A SIMPLE CRITERION FOR THE DETECTION OF
ANOMALIES IN THE ORBITS OF SPECTROSCOPIC BINARIES
By D. F. COMSTOCK

It has often been remarked that discoveries are oftenest made
through close examination of observed exceptions to well-known
laws or wide generalizations. Anomalies in the field of stellar m.otion
are as important as elsewhere, but when the m.oving stars constitute
a spectroscopic binary it is not always very easy to find out whether
the observed velocity-curve is explainable by sim.ple m.otion of two
bodies under the law of gravity or whether SOIlle disturbing cause
m.ust be sought.
In looking for a particular type of apparent anomaly which was
to be expected on a theory of light-velocity to be discussed elsewhere,
the author had occasion to study the problem of two bodies, with a
view to obtaining, if possible, a simple relation which was characteristic m.erely of motion under gravity and independent of the constants
of any particular orbit.
A relatively simple relation was found which is best stated in
terIIlS of the curve which is the integral of the com.mon radial velocitycurve and which I will call the "distance-curve." The distancecurve is easily obtained by plotting as abscissae the tim.es and as
ordinates the area of the velocity-curve between zero velocity and
the time-ordinate chosen. Thus if in Fig. I v is the velocity-curve,
then d is an approximate representation of the distance-curve. If
the axis OP is so chosen that the area of the v-curve above it is
just equal to the area below, then the ordinates of the d-curve give
the distance of the star at any instant from. the nearest point of the
orbit, this point being of course considered as moving with the center of gravity of the system.
The relation to be proved is then between the width of the distance-curve, such as M N, at any point and its height LM at the
saIlle point.
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It m.ay be written thus:

where
h=height of distance-curve at any point;
w=width of distance-curve at same point;
hI = height of distance-curve at the abscissa corresponding to the maximum point of velocity-curve (KS, Fig. I);
H = maximum height of distance-curve;
W = total width (i.e., length of hase) of distance-curve.
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FIG. I

PROOF OF RELATION

In order to prove equation (I) it will be convenient to state six
theorems which are quite sim.ple in themselves and on which this
equation m.ay be based.
Theorem I.-This is a geometrical theorem. and states that if
(Fig. 2) in any circle are drawn two parallel chords CB and l.\fN,
two tangents HRL and A VY parallel to these chords, and the
diallleter RV perpendicular to the tangent, and cutting the chords
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in P and Z; then if F is any point on the chord CB and the lines
M F and F N are drawn, the following relation holds:
Area MFNBRCM
Total area of circle

where D is VR, the diam.eter of the circle.
This theorem. can readily be proved by subtracting the area of
6MFN from. segm.ent MRN.
R
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FIG. 2

Theorem 11.-If four planes, each perpendicular to the line of
sight, be imagined drawn in connection with the real orbit (Fig. 3),
two tangent to the orbit, one through the focus, and one at any distance (z) from. the nearest tangent plane, then the orbit, together
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with the intersection of these planes with the plane of the orbit,
m.ay be completely represented by the projection of a certain circle
similar to that of Fig. 2, with the various lines as there drawn.
This is readily seen to be true if the point F and the direction of
the lines HL, CB, etc., are properly chosen on the circle of Fig. 2.
For clearness Fig. 3 is lettered similarly to Fig. 2.
Theorem llf.-The relation of Theorem I holds also for the
ellipse of Fig. 3, if the corresponding letters are substituted. That is,
Area }.('F'N'B'R'C'M'
Total area of ellipse

j cos;;1
I

I

(V'Z')
(V'P' ) I V'Z'( I - V'Z')
~
2 D' - I - 2 2 D' - I ~ D'
D' 5

This follows from. the fact that, since each area and line of Fig. 3
is a projection of the corresponding line or area of Fig. 2, we can
write
Area M'F'N'B'R'C'M' Area MFNBRCM
Total area of ellipse

Total area of circle

V'Z' VZ
D' = D

V'P' VP
D' = D

Theorem IV.-The ratio

V~Z'

(5)

(6)

in the right-hand side of the rela-

tion of Theore:m III may be found from. an exam.ination of the
experimentally determ.ined distance-curve of Fig. I. In fact

where hand H are the quantities in equation (I).
To prove this it is merely necessary to remem.ber that the ordinates
of the distance-curve (Fig. I) give the distance of the body at
any instant from the nearest tangent plane to the orbit. From this
it is evident that hand Hare sim.ply projections of V'Z' and D' on
the line of sight.

D. F. COMSTOCK

Theorem V.-The ratio

v'p'
D' on the right of the relation in

Theorem. III :may also be found from an examination of the experiDlentally determ.ined distance-curve of Fig. I. In fact
(8)

where hI and H are the quantities in equation (I).
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This follows from. the fact that hI was defined as the ordinate of
the distance-curve which had the same abscissa as the m.axim.um.
point of the radial velocity-curve. It follows, however, from. the
sim.plest expression of Newton's Laws as applied to central forces
that the radial velocity is a m.aximum when the body is in a plane
through the focus drawn perpendicular to the line of sight. Thus
the height hI of the distance-curve represents the distance of the
focus of the orbit from the nearest tangent plane.
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Theorem VI.-The ratio which form.s the lelt-hand side of the
relation of Theorem. III :may be found from an exam.ination of the
experim.entally determined distance-curve of Fig. 1. In fact
Area M'F'N'B'R'C'M' w
Total area of ellipse =Y,V

To prove this it is merely necessary to rem.e:mber that from. Kepler's Law the ratio
Area M'F'N'B'R'C'M'
Total area of ellipse

is equal to the time that it takes the body to go from M' to N' divided
by the total tim.e to go once around the orbit. By construction M'
and N' are at equal distances from. the nearest tangent plane and
hence the positions M' and N' are represented by equal ordinates on
the distance-curve. Hence the width of the distance-curve corresponding to the M'N' ordinate, divided by the total width (the base)
of the curve, is the time it takes the body to go from. M' to N' divided
by the periodic ti:me and hence is equal to the above ratio (10).
It is evident that from. Theorems IV, V, and VI the relation of
equation (1) follows directly. We thus have

SUMMARY AND CONCLUSION

The criterion for the detection of anom.alies in the orbit of spectroscopic binaries which has been set up in this paper, Illay be outlined in words as follows:
If a plane be drawn through any sim.ple double star orbit perpendicular to the line of sight, then the tiIlle during which one of
the stars is on the far side of this plane is a sim.ple function of the
position of the plane along the line of sight, and of the position of the
focus along the line of sight. All three of these quantities can be
determined with great ease from the true radial-velocity-curve of one
star.
If the time be expressed in terms of the periodic time, and the
distance along the line of sight, m.easured from the nearest point of
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the orbit, be expressed in terms of the total length of the projection
of the orbit on the line of sight, then the equation contains no constant 01 the orbit except the distance 01 the locus along the line 01 sight
expressed in the same way.
This criterion is uniquely suited for the detection of any apparent
anom.aly in the motion of binary stars due to a possible dependence
of the velocity of light on the velocity of the source. It was developed
solely for this reason and the author is now using it with the purpose
of detecting such an effect, does it exist. It was thought, however,
that, since the criterion is so general and the relation itself so simple,
com.pared with the complexity of the integral function connecting
velocity and time, it lllight be found useful in other problems than
the one for which it was developed.
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