fig. II) in fact has two very strong maximums 
extremely abrupt in the ascent phase and of a very short duration, separated by two 
very flat minima, in which the luminous intensity is maintained for long time 
almost constant. The magnitude of the change in the calculated example is of the 
order of 2 steps in the scale of stellar magnitude and its phases are practically 
distributed as follows: 

Two long intervals in which the intensity is remarkably constant, with the 
values which has in the two minima (0.78 and 0.92 respectively), which intervals 
they take a total of 60/100 of the period; the two phases of decrease which take 
20/100, those of slow growth for 15/100, and the two maximums which evolve 
almost entirely in the remaining 5/100 of the period; although the greatest part of 
the ascent to the maximum and the descent are accomplished in one extremely 
short time. 

The same results are found when they are attributed to the constant a much 
larger values, as I was able to ascertain with an orientation calculation made for the 
case a = 200π. All you notice in the light curve is a shorter duration of the 
maximums, and a consequent increase in their intensity. We can therefore conclude 
that there is no upper limit of the constant a (and therefore of Kb) beyond which 
the phenomenon of variability no longer occurs. The disagreement between the  
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prediction of ballistic theory and the observations cited by Bernheimer and Salet it 
is therefore not essential; and it boils down to a divergence in the form of the light 
curve which can be easily eliminated. 

The characters with which the change of light predicted by the theory 
presents itself ballistics, for these large values of a, do not coincide, in fact, with 
those of the variables of the Algol type, and they follow, instead, and very closely, 
those that were observed in the variables of the 3rd group, of class IV of the 
classification by Pickering, that is, of the group called the "Clustertyp" (which is 
the most numerous of all) and by the long-term variables of class II-B of the same 
classification (1). 

From a memoir by J. J. Bailey (2) we report some light curves of stars 
belonging to that type (fig. III), and we also report the following mirror, in which 
the salient phases observed in the phenomenon of variability presented by some 
stars of the Messier cluster. 
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Duration of phase of maximum 0/100 
“ “ “ “ minimum 40/100 
“ “ “ “ decrease 50/100 
“ “ “ “ growth 10/100 
     100/100 

 
This and that clearly show the parallelism of behavior between these cases 

of observation and the theoretically deduced curve. 
Analogous characters possesses the light curve observed for S S Cygni (fig. 

IV) (the most typical and strangest of Pickering's class II-B variables) that it 
presents also two long intervals of constancy of light (minimum) two maximums  
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ad almost instant ignition etc. And it is good to point out that ballistic theory has 
good reserves are still in store in order to be able to explain the phenomena 
presented more closely from each of the variables of this important and mysterious 
group, so far escaped any attempt at explanation, and precisely making use of: 1o 
of the choice made in the most convenient way of the constant a; 2o of elIitticity of 
the orbit (which for simplicity we have assumed to be circular); 3o of orientation of 
this with respect to the view (angle between the line of nodes and the visual). And 
it appears possible to explain in this way the different duration of the two 
maximums, the contrasting rapidity of the two descents, etc. 

 
Palermo, R. University. 
 
 
 
 

_______ 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

_______ 
(1) Fr. K. Schiller: c "Introduction to the study of the various stars". A. Barth, Leipzig - 

1923.  
(2) Astr. Journ., Vol. X, p. 255 and 261 - 1899. 
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